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IIpeauciosue
(MHCTPYKLMA IO IPUMEHEHUIO)

Bcem M3BecTHO, YTO KHWTH YMTATH IIOIE3HO. JTa IIpOCTad MCTHHA,
KOHEYHO e, OTHOCHTCH W K KHMTaM II0 MaTeMaruke., Ho ckoib HM IIO-
JIe3HO YUTATh KHUTH 110 MaTeMaTHKe, HX BCE JKe YNTaTh TPyAHEe, HexKe-
I TY 4aCTh AUTEPATYPH, KOTOPYIO B MUPe IIPHHATO Ha3EIBATE «XyA00Ke-
CTBeHHoi». KHHra, KoTopas ceffyac HaXoAUTCA Meped BaM, HECOMHeH-
HO, HE OTHOCHUTCH K «XyZOKECTBEHHBIM» (XOTH JOMKeH NPU3HATRCHA, YTO
IpH eé HaIMCAHWM, U OCOOCHHO TIPH CO3AAHNH WLTIOCTPAlUE, 1 CTapai-
¢ cAenaTh e€ KaK MOXKHO Goflee IPHRACKATENBHOHN €¢I He SCTETHYECKH
(4yTo 6BLTO OBl CAHINKOM CAaMOHAJETHHO LA aBTOPa «HEXYAOMECTBeH-
HOU» KHWATH), TO N0 KpaiiHeii Mepe rpadidecku). A 5T0 3HATHT, YTO €€
qareHue Bpaj o4 OyAet AErkuM Aad Bac, BoT Afd Toro-1o, 9100H IOTEH-
[UATbHEIM YUTATEAAM 3TOH KHUTH Jerie OLUIC IPeQoNeTh €CTECTBEH-
Hule TPYAHOCTH, U ITUAIOY A 3T0 NPeJUcAoBHe, KOTOpoe, HAZeKCh, YUTaTh
Beé ke JleTqe, YeM MaTeMaTHYecKHe TEKCTHL.

HTak, mepes BaMH MHCTPYKIHA 10 NIPHMeHEHHIO ZAHHON KM, Had-
Hy e€ co CIefylonlero npeAylpekaeHHd Wik, Aydiie cKasaTh, Ipeayse-
JOMICHUA YMTATEAK: XOTA KHHTA 3Ta M BOSHHMEAA Ha OCHOBE IIPOYMTaH-
HHIX MHOIC Ha [MIPOTAKEHHH PAJA JeT KypCop JeKUHH Mo MeMeHTapHOH
reomeTpun B CYHL MI'Y u g MIIT'Y nMenH JleHuHa, €€ HY B KOeM CIyvae
He CNefyeT paccMATPHBATEL KAK Y4eOHUK 10 aleMeHTAPHOH HIH He OYeHb
PIEMEHTAPHOH recMeTpUH. JT0 HE MPEAyCMATPUBAIOCE H TEMM HEAAMH,
KOTOphIE CTQA/IU TIepef0 MHOM, KOIZa g MMed YAOBOALCTBHE BECTH 3a-
HATHA B 3THX 3aMedaTelbHHX BO MHOTHMX CMEICNAX Y4eOHEIX 3apedcHN-
AX. B neppoM ciydae pedb LLIA O MOBTOPHOM MpoXoaaeHuu ¢ 10-wnace-
HHMKaMH Kypca IvaHuMeTpuH. OcHOBHOH HENBIe 3TOTO MEPONPHUATHA
(HeCKOJIBKO CTPAHHOTO, eC/IM He IIPHHUMATh BO BHMMAaHHe CIelrdHKy
yae0HOTO TIpoHecca B MIKOIE HMEHH KoimMoropoBa) SBasnock IpUBEIe-
HHe HMePIINXCA ¥ IKOJIBHUKOB 3HAHHH TI0 3TOMY IIPEAMETY K «0BmeMy
3HAMeHaTeN». Beb He CeKPeT, YTO B PAa3HEIX perHoHax PoccHu U gaxe
B PasHBIX OIKOJaX OAHOTC PEerHOHA YPOBEHD IIPEIoAaBAHUA MeOMETPHH
pasnuyaeTcd paauKanbHO, TaK 9TC HET HUYETC YAMBUTENLHOTO B TOM,
9TC B OAHOM KJIacce MOTYT OKazaThc KaK IPeKpPacHe MOATOTOBACHHELE,
TaK K KpalHe IIox0 o0ydeHHEE TI0 3TOMY IIPEAMETY ASTH. A TIO3TOMY
He HAJO YAWUBIATBLCA, YTO IHAYUTEABHYIO YACTh MaTepHana, U3NMokeH-
HOTO 3JeCh, COCTABMAIOT BIOOJAHE AMeMeHTapHble GAKTH, M3ydalolHecs
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B OORI9HOM cpegHed nmxome, C Apyroi CTOPOHEL, AETH, TPHXOAIINAE
B 10-f1 xnacc, oOHYHO A0 3TOTQ ViKE TPH I'OAA H3yJadd MeOMETPHIO,
H ORUIO GH HellpaBMABHEM (M, TIPH3HAIOCH, COBEPIIEHHO [IPOTHE MONX
MaTeMaTHYeCKHUX BKYCOB) MEPErPYHATh HX aKCHMOMATHKOH M MPOYUMH
OCHOBAHWAMKA HayKI/I, KOTODRIE B OIKQIEe | TAK l'lpOXO,E[HT, Ha MOH B3rA4nm,
B M30EITOYHOM KOMMYECTBE IIpH KpaliHe HH3KOM KadecTBE YCBOSHMA
Matepraina. O MpAYMHAX 3TOM0 HE OMeHb PajCCTHOrC ABACHHA MOMKHO
JZOATO H HYZHO CIIOPUTE, HO A MIPeANoYE IPHHATE €Io 3a $aKT ¥ CASNaTh
M3 5TOro GaKkTa HaJnexale BEBOJE, a IOTOMY HaM0XKeHHe MaTepUata
B STOH KHHT'€ HaAYMHAESTCH TdM, TA€ BO MHOIMX INMKOIBHEX Y‘I86HI/IK&X
saKaHuMBaeTcd 8-U riacc: Ha TeopeMe [Tudaropa.

Bropol meario, KOTOPYIO 5 IO Mepe CHJI TIpeciefoBal NP 9TeHHN
kypca B CYHL MI'Y, 65110 BHEBEACHHE YIeHHKOB HA KAYeCTBEHHO HOBHIA
ypOBEHI: IIOHHMAHHA npe,zmeTa. A 3TO 3HAYHT, 9TC H3 BCEX H3BECTHHIX
reoMeTpHieckux $akTOB M YTBEDPXKAeHHH NpeANlQYTEHHE OTAABANIOChH
B IIEPBYIO oMepeah Haubomee HHTEPECHBIM U KPaCHBEIM, B CKOPEe CoK-
HHIM, YeM IIPOCTEIM. KpoMe Toro, yTBep:KASHHS, KOTOPEE OTONPAJIHICH
B KHHUIL'Y, AODKHH OBLTH MO Mepe BOSMOKHOCTH OBITH MOME3HMMH H Ha-
XOJHUTE IIPHMEHEHHUE IIPH PEINEHWH 34434 DASHOrC YpOBHA CIOKHOCTH
H H3 pasnbm paB,E[EJIOB I‘&OMeTpPIPI. JTO He SHAYHT, OAHAKO, 9TO A pac-
CKAIHBAM ASCITHEIACCHUKAM CPa3y HauOomee CAOKHEE U MOIMYAAPHEE
pasgentl OIMMIAAJHON IeOMeTPHH, TAKHe KAK [eOMETPINMeCKHe IIpe-
ofpazoBaHni, HapuLeHTpHYECKHe KOOPAHMHATE WIH PaJHKAAbHHE OCH
H OOIAPHEE MpeofpasoBaHUa M MHOToe Apyroe. 3T¢ 6bl10 GBI cAnmI-
KOM CIOMHEBIM 17 MHOIMX H3 HHX, OCOGEI{HO A MEKOIBHHAKOE, l'lEpE-
megnmx B CYHL] MIY M3 HeclenHaaHaupOBaHHEX ko, [loaoGHei
MaTepHail €CTeCTECHHO PacCKasHBaThk YK€ MOATCTOBACHHOMY CAyIIa-
TeMo. B COOTBETCTBUM € STHM IPHHLIMNOM M GBUT MOCTpoeH ydeGHEIN
MpPOLECe, TAK YTO «yIIyOMEHHEIN» MATEePHAN COCTABUT IIPEAMET BTOPOI
YACTH 3TOrO Kypea, KOTOPYIO 4 TaKkKe IJIAHHPYH) PpaHO WK NO3AHO
u3aaTh. B 370l Xe KHUre MBI OTAaéM IpPEANOITeHUE UCKIHIHTEARHO
«3J/IeMEHTaPHEIM» CHHTETHYSCKHM METQAAM, COCTARIAIOLIIM OCHOBHOH
npeAMeT Kypea reOMeTpUH ODBMHON cpeaHe KoMk,

¥V nexumii, YATABIIMKCA B TIEJArOrHYECKOM MHCTHTYTE, TOXE Oblia
CBOS OCOGEHHOCT, HAIIEAINAN OTPOKEHHE B KHUIE: KYPC TaM HA3HIBAICH
«DeMeHTapHasd MaTEMaTHKA» M 9UTAJICA HA 9eTBEPTOM TGAY O0YIEHUS,
yAe IMOCIEe TOro, KaK CTYACHTH IIPOCAYIIFBAIN OOLMHEIN KYpC [eoMeT-
PUH, ¥ OZHOBPEMEHHO € KYPCOM «OcHOBAHMH MeoMeTpHM». [NaBHOM Lie-
JILIO MOETO KYPCa B 5TOM ¢Nydae GRIO He MOSHAKOMUTD HX ¢ TIPeJMETOM
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M He HAy4WTh UX HAYYHOMY B3IVIAY HA M3yIacMEIH MaTepHal, a CKopee
JaTh UM [peAcTaBieHue 00 HAeAX U METOAAX, NIPHMEHAEMEX [IPX penle-
HHMH IIKOABHBIX 33744, — BeJb HMEHHO STHM HM IIPEACTOSIO 3AHHMATRCT
B IIKOMAX, Ja ellé ¥ YYUTE 9TOMY AeTeil! BeaeacTere aTOro He cleayer
YAMBIATHCA, 9T0 B HATIEM KYPCe ¥ DOMBIIMHCTBA TEOPEM M YTBEPKAEHII
BH O0HAPYKUTE HE OHO, A HECKOIBKG /OKABATENBCTE, OCHOBAHHEIX 3a-
9ACTYIO Ha COBEPIIEHHO PasHEIX IpHéMax. MHoraa st AoKasaTeAbCTEA
NPHBOATITCA Cpasy e, NHOLAA YATATENI0 NPHXOAWTC XKAATE A0 CIeAVE-
et JeKIAY, MHOTZA AAME MBI BO3BpalllaeMCcs K HAIIWM TeopeMaM depes
HECKWIBEEO 331{3'1'1113'1, KOra HAKQILUTEHHBIE HAMM 3HAHHA II03BOMATOT I10-
HOBOMY B3IVIAHYTE Ha CTApbIe BOIPOCH. M3 3TOro ke IpHHIMNA CIeAyeT
NOBHIICHHOE BHUMAHKE, YASLIEMOE B 3TOM Kypce (a 3Ha'MT, M B KHUTE)
pelenuio agay. [louTy B kaxaol TeKuH B Haliaéte pasbop pelleHHH
TeX WAH MHEIX 33439, a OAHA U3 AeKIHH (NeKImd 4) [MEHKOM OCBAIIeHA
paz60py pazMUHEX NPHEMOE pelleHWd TeOMETPHIYECKIX 3a4a4, CRA3AH-
HBIX C COCTABJICHMEM ypaBHEeHWM, MHOrHME YTBED/ICHWS, IIOTyJUBIIME
6H B APYTHX Kypcax THTYAH JEMM HIH AKe TEOPEM, ¥ HacC IIPHBOAITCA
B KadecTBe 3aJa4, 1 B KOHIIE KaKJoH JeKIHH JaéTcA HeOoIBIIeH CIIMCOK
(10 orTyk) 3a7a9 A8 CAaMOCTORTENLHOTO penreHmda. He roHsAck 2a opH-
PMHAMBHOCTHIO, A 00BIMHO 6pan 33/[a4M 13 TONYAAPHEX COOPHUKOB (CM.
CIHUCOK UCTIONEB30BAHHON THTEepaTyphl B KOHIIE KHIUTH), TI0 BO3MMKHOCTH
CBAZAHHEIE C TEMOH JAHHOH JIEKUHMH. JTO VAABAI0OCh He BCeraa, ocobeH-
HO B KOHIE KHHIH, KOTAa pazfHpaeMEle B HEH TeopeMBl CTAHOBHWIHCH
BCE MeHee H MeHee «IIKOMBHBEIMH», HO MOYTH B KOKACM TAKOM CIIHCKE
€CTh TIOAE3HEIE UMEHHO AAA MOHWMAHHA AAHHON AEKIMH YTBEPMIEHN,
B YIP@XHEHUs BHHECEHH TAKKe MHOTHE YTBep¥JeHws1, 0Gobmaroime
H PacOMpsAOIHe 0GNacTh NPHMeHeHHsA pasobpaHHbIX TEOPEM.

TaKoBEI OCHOBHEIE 0COBEHHOCTH Kypca M KHHTH. JoGaBUM K HX CIHC-
Ky €I€ HeCKOIBKO. Bo-TepBHIX, He cleAyeT OXWAATH, YTO JAEKIMH, KO-
TOPBIE BHL TYT MPOYTETE, OYAYT, 9TO HAIBIBAETCA, OfHH B OJMH BOCIIPO-
M3BOJMTE JIEKI[UH, KOTOPHE BRI MOTIM (Bl VCIRINATE B BRIMIEYKA3AHHEX
yae6HEIX 3aBeAcHIIX, eCTH OBl BEL BAPYT OKAZ&IHCE TAM BO BpeMs MOETo
BEICTYIUIcHMs. HeT, KHHMra mpcaiack Imocie TOTO, KAK BCe JIEKIUH YKe
GHJIPI IIpOYMTAHBI, OLEHK MOCTABJEHEL, SK3aMEHbI H 3AYETRL CITAHEL K 11€-
pec/laHkl ¥ ¥ aBTOPA HAKOHEN IOABMIOCH CBOOOHOE BPEMA, KOTOPOE OH
(ne 6e3 yAOBGABCTBHA) TOCRATHN HATIHCAHMIQ 3TOTO TEKCTA, A KAK H3BECT-
HO, CBOBOAHOE BPpeMA— BeHKad Bellb, KoTopad, SYAyud TpaBHABHHM
06pazoM HCNONBL30BAHA, MOMET MPHHECTH CaMBIe HEOXKUIANKEE 1 TIOPOIO
MOME3HEIE MIAOARL. B aHHOM caydae IMaBHEIM Pe3yIbTATOM CTATA BOSMOMK-
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HOCTB IEPECCMBICTEHHS MHOK MHOIHX PACCKA3aHHBIX PE3YIbTATOB U BO3-
MOKHOCTE NO-HOBOMY, 0o/ee, KaK MHE KaKeTCA, IPABWIBHO PAacCTABHTh
akneHTH. HexoTophie TeMBbl, KOTOPHE OBUIH 3aTPOHYTH, YTO HASHBACTCA,
«B PEATBHOCTH», A PelllluT NePeHecTH BO BTOPYIO, He HAMMCAHHYIO 10-
Ka 4acThb KHMIH, HEKOTOPBIE JPYTHe, 0 KOTOPEIX HA MPAaKTHKe HWIEro
pacckazaTh He YAAN0Ch, Ha0GOPOT, AobaBneHE. Bo-BTOPHIX, £ Aymalo,
9TO YUTATSIK OyAeT 0YeHb NOAE3HO 3HATh, 9T JICKIHK HANHMCAHEl Ta-
KHM 06pasoM, 9100k OHM KaK MOKHO MeHBLIe 3ABUCHIH APYT OT ApYyTa.
WHEIMH c1OBaMM, BB MOXETE OTKPHITE UX HA JI060M IOHPABUBIIEMCA
MeCTe M IPOYecTh MoOVI0 NONABINYIOCA JEKIWIO — AZA STOrO BaM, 34
pefKAM MCKIINEHHeM, He moTpefyeTca 3HAHWSA MaTepHaia, Haxodd-
meroc 3a paMKaMA aTof JeKnrd, VCKIodeHne COCTaBAAT TOMBKO
IMIUPOKO H3BECTHRIE INKOABHBIE aKThl, Ha KOTOpHIE A CCELIAIOCH, HE
0coGeHHO OeCIOKOACE O TOM, T/l OHM A0 3TOTO [OABNANNACH B TEKCTE
KHUT'H (A0CTAaTO9HO TOTO, YTQ OHH TZe-TO Ve BCTpedanuck). Hagewocs,
aTa HeOOMbIIad OTOBOPKA HE IMOMEMAET AOCTIKEHHIO TOCTABACHHOM
LN — MOAYARHOCTH IPH H3I0KEHUN MaTepHana, No3BOANBIIeH BEL He-
MO/IB30BATE KHUTY He Kak yd4eOHUK, a Kak cOOPHMK NOAE3HBIX uAcH,
NPpHUMEHAEMEX B IOKOALHOH reoMeTpHH. B-TpeTbHx, A CUMTal0 CBOMM
ZOATOM Cpasy cOOOMMTH YMTATENI0, YTO, KAK 3TO MOYTH BCETAA Cayda-
€TCA B CTOJIB JpeBHEM U IIQUTEHHOM IIpeMeTe, KaK »IeMeHTapHasA Teo-
METPHA, BCe YTBEPKIEHUA H TEOPEMH, 34eck NpeAcTaBIeHHBIE, MOXHO
HallTH B 6eccaéTHOM MHOMKECTBE APYIHX HCTOYHHKOB, MPEXIE BCEro
B KHHUTAX H CTAThAX MOEr0 OTLA, BO MHOIHX APYTHX CTAThAX B KYpHase
«KBaHT» U B APYTUX XyPHAIAX, MOCBAINEHHBX ITKONbHOA MaTeMaTHKe.
Ecym 1 1 Mory nocTaBuTh 9To-TO cee B 3aCiIyry, — TaK 3T0 OTOOp MarTe-
pHiaja B CTHIB, B KOTOPOM OH H3/I0KeH B 3T0H KHUTE,

Hakonen, A gomkeH nobnarogapiTe BeeX TeX, KTO TIOMOTAN MHe IIPH
9TEHWH JEKIHI U IpoBeeHny yipaxaeHnuii B CYHI] MI'Y: Baaammiipa
lapuua u Anexces IloHOMAapERa, a TAKKE NIKOABHUKOE «A» U «I'» Kac-
COB BHIIMycka 2008 rosa, CBOMM aKTHBHEIM (UHOT/A laXKe Yepecuyp) yia-
CTHEM B 3aHATHAX HEMAJQ MOCTOCOBCTBOBABIINX JyIIIEMY YCBOCHHUIO
MHe# TpoiiaénHoro Matepnana. A Tarke Xouy No6AarcAapuTh 3aBeay-
1omero kadezapoii anemenTapaoii Mmarematuiy MIITY vm. JlenuHa, Baa-
AuMupa Anexceeprda CMHUPHOBA, JOBEPHBIIEIC MHE YMTATH OAWMH M3
OCHOBHBIX KyPCOB Ha MOTOKE H IOCOBETOBABINETG 3alIHCHBATh JEKITHH
B y30004NTAEMOM BHJAC,

I Hlapsteun
Bures-sur-Yvette, 24.11.2009



Jlexmua 1

Teopema IIndaropa: He3HAKOMBIN 3HAKOMEL],

CyIIecTBYeT MHOTQ PasfiMYHbIX CHOCOHOB HAYMHATE KYPC IeMEH-
TapHOH reoMeTpHH. MOXHO TTOCBATHTE NEPEYIO JIEKIIHIO HANOMIAHAHHED
PAIMYHEX CHCTEM aAKCHOM WIH HadaTk e€ ¢ ofcymAeHHA TOMOMOTH-
YECKUX CBOHCTE MAocKHX $HUryp. BHGOP TeMEBl MepBoil NeKIHH 3aBH-
CHUT TIPEX/IE BCETO OT 00mIell HATPABIEHHOCTH Kypcea (IpH 3TOM MOYKHO
CKa3aTh, UTO UMeercd M o0paTHasd CBAZL). BCE 3aBHCHT OT TOrQ, UTO
BH COMTaeTe CBoeil MTapHol 3ajadeil: HAy9UTE CAylIaTeAd DIAJETh Ha
IEMEHTAPHY1O MeQMeTpPUIO KaK Ha 4acTh «B3POCIOi» MaTeMAaTHIKH, HAH
NpUBAeYb er0 BHUMAHNE K KpacoTe aOCTpaKTHHIX PacCyASHNT, WIN JKe
e1né uTo-To, A B CBOMX JEKITUAX XOUY B [IEPBYIO 0Uepefb HayIUTh CIyIa-
TeNell pelllaTe CAOMKHEE FreOMeTpUYeCKIe 3a4a91, TIOKA3aTh UM KpPacoTy
HETPUBHANLHEIX MeOMETPHYECKHX YTBepKAeHUN, MHe xoTenoch 61 Kak
MOKHO OHICTpee NMO3HAKOMHTE HX CO CHOMKHEIMH M KPacHBEIMI Teope-
MaMM, MHOTAA BEIXOAALIMMU 33 PaAMKH IIKOABHOTO Kypca (HO OT 2TOro
He MEeHee DJleMeHTAPDHEME). [Io3ToMy ecTecTBEHHO, UTO TEMOH CBOekH
nepBoil AeKIUH A BHOHUpaK OJHO M3 Nepebix UZBECTHEX YeIOREUECTEY
KPacUEHX M HeTPUBHANBHHX IeOMeTpPHYeCKUX YTBeKAeHIH — meope-
My Iugazopa.

HanoMuuM e€ GopMyTHpPORKY.

Teopema 1. IFycme ABC — npamayzonsHulii mpeyzoashuk (£C=90°).
Tozda cymma keadpamos Kamermos amoz0 mpeyzonabHUKA PAsHd k8adpa-
my eunomexysvt, AB? = AG% + BC2.

Huske MBI IPHBOAWM TPH PazfMUHBIX JA0KA3aTEIBCTBA 3TOH Teope-
MEL. Tak Mer 6yaeM 9acTo MOCTYHATE M Jajnee. Jeno B TOM, YTO MOYTH
Toboe yTBepHACHNUE B FeOMETPHH (Kak M Boo6Ile B MATEMATHKE) MOXK-
HO IOKA3ATH MEOTHMM PAsHEIMU criocobami. Kaxkaoe vz 0Ka3aTesneTB
HMMEET CBOH MPEHMYINECTBA H CBOM HEJQCTATKH, KAXKAOE U3 HUX 03
BOJISIET TIO-CBOEMY B3MMIAHYTh Ha FEOMETPHIECKYE) CYTh 00CyxaaeMoi
TeopeMel. [To3TOMY MEL PEKOMEHAYEM 9UHTATENAM He OrpaHHYHEATBCA
H3YYeHHEM JHIIB OAHOTO K3 IPeACTABIEHHBIX J0KASaTEMBCTE, a TI0 BO3-
MOXKHOCTH Beerda pasoGpaTk HX BCe.
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INeproe AoKa3zaTeAbCTBO (KAK M BTOPOE} OCHOBLIBAETCA HA Kaac-
CHYECKOH MHTEpNpeTalyl KBaJpaTHYHEX BEIMYHH (HampHMep, KBaji-
PATOR AMMH OTPE3KOB) KaK IUoWwaieil HeKoToprix ¢uryp. Tak, Teope-
My IIndaropa MoxHO NepedopMYAUPOBATE CASAVIOIIHM 06pasoM: cyMm-
Ma nacwadeil Keadpamos, NOCMPOEHHBIX HA KAMemax NPmMoy2z0n6HOz0
mpeyzonpHUkd, pasHd naowadu keadpama, NOCMPOEHHO20 HA €20 2Uno-
nieny3e. 3aMETHM, YTO, XOTA OOBMHO B IIKOJIBHEIX KYpCax FeOMeTpHH
IICLIAAY H3Y4aoT nocie TeopeMH [Mndaropa, moHATHEe MIOIIAAHA HU-
KaK He 3aBHCUT OT 5Tol TeopeMEl [To2TOMY MBI MOMEM HCIOIB3OBATD
MHOIHE CBOHCTBA IVIcHIaZlell B HaImeM AckasaTenbeTBe. Urak, paceMoT-
pum kBazpati ACLM, BJKC u AA’B’B, nocTpoeHHEIe Ha Xarerax AC,
BC u rumoteHy3e AB NpAMOYTONBHOTO TPEYIOABHHKA ABC (£C =90°);
cM. puc.1. HaM Hago AokazaTh, 4TO CYMMa MACIIAAeH IepBRIX JBVX
KBaJ[PATOB PaBHA IUIOINAJHU TPeThero. Jnd aroro Mel npoaedopMupy-
eM ofa KBajipaTa, HOCTPOSHHEIE HA KAaTETaxX, TAK, YTOOH UX IUIQUIAAH
HE M3MEHWIMCh U TP TOM M3 HHMX NOAyawica Ol kBaapar AA'B'B.
JAs aToro npoaDKMM CTOpOHEL LM K JK oTHX KBagpaToB A0 mepe-
ceyenHda B Touke C’, CMecTHM oTpesku LM u JK BAOAL NpoBefSHHBIX

le
L
A!! BH
K
M
C
J
A H B
A B

Puc. 1
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NpPSIMBIX TaK, ITO6H Toukw L 1 K coBnany ¢ Toakoii C’. IIpu sTOM KBaj-
pat ACLM npoaedbopMupyeTcs B napanienorpaMm ACC’A”, a kpazpar
BJKC — B napamnenorpaMm BB“C’/C. TInoazu e mapaiielorpaMMoB
OCTaHYTCA PABHEIMH TIAOWAZAM KBaZpaToB (Beb MoMaAk MapaLIeao-
rpamma pELBHa HPOHBBE,ELEHPIIO €r'0 BRICOTHL HA CCHOBAaHHAEL, KOTODLIE HE
MeHATCA [IPH pacCMOTpeHHOH AedopManHm).

OTMeTHM, YTO OTpe30K CC’' paBeH I'MmoTeHy3e AB paccMaTpuBae-
MOT'0 TPeyroAbHUKA H NepIeHAWKYAApeH eif. B caMoM jene, oH ABMAA-
eTcA AMArOHANBIO TIPAMOYTOARHMKA CLC'K, ¢TOPOHEL KOTOPOTO PaBHBI
KATETaM TpeyronbHuka ABC, cneaoBarensHo, CC' = AB, ¥ KpoMe TOTO,
/C'CK = ZCBA u ctopornl CK u BC 3THX YI/IOB NEPIEHAMKY/ISIPHEL,
a CAeAOBaTeNBHO, MEepIeHANKYIAPHE U oTpeskn CC’ u AB. Ecin Mel
TeNeph CMECTHM OTPe3oK CC’ BAOTE OAHOUMAHHOMH NpAMOi TaK, YTOOH
Toura COBIIagana C OCHOBAHHWEM BLICOTH H , TO napaﬂnenorpammm
ACC’A” u BB”C’'C uponedopmupyiores (BmMecte) B kBagpar ABB7A”,
paBHbIA KBazpaTy AA'B'B, O

BTopoe AOKA3aTeNbLTBO COCTOHMT H3 PHICYHEA:

a b

(@

MBI IpeAaraeM TUTATEAK CAMOCTOATENbHO YOSAUTRCH, ITO YETH-
PEXYTONBHHE, 3aHUMAIOIHA HeHTp KBaapaTa Ha pHc. 2 (6), caM ApAdeT-
cA KBaJpaToM. O

TpeThe AOKA3aTEALCTBO — Haubo/ee CTAHAAPTHOE M3 BCEX TPEX.
OHO QCHOBHBASTCA HA TOHATHH MOA06HS, XOTI 3TO TIOHATHE, KaK M HALIO
IUTOILAAH, 3a4YACTYIO Hay4aloT IMocie TeopeMH Indaropa, 0HO TOXeE HH-
KaK He 3ABUCHUT OT TocaeIHeil (B HEKOTOPHIX IKOABHEX YUeOHUKAX, B KO-
TOPEIX TIPUBOAMTCA HTO JOKA3ATEMLCTBO, BMECTO NOZOOHA HCIONBIVIOT
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Puc. 3

PKBHBAJCHTHEIC [PHHLUNEL, HanpHmep —TeopeMy Paneca U eé oied-
cTBHA). [T03TOMY MEI CIIOKOHAHO MOJKEM €0 ACTIONb30BATh 3A€Ch,

HTak, oycTHM U3 BePUIMHHE C IPAMOTO YIVIa BEICOTY Ha FHIIOTEHY-
3y AB. Ilycte D — ocHoBaHue 3T0# BEICOTEL (MEL HE AOKA3HIBAEM, YTO
Touka D nexuT Ha oTpeske AB, cuuras 3TOT dakT oueBUAHBM'), BBe-
JEM CcTaHAAPTHHE ©003HAYCHUA: IYCTh KATETHl HAIICTO NPAMOYTOAb-
HOTO TPeYroJBHUKA PaBHH @ 1 b (cM. puc. 3), a THIOTeHY3a PaBHA C.
OTtpezor AD (nmpoeknuio kateta AC Ha THOOTEHY3Y) 0003HATHM ¢, 4 OT-
pesok BD —c,. OGo3HauuM OpOBEAEHHYIO BRICOTY TPEYTOABHHKA ABC
Gyksoil h. PaccMOoTpuM 06pa30BaBIIMEC IPAMOYTONbHBIE TPEYTOIbHI-
¥ ACD u CBD, Of6a oHM no TpéM yraaM NoA00HE TPeyTOALHUKY ABC
(11 mozoBHK Mexay coboi). CneaopaTeNEHO, ME MOKEM 3aMHCATE COOT-
HOWIeHUA ToA00uUa:

AC _AD _CD CB_CD_BD
AB  AC BC? AB  AC  BC?
HIH, B CHIY BBSAEHHHX 0O03HaYeHH A,

(TCI0/a TIOMTYIaeM COOTHOIIEHHA
c-cp=b% c-c,=a%
CKIaAibIBadA ABA MOCTE/HNX PABEHCTEA, U YIMTHBAA OUEBI/IHOE COOTHO-
LIEHHE ¢ = C, + Cp, TToAydaeM ¢>=a’ +b?, O
3aMeTHM, KCTAaTH, YTO NOMUMO TOMYYEHHEX COOTHOLIEHHI U3 TIo-
ZIO6UA YKA3AHHEIX TPEYTOMHLHHKOB MOMKHO MOMYYUTL MHOTO PYTHX Da-

b_h a

BeHCTB. Hanpumep, ¥3 paBercTsa = monydaeM h =" (3T0 ypaBHe-
HUe€, IPAB/A, MOXHO GhiI0 6hl IOYIUTH U3 CPABHEHNMA PasNMIHbX Hop-
MY/ A1 UIOMAZN MPAMOYTOJIBHOIO TPEYTOMBHHKA). KpoMe Toro, Tak

1 Ham NPHIIOCE BHL 3TO CAENdTh, ECAH HEL MBI IIHTACE 3AHHMATECH I‘EDMeT'pHeﬁ KAK
axkcHOMATHHMeCKOH Teopuetl.
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8
sin
cosa B !
a cos B =
sin o
a a 8

(a) ()

Puc. 4
" a_ h
KaK TpeyroNbHHKHA ACD 1 CBD noaoGHEL Mexay cobol, HMeeM T oo
OTKYZAa OAy4daeTes H3BeCTHOE PABeHCTBO h? =c,¢p. b
Camu TIo cebe MpHBeAEHHEIE JOKA3ATENLCTEA HHYEM He NyYIle JApyT
,zl;pyra. O,EI;HELI{O y KaKA0r0 U3 HUX £CTh CBOH AOCTOHMHCTEA, ROTOpHX HET
y mpoanx, Hampumep, cnocod, NpUMeHEHHEIA B NEPBOM JOKAZATEE-
CTBE, MOXKHO HCTIONB30OBaTh AJIA JOKASATENBCTBA TEOPEMB KOCHHYCOB
(cM. B cnegyioweit AekuyK). Bropoe AoKa3aTeNbCTBO MOXKEHO 0606LIUTE,
9TO0R MOAYIUTE (GOPMYITY CIOKEHHAA AN CHHYCA. B caMoM fiene, npaMo-
YTOJABHUK Ha puC. 4 (a) pa30UT Ha YeThIpe MPAMOYTOABHEX TPEyTOIbHI-
KA ¢ THIIOTEHY30E 1 M OCTPHIMHE YIIAME @& ¥ OAHOTO U § ¥ APyTroro | Asa
NpSIMOYTOABHHKE, CTOPOHEBL KOTOPBIX BRIPAXKAKTCA Yepes TPUTOHOMET-
prdeckre $yHKIMH yrioe o 1 B. Ha puc. 4 (6) TOT ke IpAMOYTONbHHK
pasbUT Ha YeTHIpe TAKHX Jie TPeYTOTEHHKA H poMb co cTopoHoi 1 H ocT-
PEM yI7I0M (KaK HECAOMNHO NpoBepuTs) o + f§. M3 cpaBHeHna omaaeii
MOAYIaEM
sin(a+ B) = sincecos f + cos asin

(HarmoMHWM, YTO WIOWIAAL NAPAIEIOrpaMMa pABHA TPOM3BEAEHHIO
JJMH €T0 CTOPOH HA CHHYC yIVIa MEXAY HHMI),

HakoHel, TpeTHi NpeACTABAECHHEH CNOCOD JOKA3ATEARCTBA LEHEH
npexge Beero GOPMYIAMH, CBASHBAICIIHMH MeXKIY cobolf pasnuyHble
MEMEHTH NPAMOYTOABHEIX TPEYTONBHUKOB, IONYIeHHBEIMH [IPH J0Kas3a-
TEIBCTBE, ITH POPMYIH HNO3BQIIOT PENMTH MHOXECTEO 3aJa4, B KO-
TOPEX TpelyeTcsa HAMTH TOT WK MHOIH 3MEMEHT [IPAMOYTOABHOIQ Tpe-
yroapHuKA. [IpaBga, He Beerja pelleHHe, OCHOBaHHOE Ha 3THX GopMy-
JIaX, caMoe IIPOCToe H KOpoTKoe. [IpORAAICTPHpYeM CKa3aHHOE CIeay-
IOLUM IIPAMepPOoM.

3aaa4a 1. B npaMoyToneHoM TpeyronsHuKe ABC (£LC =90°) mpoge-
AeHa BeicoTa CD. HapecTHo, YTO paccTOAHNE MEXKAY LieHTpaMU OKPYK-
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HOCTEi, BIMCAHHBIX B TpeyronkHmku ACD u BCD, paeno 1. Hafiaure
PaaNYC OKPYAKHOCTH, BIIMCAHHOH E TPEYTrOABHHK ABC.

Ina pemeHHA HaM ToTpefyeTca caeylollee MOAE3HOE BCIIOMOTa-
TEABHOE YTBEPAACHHE: Paduyc OKPYHCHOCU, RUCAHHOU 8 NPAMOY20b-
HbLLl MPEY2OABHUK, MONCHO SLIUUCAUMS NO fopmyne

r=%(a+b—c),

20e a u b — kamemel, @ ¢ — 2uNOMeHY3A OAHHOZO MPEY20NbHUK,

JdokasaTenpcTBO, UTOOH A0KA3aThk 3TO PaBeHCTBO, AOCTATOYHO
B3IVIAHYTE Ha PHC.5 H 3aMETHTb, YTO YeTHpPEXyroaeHNK IKCL — kBaj-
PaT cO CTOPOHOM, paBHOH pafHMycy BIHMCAHHOTO KPyTa, CAeJoBaTemb-
HO, CK = CL =r. YauTHBad PaBeHCTBO KACATENbHBIX, IPOBeASHHLIX
K OKPYXHOCTH M3 OFHOH TOUKH (3TOT $aKT Mhl CIMTaeM W3BECTHEIM),
nomyyaeM AL=AM =x, BK =BM = y. 3HauuT

AC+BC=x+r+y+r=x+y+2r=AB+2r,

OTKYAA U monyvaeTcsa TpebyeMoe paBeHCTRO.

¢ r K ¥y B

Puc. 5

TpuMeHuM 5T0 HaOMOZcHUE A8 PElleHMA 3agaqil (0603HAYCHHA
¢M. Ha puc. 3 u 6). /g 3Toro cHadanta OHYCTHM NEePIEHAMKYAAPEL M3
ueHTpoB I, u I; oKpyHOCTel, BICAHHBIX B TPeYTOMLHUKA ACD u BCD,
Ha THIIOTeHy3y OOIBINOTO TPEyrOAbHWKA W IpOBeAEM depes I; mps-
MY, TTApa/IeNBHYIO THIIOTeHyse. B moAyqMBIIeMcsa MPAMOYTOILHOM
TPEYTOJABHUKE KATETH PaBHEHL I + 1y U 1y — 1, CA6J0BaTENBHO, KBagpaT
€T0 TUNOTEHY3H pabeH I 12 = 2(r +12).
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Puc. 6

C Apyroil CTOPOHH, COTAACHO VCAOBHIO 3agadn Il, = 1, cnenopa-
TENBHO, VIUTEIEAA JOKASAHHYIO GOPMYTY, TONydaeM

1=0 =262+ = 2(3c+h—a)’+ 3 (6 +h— b)) =
= %(ci+h2+a2 +2c,h — 2c,a — 2ha +
+ ¢ +h? +b% + 2c,h — 2¢,b — 2hb).
TeperpynnmupoRas CIaraeMbIe, TOTYIHM

1= 2(@ b+ +2h) + 2h(C, +6,) — 2c,a+hathb+eb)) =

1 b ®+a’b+ab?+b°

= 5(a2+b2+(C§+c§+2cacb)+2a?c—2%) -
1 2 bz 2 bZ

- E(a2+b2+(ca+|:z,)2+2ab—2aa A s ) -

= %(62+b2+c2 +2ab—2ac—2bc) = %(a+b—c)2 = 2r,
rje r — paaHyc BIHCAHHOH OKPY/KHOCTH TPEyTOMBEHHKA ABC, T. €. HCKO-

MBI paanyc paBeH r = % O

3aMeTHM, 9TO B IPCUECCE PENISHHA ¥ HAC MOAYIMIACH HEQKHAAHHASL
dopmyna 1% = rlz + rzz, CBASHBAIOMAS paguyCH OKPYKHOCTeH, BIIHCaH-
HEIX B TPpeYTOMBHUKUA ABC, ACD u BCD. Ha caMoM Aene 5T0 YTBepKae-
HHE — 9aCTHHIN cirydati Gonee obmero $axTa, 3HAHWE KOTOPOTO O3B0~
JISIeT PeNIUTE 337ady TOpaszfoe Kopode, A MMEHHO, IYCTh Ha CTOPOHAX
NpAMOYTOMBHOTO TPEYTOABHMKA IIOCTPOSHE IoACGHEIE GUTrypH (HampH-
Mep, MHOTOYTOAbHHKH, KaK Ha pHC. 7). BeifepeM B 3THX nogoOHEIX ¢u-
rypax COOTEBETCTRYIOILIMe APYT APYTY NMpH mogoGuy oTpesku I, I, u .
(I, n l, —orpeaku B dUTYPax, MOCTPOSHHEIX Ha KaTeTaX a 1 b cooTheT-
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o
b

Puc. 7

CTBEeHHO, a [, — B durype, nocTpoeHHo# Ha runoTenyae ¢). Toraa
252 _ 12
4o =12
DTO YTBEPKACHHE HHOTAA HA3EBAKOT 0b0bwénmold meopemotl [Tugazopa.

JoKA3HBATE €T0 O4eHb IPOCTO: MYCTh, HATIpUMep k = IE“. Toraa, Tak Kak
nocTpoeHHEe GHUTryph mogo0HEL, k = %’ = % [Toaromy
2 =k =k*(d®+b%) = (ka)* + (kb)* = 2+ 1.

YTBepKACHNE 3aJadH Teleph BHTEKAeT U3 CIeAyIOIEre Habmw-

JeHWA: OTPe3KH 1y, 1y U ' ABIAIOTCA COOTBETCTBYIOIIMME OTPe3KAMHU
B MOAOOHBIX APYT APYTY MPAMOYTOJABHEX
TpeyroibHukax ACD, BCD u ABC. Ilpas-
Ja, B OTIHYHE OT PHUC, 7, TPEYTOILHUKH 3TH
NOCTPOSHH He BQ BHENIHIOK), a BO BHYT-
PEHHIOI CTOPOHY OT MCXOZHOTO TPEYTQb-
HHEA.

IIpueeaémM ené OAUH MPHMED YTBep- Puc. 8
EACHUSA, KOTOpoe YAOGHO JOKA3HBAaThH C
noMolee TeopeMul IMndaropa. Apfenocom Apxumeaa (o rpeveckd
«@PTUAOC» — CKOPHSKHEIA HO) HasklBaeTca (Urypa, cocTapleHHasn
H3 TPEX MOAYOKPYNKHOCTEHN, LIeHTPH KOTOPHX PAcTIONoKeHE Ha OZHOM
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OTPE3Ke, NPUIEM JBe MAeHBKHE TIOAYOKPYKHOCTH KACAIOTCA MEXKIY CO-
6011 (BHEIIHUM 00pasoM) H KacawTcsa SonpLIci OKpYRHOCTH (MU3HYTpH),
CM. pHC. 8.

Mycte AB — ganHEeii oTpesok (ZuameTp GompIueli MOIYOKPYHHO-
cTH),  — TOYKa KacaHMA ABYyX MeHbINNX IOTyoKpy:kHocTel. [IpoBeaém
depes C orpesok CD, nepneHAuKyapHET AB (D mexur Ha Gombei
NONMYOKPYKHOCTH). DTOT OTPe3oK pazbrBaeT apfenoc Ha JBa KPHBOIH-
HEMHBIX TpeyronbHHUKA. Teopema Apxumeda of apbenoce yTBEPHKAAET,
YTQ paduyebl OKPYMCHOCMEN, SRUCHHHBLLY 8 3mu 08a KpUGOAUHElHbLY
mpeyzonLHUKA, DABHDBL.

HoxazaTenncTBo. Kak crnefyeT u3a HA3BaHUA, 3TY 3a4ady peII
B cBo€ Bpema Apxumen. Ero paccy:xzeHHe KpacHEBC, HO AOCTATOYHO
CAOKHO AN TOHUMAaHUA. B HEM HCMONB3YIOTCS HETPUBHAABHEE (aKTEH,
CBA3AHHBIE CO B3aMMHBEIM PACTIONOKEHHEM OKDYIKHOCTEH. MBI mpuBe-
JEM ero B OJHOHN W3 CAEAYIOIMX AeKuui, OAHAKO Kak 3TO YacTo Cay-
JaeTcd B TeOMeTPHH, ¥ 3TOH 3aJauM CYIIecTByeT HeCKOMbKC pPelIeHrH.
OfHO M3 HUX ZOCTYNHO HaM Vike cefivyac. OTMETHM, YTO IO HAECE OHO
SHAYMTENBHO TIPOLIE MCMOAB3OBAHHOTC APXMMeLOM, HO ApPEBHUE Cpe-
KM, HE HMEENIME B CEOEM PaCTIOPMKEHHN YEOOHOTO anredpandecKoro
armmapara, He ¢MOriH 6bl, HABEPHOE, €70 TIOHATS.

ITycTh P, S ¥ Q — COOTBETCTBEHHO IIEHTPEL IONYOKPYRKHOCTEH, 06pa-
syrownx apbenoc (P B S — LeHTPH Male€HBKHX, a Q — HeHTp Sonpiuoii
MOAYOKPYKHOCTH), a O — UeHTp OKPYKHOCTH, BIHCAHHON B KPHBQIH-
HelHBI TpeyToneHUK ACD (eM. pre. 9), T, U M V — Touky kacaHuA Tol
OKPYHOCTH €O CTOPOHAMH KPHBOIMHEHHOTO TPEYTOABHUKA. [l TOro

W
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9TG0R A0KA3ATh YTBEPKACHUE 334a9H, JOCTATGUHO BEIPA3HTh PAJHYC X
BITHCAHHOHN OKPY)KHOCTH 4epe3 pajnyCH IOIYOKPY:KHOCTEH, COCTaBIA-
wimux apbenoc.

HTtak, mycTh paguyc OKPYKHOCTH C UeHTpoM P pamed R, a pajgu-
V¢ OKPY:KHOCTH ¢ IEHTPOM S — paBeH r (Torga pajuyc OonbOoiod noy-
OKPYXHOCTH paBeH R + r). CoefMHUM IEHTp BIIACAHHOH OKPYXHOCTH
crodkaMul T, U B V, coeANHAM TOYKY V ¢ LEHTPOM P IOAVOKPYKHOCTH
paguyca R, a Touky T — ¢ neHTpoM Q GOABINOH MONYOKPY:KHOCTH. Tak
KaK UeHTPH KacatoliiXes OKpYKHOCTEH AeKaT Ha 0ZHOH MpAMOH ¢ TOY-
Kamu KacaHud (emé ofuH (axT, KOTOPEET MBI CUMTAEM H3BECTHEIM),
noayiaeM, uro Touku O, V u P mexar Ha OfHOH NpsaMOli, Tak e Kak
H Touku O, T u Q. HakoHen, onycThM H3 O nepieHAHKYAAp OH Ha
npaMyio AB (cu. puc.9).

PacemoTpumM 06pa30BABIIMECA IPAMOYTOJIBHEL TPEYTOAEHUE OPH .
Ero runorenyza paeHa OP = OV + VP =x + R, a xarer PH paBeH
PC — CH =R — x. CneaoeareneHo, o TeopeMe IIudaropa

OH? = OP? - PH? = (R+x)?—(R—x)? = 4Rx.

C ApyTroil CTOpPOHEL, 0Tpe30oK OH 4BndeTcd KaTeTOM B €10é 0JHOM IIpd-
MOYTOJNBHOM TpeyronbHHEe OQH. B oTOM TpeyTOABHUKE THIIOTEHY3a
0Q papHa QT —TO=R+4r — x, a kateT QH paBen AC—AQ —CH=
=2R—(R+r) —x=R —r —x. [losToMy HoNnyIaemM

OH?2=0Q*-QH?*’ = R+r—x)*—(R—r—x)* = 4Rr — 4rx.

IIprpaBHHBAA NOMYIEHHBIE BHIDAXKEHHH, NIOIYYaeM X = Rﬁ-l-r Tax kax

3TO BHIpRKCHHE, OYEBHAHO, HE 3aBHCHT OT TOIO, KAaKoH M3 ABYX pa-
ZUycoB R WM r GOMBLIMEA, MH 3aKIICYAEM, YTO PAJUYC OKPYKHOCTH,
BIONCcaHHON BO BTOpON KPUBOMHHEHHLIH TPeYTOABHUK, PaBeH TOMY XKe
BHIPKEHUIO (JKeMaloniue MOTYT IPOBEPUTE 3TO caMOCToATeNbHO). [

3ajaqH AjA CAMOCTOATEARHOI( pPElIeHud

1 B IpAMOYTOIBHOM TPEYTOABHHKE QOMH H3 KATETOB PABEH 5, a NMPOCKIMA
BTOPOTO KaTeTa Ha THIOTeHY3y paBHa OfHOIl NI4T0 runoTenyssl. Halignre mwio-
MIAAL TPEYTOIILHIKA,

2. /IBe OKPYRHOCTH PaJHyCcOB r H R KACAKTCT APYT APyra BHEINHHM oBpa-
30M H KacawTcA OFHOH 1 TOH e IpAMOH {OKPYIRHOCTH JIEKAT II0 OJHY CTOPCOHY
oT 3ToH NpAMoi). Haliznre pagiyc OKpy:KHOCTH, BIMCAHHOI B KPHBOAMHEHHBIH
TPEYTONBHHK, 06pasoBaHHLIH OKPYKHOCTAMH UM MX 00Imeil KacaTenbHoi,
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3. OapH M3 KATETOB NPAMOYTOABHOIQ TPEYTOABHHKA DABEH 5, a4 pajuyc
BITHCAHHOH OKPYHHOCTH paBeH 2. HailiuTe BEICOTY, ONYIICHHYIO HA THITOTEHY3Y
STOTO TPEYTOABHIKA.

4. B yTOX BEMYUHEL ¢ BITMCAHH JBE OKPYKHOCTH, KACAKIIHECT MEXIY CO-
Ooii. Halfiaure oTHOICHHEe paguyca OQIBIICH H3 DTUX OKPYKHOCTEH K PafHyCy
OKPY:KHOCTH, BITHCAHHOH B KPpHBOIHMHEITHEDA TPeyTOJIBHHK, 00pa3oBaHHEIT yKa-
BAHHBIME OEPYKHOCTAMH M OZIHOH H3 CTOPOH YA

5. OxpyxaocTH paauycoB R u r (R>>r) KacaloTea ApYT Apyra BHYTPEHHHM
o6pasoM. HaiizmTe pagiyc OKpy)>XHOCTH, Kacaiomelica 008X JaHHBIX OKPYAHO-
cTeil # mpAMOH, TIpoXoAAIeil Yepes UX TIEHTPHI.

6. JlaHb! OTpeaxyl [UHHE 4, b 4 ¢. C TOMOINBK THPKYAA H IHHEHKH TTOCTPOM-

2 2
re orpesox s &) Y@ LR EE, 6) vab, » Vah n L, p L
&) Yar+vt+ct

7. LlewTprl OKpY:RHOCTEH pajMyCoB r H R pacnoMmXeHE HA PACCTOSHHM J
ApyT or gpyra. HaifinuTe LIMHY CTOpOHEL poM0a, ABe NPOTHBOIIONCHKHEIE Bep-
IIHHBI KOTOPOTO JIeHAT Ha OJHON OKPY:KHOCTH, a JB& OCTABIIMecH — Ha ApyToil.

8. LeHTPHI TPEX ORPYRHOCTEN PaZHyca R PACTIOAOKEHE B CEPEMHE H B KOH-
[aX QTpeaKa JyHMHE @, Haligure paguyc 9eTREPTOH OKPYKHOCTH, KACAOINEHC
BeeX Tpéx JaHHBX (pasbepure pasnutHble BAPHAHTE PACTIOMOKEHUA OKPYHHO-
cTeil).

9. B eQHHYHYIO OKPY)KHOCTE BIIUCAH KBaApaT. Haliapre cTOPOHY KBajpaTa,
BIHCAHHOTO B OHH H3 06Pa30BaBITXCA CETMEHTOR (B¢ €TI0 BEPIIMHE JACDKHEL
JIOKATE Ha COOTBETCTBYIOWEH Ayre, a ABe APyTrHe — HA CTCPOHe GOJIBIIOTO KBaZ-
para.

10. B mapanneaorpamme ABCD paciiosnodeHE TpH NOIIAPHO KACAFOIIAXCA
oKpy:kHOCTH. OZHA B3 HEX [IPH 3TOM KacaeTcA cTOpoH AB 1 AD napamurenorpam-
Ma, Apyrai — cTopoH AD u DC, a TpeTba — cTopoH AB u DC. HaiiauTe pagmye
TPeThei OKPYKHOCTH, eCJIH DACCTOMHNIE MEXAY TOTKAMH KACAHHA NEPBEIX JBYX
OKpYKHOCTeH co cTOopoHOH AD pasHO a.



Jleknua 2

Teopema Indaropa u TeopemMa KOCHHYCOB:
OCHOBBI «BBIYUCIUTENABHBIX» METOAOB

HecMoTpsa Ha BCIO CBOXO IPOCTOTY H IeMeHTAPHOCTE, TeopeMa ITu-
daropa ABATETCA MOIMEIM CPEACTEOM ATA PEIlcHUA 3a4ad [0 aMeMeH-
TapHoii reoMeTprn. HeKOTODEIEe IPUMEpH e€ IPHMEHEHHS HA MPAKTH-
K€ MBI PAacCMOTPeIH Ha NpONIoH aekimu, Ilpexxae ueM MbI nepefiaém
K M3YUEHHIO APYTHX BaKHEX TEOPEM IEMEHTAPHOH reOMETpUH, AaBaii-
TE IPUBEAEM €l0€ HECKOMBKC TPHMEPOE TAKOTO POAA.

A Havana JoKaKeM TaKoe YTBEPKICHHUE.

¥reepaaenue 1. Neomempuueckum mecmom mouex M na naocko-
crmit, d;m xomopb{x BHINOAHAEMCA paseﬂcmso

AM? - MB? = «, o))

20e A u B—0ge PuxcuposaHHbie PAssUUHbIE MOYKH HA NIOCKOCMU,
@ K — HEKOMOPAst KOHCIMARMA, ABAALMCA NPAMAR, NePReHOUKYAADHAR
npamoti AB.

Ipexge 4eM AOKASHEATE 3TO YTEePKAEHHe, 3aMeTHM, ¥To, Mo Cy-
LIECTBY, OHO ABJMAETCA KPUTEPHUEM NEPIEHAMKYIAPHOCTH ABYX OTDE3-
KOB. B camom Aene, ecim oTpeskl AB u CD NepleHAHKYIAPHEL, TO TOY-
k1 C 1 D prHagaexaT cGHOMY reoMeTPHYECKOMY MECTY, OITUCaHHOMY
B YTBepHASHHM, T. €. 1A HUX BEITOIHEHO paBeHCTBO AC2 — CB? =k =
= AD? — DB2. Hao6opoT, ecmi AC? — CB? = AD? — DB?, To 3Ha4eHMA Ta-
paMetpa k A C 1 D coBnaaaeT, U, 3HaUMT, Toukyd C ¥ D npuHaLaekar
OHOH U TOH e NpAMOli, MepleHAUKYIIpHOH AB.

JoxazaTeascTBo. [IycTh Touxka M mexair B 'MT, onpegeraeMom
ypaBHeHMeM (1) (ana HeKoTOporo k). OIMycTHM TOLZA NEPICHAHKYAAD
MH uz M Ha AB (cm. pue.1). Toraa no teopeme Iudaropa (zas Tpe-
yronbHIKOB AMH 1 BMH) nomyarm

AH? — HB* = (AM?*—MH?) — (BM? - MH?*) = AM*—BM* = k.
Ec/m pacerosHve oT A Ao B paBHo d, a paccTogHMe oT B o H paEHo X,
TO

k= ({d+x)?%-x%
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M
N

d s

A B H
Puc. 1
CAeA0BATENEHO,
e k—d?
- 24

Ipu 3ToM X MOKeT GETh U OTPUIATEIBHEIM, 3TO GYAeT 03HAYATh,
910 ToYKa H JeXUT o APYTVIO CTOPOHY OT TodkH B. TakuM ofpasoM,
nmosiokeHHe TOYKH H — 0CHOBaHHA MepTieHAUKYIAPa, OMYLIeHHOro U3 M
Ha AB, oaHosHauHC 3afaéTcd ycAOBUAMM 3afaud (paccTofHHEM OT A
Zo B ¥ BeyunHOA ). [103TOMY BCe TOUKY, YAOBNETBODAIONINE YPABHE-
HUEO (1}, AexaT Ha QAHOM [IepIeHIUKYIIpe K AB.

Hao6opot, ecnu Touxk M u N jexaT Ha OZHOM MepleHAWKyAsIpe
K AB c ocHoBaHMeM H, To

AM?— MB? = (AH?+ HM?%) — (HB*+ HM?%) = AH?> —HB?* =
= (AH?+HN?)— (HB*+HN?) = AN>—NB%2. O
XoTd aTO ¥TECPKICHHUC CAMO IIO ceﬁe JOCTATOYHO NMPOCTOL, OHO O3~

BOAAET AOKA3KBATE MHOTCUUCIIEHHBIE BASKHBIE W HHTEDECHEIE TEOPEMBL.
Hanpumep, ¢ eé MOMOMIBIO MOXHO AOKA3aTh MEOPEMY O 8blCOMaX.

Teopema 1. B 21060m mpeyz0abHIUKE 8bICOMBL NEPECEKAIOMCR 8 00HOLE
mouke.

Jna Havana AajyuM CTaHAApTHOE JoKasamenbemee 3Tore ¢akTa,
KOTOPOE MOXHO HAWTH BO MHOTHX yue(HHKax. OHC BOCXOAHT €If
K «HawamaMm» EBKapga. A MMEHHO, IycTe ABC —Haml TpeyroabHHK,
AK, BL u CM — ero BricoTEl (cM. puc. 2). Ham Hago gokasars, 4yTo AK,
BL 1 CM nepecekaroTcd B OJHOM TOUKE — 0pMoycHmpe TPeyroibliKa
ABC, ina 3Toro MH IPOBEAEM ACTIMHATEABHOE IOCTPOEHNE: IPCREAEM
depes BepIMHBE TPEYIOAbHHUKA ABC npAMule, MapajielbHEE IPOTH-
BOTIOIOKHHM CTOpOHAM. [IpH mepecedeHHN 3THX NPsMEX 06pasyeTcs
TPEYTOABHUK Ay B, C,. 3aMeTHM, 4YTO BePUIMHE HCXOAHOTO TPEYTOABHU-
Ka ABJAIOTCA cepedUHAMH CTOPOH TPeyToNbHUKa A.B,C, (Hampumep,
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By A €

Puc, 2

3aMETETE, 9T0 YeTHPEXYTrOMbHUKN ABCB; n ACBC, — napannenorpam-
MEI, a 3HaYuT, C;A=BC = AB,}. Ho u3 aToro cieayer, 4to oTtpesku AK,
BL n CM, 6yayun NMepneHAUKYIPHEIMI CTOPOHAM TpeyroabiuKka ABC,
a cAeAOBaTeNbHO, — M CTOPOHAaM TpPeyroibHMKA A,B,C;, ApiasioTcd ce-
PeAVHHEIMY IePIEHAUKYIAPAMM B [IOCAEAHEM TpeYrofbHUKe. CeaoBa-
TEILHO, COIIACHO XOPOIIO M3BECTHOMY CBOMCTBY CePEeJUHHEX IIEPIIeH-
JUKYIAPOE OHU NEPECeKalOTC B QIHOH Touke H — IeHTpe OKPYXKHOCTH,
OTMCAHHOM OKONO TpeyronbHuKa A, B, C; L. |

TIpuseaéHnoe AokazaTeNbCTREO NPH Beelt kakyiueiica aneMeHTapHO-
CTH MAEHHO BecbMa HETIPOCTO, KAK 3TO JACTo OBIBAET ¢ JOKABATENLCTBA-
MM, OCHOBAHHBIMH HA HeCTAHAAPTHEX JONOMHHUTENBHEIX HOCTPOSHUIX,
Kak HepeKo CAYIASTCA B MGA0GHBIX CNYIALX, CASTAHHBIE JOTIONHUTEE-
HHe MOCTPOSHUA TTO3BOJIAIT MOMYIHTh HETPHBHANBHEIE eoMeTpHYe-
CHHe CNeAcTBUd/Habmogenua. HanpuMep, 3aMeTHM, YTO TPeYTOABHM-
K ABC u A,B,C, noge6HH ¢ xoaddmmentom 2. C Apyroi CTOpOHEL,
MEL BUACIH, 9T0 TOYKA IIepecedyeHls BEICOT TPeyToAbHUKAa ABC CIyuT
LEHTPOM OTHCAaHHOH OKPY)KHOCTH TPeyroAbHUKa A, B,C;, TpHuéM Bep-
HUIHHE A, B 11 C NepBOTO TPEeYTWIbHHKA ABTAIOTCA CepeAUHAMH CTOPOH
B,Cy, A1C ¥ A B cOOTBETCTBEHHO BTOPOTO TPEYTOIbBHHKA. YUHTHIBAS,
9TO B HQZ[OﬁHB[X TPEYTOABHUKAX BCE COOTBETCTEYIOIIHE OTDE3KH HaXo0-
AATCH B OAHMHAKOBOM OTHOIOEHWH, [IOAVIAEM CACAVIOINEE YTBEDHALHHE.

1 HaumnHad ¢ 3Toro MecTa Ml HE Gygem Kﬂ}l{,{[ﬁ]fl Pd3 ¥TOUMHATH, YTO MBI CIHTAaEM H3-
BECTHBEIMH TeopeMbI, KOTOPHIE MOKHO HallTH B A0GOM TMKONBHOM yqeéﬂm{e.
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Vreepxpenne 2, B mo6om mpeyzo/bHUKe OMPe30K, coeOuHaouull
BePUUHY ¢ MOuKoll nepeceueHun BbICOM 3MO20 MPeEY2OAbHUKA, 8 J8d
pa3a OauHHee, HemM OMPe3oK cepeduHHO20 NepneHduKYAApa Om Yenmpa
ONUCAHHOU OKPYHCHOCIMU IMO20 MPeEy2oabHUKa 0 CIOPOHbL, NPOMUEO-
noaoxHoll ykasanHoil gepuiume.

IIpuBenémM Teneph ETOPOE AOKA3ATEIbCTEQ TEOPEMEl O BHICOTAX,
OCHOBaHHOE Ha TeopeMe [Tndaropa. J1 3TOr0 BOCMOMB3YEMCS KpHTeE-
PpHEM U3 YTBEPKIeHUA 1, YTOSH TPOBEPUTE
NEPIEHAHKYAAPHOCTL oTpeskos CH u AB
(cM. puc. 3, H — Touka lepecedeHud BEICOT
AA, u BB,). TouHee roBops, Mbl IOKAKEM,
910 TOYKHM C ¥ H 7ekar Ha oAHOM NeplieH-
IUKynape K oTpesky AB. CornacHo yTeep-
SEAeHHIC 1 I 9TOro AOCTATOYHO BEIIOAHE-
HHA PaBEHCTBA

AH? — HB? = AC®>—CB>. Puc. 3
Tak kax H nexnr Ha AA; u BB,, npuuém AA, L BC, BB, 1 AC, nomydaeM
AH*—HB* = (AH? - HC*)+ (CH* - HB?) =
= (AB*— BC?) + (CA* — AB*) = AC* —CB°. O

HcnoneaopaHHOe cefidac HAMH paccykJeHHe (Z0Ka3aTelbCTBO TO-
0, YTO HEKOTOPHE ABa OTPe3Ka MepneHANKYIPHE} MOKHO chOpMYIH-
POBATH HECKOABKO T0-MHOMY B 9yTh Gonee OOmEM BHAe —B BUAE TaK
HA3HEBAECMOro kpumepusa KapHo.

Teopema 2. Ifycms Ha naocKocmu daHbt wecms mouek: A, B, Cu A,
By, Cy. [na mozo umobn: nepnenduKynspet, oftyliernnste u3d mouex A, By
u ) Ha npamste BC, AC u AB coomeemcmeeH0, NePeceKarlich 8 00HOI
mouxe, HeoOXO0UMO U QOCMAMOUHO, UMODbl BBINOAHAROCH (NEQYIOUiee

COOMHOLIEHIE:
AC2 - (B> +BA2— A\ C*+CB2—BA’=0. 2

ITpexcae yeM AOKA3aTh 2TO YTBEPKACHUR, cAeNacM JBa 3aMEeYaHUA.
Bo-niepBHX, TEOPEMY O BEICOTAX MONHO AOKA3ATh [IPH ICMOLIA KPHTe-
pua KapHo, nonoxuB B paBeHCTBe (2) A=Ay, B=B,, C=C; (34echb
A, B u C — BepllUHH JAHHOTO TPEYTOABHHKA). BO-BTODBIX, OTMETHM
MpOCTOE, HO KPACHEOE CISACTBHE U3 KPUTEPHA TEOPEMHE 2.

Cneaereue 1. ITycrne A, B, C, A,, B, u C; — wecms mouex Ha nioc-
rocmu. Tozda nepnenduxynapet, onyuennste uz A; na BC, uz B, na AC
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u u3 C; ua AB, nepecexaiomcs 6 00HOU mouKe, ecl 4 MOALKO Al 8 00-
HOTl TROUKE NEPeCeKaOmen NepneHOUKYRAPsL, onytjenHste us A na B,Cy,
u3 Bua A1Cy uuz C na AyB4.

JoKa3aTeAbCTBO 3TOO CAEACTBUA CBOAUTCH K NMEPENHCEBAHUIO pa-
BeHCTBA (2) B Gonee CHMMETPUYHOM BHAE:

ACI+BA%+CB3 = A)C*+B,A*+C, B

Huade ropops, cyMMa KBaapaToB JTHH
NMyHKTHPHEIX OTPE3SKOB HA pPHC.4 paBHA
CyMMe KBaJpaToB JJIVH «TOUeUHBIX» OTPe3-
KOB Ha TOM e PHCYHKe.

JokazaTenbcTBo KpuTepua Kapho B
LEeJI0M IIOBTOPAET PAcCyKACHHNA, HCIOIb-
B0BAHHEE TIPH AOKA3aTeAhCTBE TEOPEMEl
O BHICOTAaX. A MMEHHO, IIPOBEPHM CHada-
Ja HeOOXOAUMOCTE MOCTABISHHOTO YCIO-
BuA. IlyeTh vkasaHHBIE MepOeHAUKYAAPHL Puc. 4
NEPECEKATCH B QAHOH Touke (Touxke M
Ha puc.4). Toraa B cwiy yTBep:KZeHMA 1 COpaBeIAMBH PaBEHCTRA
AC? — C,B* = AM? — MB?, BA? — A,C?=BM? — MC> u CB? — BjA’=
=CM? — MA%. CraafeBas aTH PABEHCTBA, MOMYYAEM paBeHCTBO (2).

HaoBopoT, nyeTs BHOOAHeHO papeHcTBO (2). [IyeTs M — TouKa ne-
pecedeHuUA NepleHAUKYLIPOR, ONyIIeHHEX Ha AB 11 BC 13 €| H A, CoOT-
BETCTBEHHO. Toraa AiaA TOUYKHW M BREOIOAHEHEl paBeHCTBA A.C'l2 - 6'182 =
= AM? — MB? u BA? — A,C?=BM? — MC®, BeuTas 5TH DaBEHCTEA K3
paBeHcTBa (2), nonydaeM CB2 — B;A* =CM? — MA®, T. e. B Iy yTBep-
sAeHUda 1 Touku M M B, nexkaT Ha OAHOM IepllieHAWKYAApe K AC. a

B ragecTee IIpEMepa UCIOMB30OBAHMA TeopeMEl KapHo penmimM emié
OJIHY 3aJady.

3aAa9A 2. JlaHbl TpH nonapHo MepeceKalolnuecs okpy:HocTH. Jo-
KajkuTe, 9T0 uX o0mue XopAwl (FIH HX TPOAMDKEHNH) TEPeceKaloTcs
B OAHOH TOUYKE.

Pemenne. BocnommsayeMed CIeAyIONMM TIPOCTBIM CBOMCTBOM: 00-
waa xopda d8yx okpyxcHocmeil sceeda nepneHduicyaspHa npamoil, coedu-
Haowell yenmpst amux okpyxcHocmell. Ilpegaaraem UATaTENO CAMOMY
yBeAUThCA B CHIPaBEAIMBOCTH 3TOTO YTEepaAeHuA. Torga (cM. puc. 5)
npuMeHuM KpuTepuil KapHo ¥ HalleW cHTyaluu, TOAOKHEB A = O,
B=0,, C=0; (0, Oy, O3 — UeHTPH AaHHBIX OKPY:KHOCTeH), A; =K,
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B, =L, G, =M — TouxH niepeceucHUd BTOPOi U TpeThel, NepBoii K Tpe-
TEEH, IEPBOH B BTOPOH OKPY)KHOCTEH COOTBETCTESHHO.

Puc. 5

Torga, mockonbky O1L=0,M, O.M=0,K, 03K =0O3M kar pagnay-
CHl COOTEETCTBYIOIMX OKPYXKHOCTEH, MomydacM

0, M?* — MOZ + 0,K* —KO2 + 0312 —LO7 = 0,

T. &, IepIeHAUKY/LIPE], oNylleHHbIe U3 Todek K, L u M Ha npaMele 0505,
0,05 1 0,05 COOTBETCTBEHHO, IEPECEKAIOTCH B OHOH TOUKE. |

Kax mu yOemunce, Teopema [udaropa npu Kaxyieiica npoctoTe
MOKET OKasaTkCA YPe3BHYalHO NOAe3HOH IPH pelleHHH aleMeHTapHo-
reoMeTpPUYIECKUX 3a4a4, 0co0eHHO 3aiad, CBA3AHHBIX ¢ BEMUCICHHIMHU
MU ¢ COCTaBAeHHeM ypaBHeHHH. Enié oana Basaieiiinas Ana Npuioxe-
HUI1 M COCTAB/IeHNA ypaBHeHK! reoMeTpHYeCKas TeOpeMa — 3T0 Teope-
Ma KOCHHYCOB.

XoTsa, XOHeYHO, 2Ta TeOpeMa BeeM BaM XOPOolllo M3BeCTHA U3 KO b-
HOT'O Kypca, MBl Ha4HEM Haule obCcyxJeHHe ¢ ToTo, 4To chopMyaHpyeM
H JOKKEM eé,

Teopema 3. Jna niobozo mpeyeoastuka ABC cnpasednusa gopmyna
AC? = AB? + BC? —2AB-BCcos /B.

HdoxazaTenbpeTso. MEI pacCMOTPUM TOABKO CIYYal, KOrAa YIUIH £B
H £ZC TpeyronsHmka ABC ocTprie (Cayg9ail TYIIOrO yIjia MBI [IPEAOCTAB-
aAeM uurarento). [Iposeaém Bricory AD (em. puc. 6). [lo Teopene IIn-
daropa gna rpeyronbHrika ABD umeem

AD? = AB* — BD? = AB>— AB?cos® ZB.
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2y
)
o

Puc. 6

C apyroii cTOPOHHL, U3 TPEYrOABHUEA ACD momydaem

AC? = AD? + CD? = AB% — AB?cos? ZB+ (BC — ABcos ZB)? =
= AB*+BC%2—2AB-BCcos/ZB. O

OTa TeopeMa O4eHb YacTO NO3BOAET CBECTH [eOMETPHYECKYIO 3a7a-
4y K pellleHHIO aareBpanyecKoro ypaBHeHHs, ecil NOBe3&T — TO KBAJ-
patHoro. He ciiefiyet, OfiHAKO, 3M0ynOTPeOIAT 3TOM HAeeil: HATIPUMED,
eCJH TPEYTWIBHHUK PABHOOEIPEHHE, YKA3AHHBI METOJ, TACTO COBEp-
LIEHHO He ONpaBAuEacT cefd. Tem Gomee He CIeAyeT Tak AeHCTBOBATE,
€CJIU TPEYTONBLHUK (K KOTOPOMY [IPUMEHSETCA TEOPEMa KOCHHYCOB) Pae-
HOCTOPOHHHH WIH NPAMOYTOMBHBIH.

Kak u Teopema IMudaropa, TeopeMa KOCHHYCOE UMeeT «Tpaduie-
cKOe» A0Ka3aTeMbeTEOo. [IpuBeaém saeck erol. JIA IPOCTOTH MHE OTpa-
HU4EMCA pa3fopoM CiIydad, KOIZa TPeYIOAbHUK ABC TYNOYTONBHBIM,
npH9éM yron C, KOTOpEH GurypHpyer B TeopeMe, — Tymol. CoBeTyeM
YHTATENIO0 CAMOCTOATENBHO Pa3obpaThes ¢ OCTANILHEIMU BAPHAHTAMH —
OCTPOYTONBHEIM TPEYTONEHIKOM H C OCTPEIM YITIOM TYTIOYTOABHOTO Tpe-
yroapauka. Wtak, paccmorpuM ¢urypy Ha puc.7. C OfHOM CTOPOHBL,
OHa COCTaBIEHA W3 KBajpata ABB”A”, cropoHa KOTOpOrO paBHa CTO-
poHe AB = c ZJaHHOTO TpeyroAbHIKa ABC, U IBYX TpeyroNbHUKOB, BB'B”
U A'B”C”, papHeX ABC. C ApyToil cTOpOHH, MBI pa3buIM eé Ha ABa
Apyrux kBaapara BB'C'C n A'C'C”A” (cTopoHs! KOTOPHIX PaBHHL CO-
OTBETCTBeHHO cTOpoHaM BC =ga u AC = b TpeyrompHuka ABC), ABa
paBHBX napanneaorpamma ACC’A’ u B'B”C”C’ u aea TpeyronpbHuka —
caM TpeyroJbHUK ABC U paBHBIA eMy TpeyroibHuk AA'A”, Cnenosa-
TeJABHO, IIOWAAb KBaapaTa ABB”A”, papHaa ¢, MpeBOCXOAUT CYMMY

1 ApTop 6naroaapur B. B. Bapuiopa, NO3HAKOMHBIIETO €70 ¢ STHM JOKA3ATENTLCTBOM.
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c”
A// B//
el
/ /
A c B
b Y a
A c B
Puc. 7

wromazei kpazpaTtos BB'C'C u A'C'C” A” (a? + b?) Ha yABOCHHYIO TITO-
mazpb napamnenorpamma ACC’A’. Ho cTOpOHBI 3TOro napajuiesiorpaMma
PaBHbI CTOPOHAaM TpeyroabHuKa — AC =b, AA’ =a, a yron Mexzay Hu-
MU paBeH 360° — 90° — y = 270° — y. [ToaToMy twiomazab ACC’A’ paBHa
absin(270° — y) = —ab cos y (3amMeTHM, YTO YTOJ Y y HAC TYIIOH, IIO3TOMY
—cosy >0). B utore monydaeMm TpeGyeMoe paBEHCTBO

¢* = a®+b*—2abcosy.

B kauecTBe IpUMepa HCIONb30BAHUA 3TOU TEOPEMEI JOKAXKEM He-
CKOJIBKO M3BECTHHIX GOpMYyJ a/ieMeHTapHOl reoMeTpuu. [Ipexze Bcero
osnygyuM GopmyIy

2a*+2b* = d*+d2,
CBSI3BIBAIOINIYIO JJIMHBI CTOPOH d, b u auaroHanei d,, d, mapauieno-

rpamMma. Ha cioBax 3To CBOHCTBO IapasjesnorpaMMa MOKET ObITb BEI-
pakeHO TakK:

cymma keadpamos ouazoHaell Napaiienozpamma pagHa cymme
K8adpamos ezo CMopOH.

JU1s1 JOKa3aTebCTBa AOCTATOIHO CIOXKUTh paBeHcTBa d; = a” + b2 —
—2abcosa u d% = a? + b? — 2ab cos 8 — TeopeMbl KOCUHYCOB /I Tpe-
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yroneHAKOB DAB n ABC {cM. puc. 8) —H 3aMeTHTE, 910 & + 8 = 180°,
a CIefoBaTeNbHO, cosa+cos §=0.

Ora dopMyna 4acTO OKAIHBAETCA IIONE3-
Ho# OpH pelIcHWH 3ajad. B yacTHOCTH, U3 Heé

BHITEKAET c/eflyiolnad GopMyria A JAHHEL Me-
JHAHBI TPEYTO/BHHKA .

m, = %\f 2a% +2b% — 2,

rie a, b ¥ ¢ —CTOPUHEL TPEYTOMBHUKE, & M, — Puc. 8
JAVHA MEJWUAHE], MPOBEAEHHON M3 BepIIWHE
C. B camom Jese, AOCTATOYHO AOCTPOMTE TPEYIOAbHMK /0 Napajiie-
JOrpaMMa, TaK, YTOBEl CTOPOHA ¢ COOTBETCTBOBANA AWATOHATH dy,
ad,=2m, cM. puc.8.

HaxoHer, AoKarkeM TeOPEMY, 0OpaIlaloniyo CBOMCTEO MapaLieno-
rpamma,

Teopema 4. Yemnipéxyeonouux ABCD ssrsemca napaanenozpam-
MOM, eCl U TRORBKO ecAl cymma keadpamos e20 dudzonareli paswna
cymame Keadpamos e20 CMopon, M. €. ECAl GLINOAHEHO PABEHCINEO

AC?+BD? = AB2+BC?+CD?* + DA,

Ha camom gene MBI ZOKaKEM CIEAYIONIo GopMyITy, HasEBAOLIYIO-
cs1 dopmymoil Jinepa AN pacCTOAHNA MEXKAY CepeAHHAMM ANaroHaAei
HeTHPEXYTONbHHKA:

PQ? = }T(Aﬂz +BC? + CD? + DA% — AC? — BD?),

rae P, Q — cepeanHnl gnaroHaneil BD u AC YeTHpEXYTOMBHHKA ABCD
(cM. pHc. 9). ITa popMyna BIepBEE NoABINACH B paboTe Ditnepa «Variae
demonstrationes geometriae» («PasiuYHEE reOMETPHYECKHE [0Kaza-
TENbCTBAx) B AypHase «Novi Commentarii academiae scientiarum Petro-
politanae» (1750. N21). M3 Heé cpasy cilefiyeT yTBepkAeHHE TEOPEMHI.
Begp paBeHCTBO HYAKO PACCTOAHUA PQ 03HA9aeT, 9TO JUaroHa d YeTel-
PEXYTONBHMKA NMepeceKaTCAd B CBOMX CepefUHaX. A 3To He WTo UHoe,
KaK IMPH3HAK MapajLiesIorPaMMa.

Wrak, nycte ABCD — Hall 9eTHPEXYTroabHUK, 11ycTh Touku K, L, M
u N — cepeAHH ero CTOpoH, P, Q — cepeauHbl fuaroHanei, 3aMeTum,
910 oTpe3kd KL u MN napanieabHH AHaroHanau AC N paBHEL €€ II0-
JNOBHHE, TaK KaK ABMAIOTCA CpeJHHUMM AMHUAMH TPCYTOABHHKOB ABC
H CDA cooTBeTcTBeHHO. CIeAOBATRABHO, YeTHIpEXyTonbHMK KLMN —
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NapaaneaorpaMm (ero MHOTAA HA3KIBAKOT NAPLARET02PAMMOM BapuHbo-
#a). [IpHMEHAA K HEMY CBOHCTBO KBapaToB CTOPOH NapalIeIorpaMmMa,
MOAY4AEM PaBEHCTBO

KM2?+LN? = %ACz + %BDz.

Mer yuan uro KL =MN = %AC (gokasado BHIIE} H LM = NK = %BD
(rkax cpeanme MHWK B TpeyroabHUKax BCD u DARB). AHajorM4HEIM
0ofipaszoM, U3 CBOHCTE CpeAHHX JMWHUI TPEYI'OMLHUKA MOAYUMM, YTQ He-
TEPEXYTOIBHIKM KQMP v LOQNP ToXe napalaeaorpaMME], ITPHYEM

KQ:MP:%BC, QM:PK:%AD

1
2
TaxuM 06pazoM, MH IOAYYAEM eIE ABa PABEHCTBA!

LQ=NP=:AB, QN=PL= %CD.

KM+ PQ? = 2BC+ DA%,

1 1
LN?+PQ* = SAB? + 5CD”.
CrnageiBad 3TH ABa BHPaKeHWA W BEMHATAA U3 WX CYMMEL [ICPBOE paBeH-
CTBO, TIOAy9acM TpebyeMyo bopMyTy..
1 3aMeTHM, KCTATH, 9T0 M3 HAMIETD PACCYRAEHIA CNeAyeT, IT0 oTpeskw KM, LN u PQ
TepeceratoTed 5 oAHoH ToYke U TOMKON NepecedeHHa Je/ITCA MOMOAAM.
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3ajaqH AjA CAMOCTOATEARHOI( pPElIeHud

1. JokaknTe, 4TO MepNeHAHKYIAPEL, BOCCTABIEHHbBIe K CTOPOHAM TPeYIOME-
HHEA B TOYKAX HX KacaHHdA ¢ COOTBETCTBYIOIIHMH BHEBITHCAHHEIMH OKPYHO-
CTAMH, IepPeCceKanTea B OAHOH ToUKe,

2. Jlan yrox AOB. Ha ero cropone OA BEIfepeM INPOH3BOABHYI) TOUKY M,
a Ha cropoHe OB — Touky N. IIpoBeZiéM OKPYKHOCTH ¢ JuaMeTpaMu AN 1 BM.
JlokakuTe, YTo 001IAA XOpAa 3THX OKPY:RHOCTeH (MM eé Ipofo/mkeHNe) TPOXOo-
AT 4epe3 TOMKY Iepeceve i BEICOT Tpeyronsauka AOB.

3. C noMONIBEI IMPKY/A U IHHENKY NOCTPOHTe OTPe3KH JIHHEL

Va2+b2tabv2,

eI AAHEL OTPesKH mHsL a u b. [TocTpoiite Takke oTpesok 3/ a* +b*.
4. PemnTe ypaBHeHHe HIH CHCTEMY YPaBHEHIH:

(@ Va2 +x?—2axv/3+v 3 +y>—2xy /3+ Y2 +b2 - 2yby/3=1/a? 42,

x=\/zz—a2+\/y2—a2, Cdxy+yi=d,

6) § y=vVx2—b2+ 22 —b2, (8§ y +yz+a’=b,

e \/y2—62+\/x2—02; 2 zx+x=a®+ b
3mech x, ¥, ¥ — HEM3BeCTHERIE, a d, b, ¢ — MAapaMETPHL

5. B TpeyronsHAKe ABC yroi C IpAMON 1 H3BEECTHEL KaTeTs AC =3, BC=6.
PaceMOTpHMM TPH OKPY:KHOCTH € ISHTpaMM B BEPIIMHAX 3TOTO TPEYTOMLHHKA
H paguvcamu 1 (¢ ueHTpom B C), 2 (¢ neHtpom B A) u 3 (¢ nesTpoMm B B).
Haiinpre pagmyc 4eTBEPTOH OKPYAHOCTH, KACAIOINEHCT BCEX JAHHRIX OKPYHHO-
cTeif a) BHEIIHUM 00pasoM; §) BHYTpeHHUM oOpasoM; B) MOGEM BOSMOXKHBIM
cnocofiom (T. . pasHBIX OKPYRHOCTEH — O-PasHoMY).

6. B Tpeyrommmke ABC u3BecTHH cTOpoHE: AB=12, BC=13, AC=15.
Ha cropoHe AC B3ATa Takad Todka K, 9T0 pajuychl OKPY:KHOCTeH, BIHCaH-
HEIX B TPeYTOMBHMKH ABK u CBK, paBHB Mexay codoil. Hafinure oTHOUIEHMe
AK:KC.

7. JloKayKuTe CIeAyIOIYIO Nepayio mMecpemy KOCUHYC08 OnA Ueinbipexyaons-
HUKA: KBaApaT JAWHBL CTOPOHBI YeTHIPEXYTONALHHKA PaBeH CYMME KBaJpaToB
AMIH TPEX APYTHX CTOPOH YETHPEXYTOMPHUKA, YMEHBIICHAON HA CYMMY TIONAD-
HEIX IPOM3BE/IEHHI 3THX CTOPOH, YMHOKEHHBIX HA KOCHHYC YIVIA MEXAY HHMH
{1 UX IPOAOIKeHHAMH). MHEIMH CICBaMH, €CH 4, b, ¢ U d — CTOPOHBL YeTH-
péxyroneamka ABCD, (AB=a u T.1.), npuuém LFABC=a, ZBCD =§, a yron
MEX Y NPOAQIDKEHUAMHE CTOPoH AB u CD pageH ¥y, TO BEPHC PABREHCTBO

d* = a*+b*+c* —2abcosa — 2bccos B —2accosy.

8. BuyTpu TpeyromeHMKa ABC Basra Touka K. Mseectno, sro AK =1,
KC =3, a yrms1 AKC, ABK u KBC pasHEL 120°, 15° i 15° COOTBETCTBEHHO.
Hafiaute BK.
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9. B TpeyronpHike ABC orHomeHHe cropoHEL BC k cropore AC pasHo 3,
a ZACB=qa. VI3 BepmivHeL C TIpOBeJeHHl ABa dy4a, Jeadaniye yroa ACB Ha Tpu
paBHEIe yacTH. HailapTe OTHOMEHWE OTPE3KOB HTHX AYICH, 3aKAIOIEHHBIX BHYT-
pH TpeyromHAKa ABC.

10. OTpeaxH, coeAHHAOINME OCHOBAHMA BRICOT OCTPOYTOABHOTC TPEYTQNb-
HOKa, paBHH 8, 15 1 17. HaliaguTe nnolaas TpeyrodbHAKA.



Jekmusa 3

Ber4ucanTENIbHBIE METOABI:
TEOpPeMbl KOCHHYCOB H CUHYCOB

TIpuBeaéM el HECKOIBKO MPHUMEPOB HC- B
NMOALBOBAHHA TEOPEMEL KOCHHYCOB He HPAKTH-
ke, PaccMOTpUM CIeAYIOIYH) CATYALMKY. HAa
cTopoHe AC TpeyronbHHMKa ABC B3ATa TOY-
ka K. [MonpoGyeM BHIpasUTE ATHHY OTPE3Ka
BK depes ANMHEI CTOPOH TpPeyroAbHHWKA ABC
H ANUHEL OTPe3K0B AK u KC.

Mycte yron £A TpeyronbHUKa ABC papeH Puc. 1
a. Ilo TeopeMe KOCHHYCOB NMeeM PaBEHCTBO

BC? = AB>+ AC? —2AB-ACcosa,

p
St
oy

OTKyJa MOMy4aeM
AB”+ AC” — BC?
2AC
[IprMeHHSB Teneph TEOPEMY KOCHHYCOB K TPEYTONBHHKY ABK, MOTyYHM
BK* = AB* + AK* —2AK - ABcosa =

AB+AC?—BG?
AC

=A32(1— )+Bc2 ¢ TAK(AK - AC).

ABcosa =

= AB?+ AK? - AK

Tak xax AC = AK 4+ CK, noimydaeM cneayioiyio GopMyiry, KOTOPYIO Ha-
SEIBAIOT Popmynoii Cruwapma:

BK?2 ABzCK +Bc2— — AR -CK.

Muorue H3BeCTHEIE GOPMYNEI ABNAIOTCS YACTHHMY CAYYaIMH GOPMYLL
Crioapra. Hanmprmep, ecim AK =KC = 1AC’ (T.e. eciu BK — MeanaHa),

TO S~ -= AC — 5 U MEL TIOTy9aeM 3HAKOMYHO HAM dbopMyny AAMHEL Me-

BK> = %(2A82+2BC2 — AC?).
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C Apyroii cropoHsl, ecym BK — Guccektprca, To dopmyna Crroapra
CBOANTCA K APYTOH XOpOIIO H3BecTHOH dopMyie:
BK? = AB-BC — AK -KC.

YTo6H A0KA3ATE 2TOT $aKT, HaM IoTpebyeTcd cAeaylolee XOpollo 13-
BECTHOE CBOHCTBO GHCCEKTPUCHL:

a8 =& (M
WMHBIMH CIIOBAMHE, BLCCEKMPUCA Y271 MPey20abHUKE JeLm NPONU80no-
JAOQHCHYI) CINOPOHY 8 IMHQUUEHUL, DASHOM OMHOIUEHUN) CINOPOH, MEJfCa_}’
KOMOpuiMU OHO npoxoaum. Ec/H BOCOOAB30BATECA 3THM ¥TECPAACHH-

€M, MBI IIOAYYHM, YTO OTHOIICHHA % H % PABHEL COOTBCTCTBCHHO
BC AB

ABLEBC n AB+BC OTKYAA HaX0JUM
_ AB®-BC | AB-B(C?

2 —_
BR _AB+BC+AB+BC_AK'KC_
—AB-BC( AB__ __BC )—AK-KC—AB-BC—AK—KC
- AB+BC ' AB+BC - :

HaM ocTanock AHIIL AOKA3ATE CROMCTBO BUCCEKTPHC. I3TO YTBED-
SEAeHNE, XOTA H HE CI0MHOe, YPE3BEMANHO IIOIE3HO /A IIPHIOKEHEH.
He yAWBHATENLHO, 9TO CYIIECTBYET OTPOMHOE MHOKECTEO PASAHYHBIX A0-
KazaTeNbCTE 3TOro $aKTa, OCHOBAHHEX HA CAMEIX PasHBIX reoMeTpHde-
CKHX H7edX K Teopemax. KakAHH H3 3THX NOAXOA0B MOMKET OKA3aThBCA
NOJE3HEIM NIPH PellleHHH TOH MIH MHOH 3ajav, IO3TOMY MH H [IpHBe-
JZEM HeCKONBKO JOKa3aTenscTB GopMymer (1).

Hoxazarensetso 1. [Tycts BK — OuccexTpiica yra B TpeyroasHEKA
ABC. IlpoBeziéM depes ToUKy C IpAMYIO, HapaLneAbHyio BK, mycTs L —
TOYKA MepecevdeHHsa 3TOH TIpAMOH ¢ mpo-

AOMKeHMeM CTOPOHE AB TpeyrombHHKA I

(cM. puc.2). Torma mo CcBOHCTBY BHYT-
PEeHHHMX HakpecT /AeXalluxX YIMOB INpH
napaAenbHex npamux ZBCL = ZKBC,
AHaNOTHYHO IIC CBOHCTBY IIapaaelbHBIX
npamMex £ZABK = ZBLC. Tak kak BK —
Ouccextpuca, ZABK = ZKBC, u, 3Ha-
9uT, TpeYroAbHuK BLC paBHOGEApEHHbD,
BL = BC. Ho no teopeme dPaneca (Tou-
Hee, N0 obobuenrnoil Teopeme Qameca) A K c
AB:BL=AK :KC, oTkyaa, 3amMeHAA BL Ha
BC, nonydaem dopmyy (1). O
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Jns BTOPOro AOKa3aTe/lbecTBa HAM TIOTpefiyeTcsA OMATH BCIIOMHMTH
0 cBOHCTBAX IIOWAAEH TPeyTOIBHHKOB Ha IWIOCkocTH, [IpaBaa npH sToM
HaM He HY»KHO OyZeT Je/aTh HAKAKIX JOTIOMHHTCABHBIX IIOCTPOCHHU,

JoxazaTeaecTso 2. PaccMOTpHM TpeyronbHHKN ABK n CBK. ¥V HUX
ofman pepliMHA B, a IpoTHRODONOHKHEIE CTOpOHH AK 1 KC nemxar Ha
oauoit npaMoil. CreaoBaTeNbHO, BEICOTH, OMYILSHHER B 3THX TPeYTOMb-
HHUKAX U3 BEPOMHE B, COBIIAAAIOT, a IO3TOMY OTHOMIEHHE HX IUIOMAAeH
PABHO OTHOIIEHUWIO AMUH OTpe3koB AK u KC. C Apyroil CTOpPOHH, €CAH
BOCTIOAB30BATheA GOpMYyI0Hi

1 .
§ = gabsiny
(@, b — CTOPOHEI TPeYrOILHUKA, Y — YTON MEXKAY HUMH), TTOAYIUM
1 . ZABC
AK _ S anx _ EAB-BKsm—2 _ AB -
KC ~ Semc % B BK sin AAzﬁc BC

Ofa TpyBeJEHHBIX AOKA3AaTEARCTBA OCHOBAHEI Ha CBOMCTBAX eB-
KIHJOBOH IUIOCKOCTH (B IepBOM CIydae —HA CBoHCTBaxX Ilapajuieib-
HEIX NPAMBX, BO BTOPOM — Ha CBOHCTBAX MACHIAZEH €BKINWOBLIX Tpe-
YTOABHUKOR), a 3HAYHT, UX HeJleTKo OyaeT 0B606ImHUTE Ha ChepHIeCKYIo
reoMeTPHIO HIH Ha reoMeTpHio JloSavenckoro. OAHAKO CROHCTBO OHC-
CEKTPHCH TPeyTOMbHHKA ¢ HeGOIBLUINMI NONPABKAMH COXPAHASTCA H B
aTHX caydaax. Ho gy toro 91o0n yheAuThcA B 9TOM, HaM noTpelyerca
JAOKA3aTh ero ¢ IIOMOINBLIO YTBEPKISHHS, CIPABEATHBOIC B HEKOTOPOM
CMEIC/IE BO BCEX TPEX KIAcCHYECKHX TeOMETPHAX, 4 HMeHHO — ¢ [IOMO-
LIE10 meopembt cuHycos. HamoMHUM &,

Teopema 1. B nobom mpeyzonbHiUKe OMHOWEHIE CINOPOHBL K CUHYCY
NPOMUBOAEHCANULE20 Y2AL HE 3AGUCUNL Ot 86tBOPA CIMOPOHLL U PAGHO dua-
Mempy ORUCAHHOL oKpysHocmit. B gude hopmyabt 3mo se ymaepucoeHie
MONCHO 3ANUCANTS MaK;

a b c

20e R — paduyc onucauHoil okpysHocmu mpeyzonsura’.

1 OTDROPHMCH, IT0 PABEHCTEO AHAMETPA ONCAHHDH OKPYHKHOCTH OTHOIIEHHK) CTOPO-
HHI TPEYTOJILHUKA K CHHYCY NPOTHBOSKANIETO YIAa, B OTAHYHE OT PABEHCTEA YKASAHHEIX
PeTHYAH My cofoll He MeeT OUeBHAHOTC HeeBKANLOBOrO aHalora, B HeeBKIHLOBOM
MHpe CBAIb MEXAY CTOPOHAMH TPEYTOIBHHEA H PAIYCOM OIHCAHHOE OKONO Hero OKpPYH-
HocTH Gonee cioxkHad. Buaumo, MOSTOMY 3T0 PaBEHCTED HHOTAA HAasbIBAKOT ofoOmeHHO%
TeopeMoif CHHYCOE.
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AoxkazaTeaepcTBO. [ AOKA3aTebCTBA IPOBSAEM Yepes BepilH-
Hy B TpeyroneHnKa ABC amameTp BD onncaHHOH OKPY:KHOCTH (CM.
puc. 3). Tak KaK BIHCAHHEEC B OAHY U TY e OKPY)KHOCTE VIVIH, OITH-
pawliyecsd Ha OAHY AVTY, PABHBL, MB oTy4daeM, uto ZBDC = ZBAC=a.
C ApyToil CTOPOHMI, TaK KAK YIVIEL, OMHMPAIONIHEcA Ha AHaMeTp OKPyXk-
HOCTH, IIpAMEe, /BCD = 90°, oTKyza II0 onpefe/eHHIC CHHYCA Sing =

— i _BC_a
—smABDC—BD—zR. |

Puc. 3

CaenaeM ABa NPOCTEIX 3aMedaHNA. Bo-nepBhIX, NpHBeagHHOE AOKa-
3aTeNBCTBO He ABNAETCA TTOAHBIM, BeAb P Paccy?KACHHH MBI NCIOAL30-
BAIH TO, YTO £A OocTpHIA. B cnyvyae Tymoro yria A, yron BDC 6yaer zo-
nomHATE @ Ao 180°. [pu sToM, npasja, CHHYC ero He OyeT OTIHIaThea
OT CHHyca ¢, BO-BTOPHIX, €cIM GBI MEI XOTe- c
7Y AOKA3AaTh TOMBKO MEPBYI0 4aCTk PABEHCTBA,

T. €. a b c ) .

sing ~ sinf ~ siny’

MEI b1 MOIIH OGOHTHCE §oMee IPOCTRIMH CPefi-
CTBaMH,

Hanpumep, Mo3kHO GBL1O 6 OITYCTUTE BEL- Puc. 4
coTy CK u3 pepuruHel C (cM. pHc.4). Torga ua
NpAMOYTONBHEIX TpeyroApHuKeB ACK 1 BCK nomydaeM

CK = ACsin ZCAK,
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a ¢ gpyro# croposel, CK = BCsin ZCBK, oTkyAa cnenyeT, 4To asin 8 =
=hsin o, AAK

e __b_

sing =~ sinf"
JoCTOMHCTBO 5TOTC HAOMIJeHHsI —B eTe He3aBHCHMOCTH OT CBOHCTB
E€BKJIMAOBON IVICCKOCTH, 4 TOUHEE —B BOSMONKHOCTH ero obofmenus
HA HEEBKAMJIOBH PEOMETDHH (HATPHMEp, Ha reOMeTpHio Ha cdepe),
B OTAMYME OT IPEABIAYIIETD AOKA3ATENLCTBA, B KOTOPOM HCIOAB30BA-
JIACE CECHCTBA BINCAHHEX YVIVIOB, He BHIOAHAKIINAECA B HECBKIHAOBRX
reoMeTpuax. C ApPyroil cTOPOHEI, CBA3b YIVIOB H CTOPOH TPeYTOALHU-
Ka C AMAMEeTPOM OHHCAHHOM OKPYXKHOCTH YaCTO OKA3bIBAETCH YPEe3BhI-
JaliHO IOAE3HOH IIpH pellleHuH 3ajad. Huke MBI IIpUBEAEM IIPHMEPEL
noA00HOTO HCHOAB3CBAHAA TEOpPeMEl CHHYCOB. A IIOKa 9TO JOKDKEM
C €& MOMOMBIO (TOYHEE, ¢ TIOMOIIBIC &€ «a0COMOTHON» YACTH) CBOHCTBO
6uccekTpuck. PacemorpuM TpeyroasHnku ABK v CBK (cm. pric. 5). o
TEOPEME CHHYCOB HMEEeM

AK AB CK BC

. :m, v - B - sin{w— )’
s111 E s111 E
OTciofa HaxoaumM
ABsin E BC sinE
_ 2 _ 2
AK = ———=, = —,
sing sin (r— )

A Tax kak sin ¢ = sin (7 — ), noaygaem

i ;]
AK _ ABSIIIE - BCSIIIE _AB
KC — sing ~sin(m—¢) BGC’

CyllecTBYET MHOTO APYTHX IPHMEPOB MCTIONB3OBAHNA TEOPEMEL CH-
HycoB. HanmpuMep, ¢ IOMOIOpIC Heé JETKO AOKA3ATH M3BECTHYIO $Op-

MyAy AAS WIOWAAW S TPeyrojbHUKAa: S = i—l;:, e a, b, ¢— CTOpPOHH
TPeYrOJILHUKA, a R — pajiyc 0HICAHHOH OKpYXKHOCTH, JIoCTaTO9HO BOC-
MOABEZ0BATECA PABEHCTBOM 2R = ﬁ, ITOOBL BHPA3NTS Siny Yepes CTo-
POHY ¢ H paHyC OITHCAHHOH OKpyHHOCTH (siny = %) ¥ OOACTABUTE

MOyIEHHOE PABEHCTRO B BRIDAKEeHHE § = %ab siny.

JpyruM BaKHEIM CICACTBHEM TEOPEMEL CHHYCOE ABAICTCA TAKOE 3a-
MedaTeABHOE CBOHCTBO XOPL OKPYKHOCTH: onHotuenue Oaun xopd ooHol:
1t MOl e OKPYXCHOCHUL DAGHO OIMHOUEHUIO CUHYC0E8 SRUCAHHBIX Y2A08
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Puc. 5

IMOL OKPYHCHOCHIU, ORUPAIOWUXCA HA 3my xopdy. JOKa3aTeNBCTBO 3TO-
ro ¢aKTa CBOAMTCA K CAEAYIOIEMY HAOMIOAEHHIO: H3 TEOPEME CHHYCOB
c/eyeT, ITO OTHOLICHWE JAMHEL M0OCH XOPAE K CHHYCY IIPOTHBOIE-
Kalero el BIMCAHHOTO YIWia PABHO AUAMETDY JAHHOH OKPY)KHOCTH.

W3 caenmanHoroe saMe4aHud U M3 CBoilcTe nponopuuil (HAOMHHM, YTO

eom 2=5 10 & aic)cne €T, YTC B BHIPAKEHHH atb (11 B Gonee
b= 3T T bxd’ A p +d

CIIOKHBIX BHPAXKEHUAX TAKOTO POAA, TAE a, b, ¢ ¥ d — JNIHHBL XOp/, OIHOH
OKPYKHOCTH) MOXHO 4, b, ¢, d 3aMeHUTE Ha CHHYCHI MIPOTHROTIOICKHEIX
YIJIOB, U TIPH 3TOM PE3YAbTAT HE M3MEHMTCA. [IPOMIMIOCTPHPYEM, KAK
3TO HaGMIOAEHHE PABOTAST, HA IPUMEpPE 3aAaH,

3agaua 3, llycte ABCD — paenoGeapennas tpanenua (BC || AD),
M —Toura Ha Ayre BC OKpPYKHOCTH, OMHCaHHOH okomo ABCD. IlycThb

— CD=a, BC=b, AC=BD—c. Hai BM +MC
AB=CD=a, BC=b, AC = BD =¢, HaliguTe oTHOIICHME AM LMD
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Pemenue, BreaéM BenoMoraTeibHule ofosHavenna: ZBAD = q,
LDAC=§u ZBAM = (cM. puc. 6). Toraa ZMAC=a— 8 — p, LZMAD =
=a—¢ U LMDA= ZCDA — ZCDM =a — £LMAC = 8 + ¢ (MH BoC-
MOMBLIOBANHCE PABEHCTBOM YIVIOB TIPH OCHOBAHHHN paBHObGeApeHHOH
TPanelMyl H PaBEHCTBOM BIMCAHHBIX YI7IOB, OIHPAIONIHMXCA Ha OAHY

Zyry). Ilostomy

BM+MC _ sin/BAM+sinZMAC _ sing+sin(a—f—yp)
AM+MD ~ sin/MDA+sin/MAD ~ sin{e—@)+sin(f+¢)

. a—f B1+2¢p—a ., a—f
_2sm 5 cos o) _2sm 7
L a+f BH42p—a T _  a+f
2sin 5 cos 5 2sin 5
., a—fB a—pf
_ Ty T sin@—f) _ b
T .at —f 7 sina+sinf T cta’
zsmazﬁmsazﬁ sing+sinff ~ cta

B 3THX BBIKJI3[[KAX ME AKTHBHO UCIIOAh30BAMM CBOMCTBA TPHTOHOMET-
pHYeCKHX GYHKIHI, B 4acTHOCTH $OpMYyAy

a+p a—p

2C082

sina+sin B = 2sin

M 0BpaTHYIO K Hejtl. a

TaxwM ke 0OpasoM MOKHO AOKA3aTh SHAMEHUTYIO meopemy [Imone-
Mef.,

Teopema 2, Ecau yembipéxyzonsuux ABCD moxcho snucams 8 ok-
DYCHOCHIb, MO 8bINOAHAEMCA PASEHCTBO

AB-CD4+BC-DA = AC-BD.

Adoxaszarennerso. [IycTh R — paguyc Kpyra, B KOTOPBIA MOKHO BIIH-
caTbh YeTHPEXYTOMEHUK ABCD. Beegém ymiel «, f, ¥ U §, Kak moka-
3aHO Ha pHc.7 (MpH 3TOM MEL NOABE30BANHCE CBOMCTBOM BIHCAHHEIX
yTIOB). 3aMeTuM, 4yto ¢ + f + v + & = 180°, u ¥poMe TOTO, MO Teope-
Me cuuycoe AB = 2Rsiny, BC =2Rsinf, CD =2Rsina, DA=2Rsind
u AC =2Rsin (a+ &), BD =2Rsin (a+ ). [TosTomy

AB-CD+BC- DA = 4R*(siny sina + sin f sin §),
1 Tpuronomerpuio oBHTHO NpoxoAAT B kKoHUe 10-To Kaacca, MOFTOMY 3TH GOPMYITH

MOTYT Sbl’l'b HESHAKOME HEKOTOPHRM AeCATHE/IACCHHEAM. BITPD'-IEM, OHH JETKO CJIELYIOT
H3 JOKASAHHOH HaMu GOPMYIE CIOKEHMA 14 CUHYCOE (CM. JerIto 1),
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D

H aHaJIOIHIHO
AC-BD = 4R?sin (o + &) sin (o + B).

Ho Tak kak a+y =180 — 8 — §, mony4yaem
sinysina+sinfsind =

= Z(cos (@—7) —cos (a+y) +cos (B — 8) — cos (f+5)) =

= %(cos (e—7r)+cos(B—6)) =cos a+,6;y—6 cos a+6;,6—y
=cos(a+H—90")cos(90° —a— &) =sin(a+8)sin(a+F). O

Kak 1 B OpeabiAynieM CIyIae, Mbl CBENH TEOMETPUYECKHE CIOHKHO-
CTH K TPHFOHOMETPHYECKHM NpeofpasopaHuaM. Clcayloman 3agada —
MpUMep HeCKOIbKO HHOTO poAa. XOTd M TYT MH OAb3yeMCs TEOpeMaMH
CPIHYCOB H I{OCI/IHYCOB, TEM HE MeHee, HX HCIIOMB30BAHHE OCHOBAHO HA
BIIO/IHE TEOMETPHIECKHUX COODpaKeHUAX, U KAK/EI AT PEINeHWsA HMe-
€T BIIOJIHE OTYETAHBHE TeOMETPUMECKMH CMEICI.

3A0AYA 4. THaTOHAMH TPANENMH [EPeceKaloTcd 104, [PAMEM Y-
JIOM, @ IPOAMDKeHNA GOKOBBIX CTOPOH — 110 YI7ioM 45°, Halizure BEICOTY
Tpaneluy, eCIH OCHOBAHWA PaBHH a K b (a > b).

Pemenue, Ilpex/e 4eM IPHCTYNIATh K HEIOCPSACTBEHHBIM BEMHAC-
JIEHUSIM, TIONPODYEM TIQHATH, KAKQB TEOMETPHIECKHM CMEBICH 3aadH.
JAs 3Toro nompofbyeM MOCTPOUTE TPANEIHED, YAOBACTBOPAOLIYIY YCI0-
praM. TouHee, monmpoGyeM ONPEZeNUTE, KaK GYAYT PACIONOKEHHE Bep-
LIMHH T0Z06HOH TpaTelH.
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Urtak, mycts Tpanenus ABCD (AD || BC, AD =g, BC =5) yaosne-
TBOPAET YCIOBHAM. CAgaeM JONOMHATENRHEE MOCTPOCHUA: NIPOBEAEM
yepes Touky C NpAMHE, Napa/UleNbHEE AnarcHand BD 1 6okoBoil cTo-
pote AB. IlyeTh E M F — TOYKH TMepecedeHHA TPOBSAEHHEX MPAMBIX
¢ npamoii AD (em. puc. 8). Tak Kak AMAroHAIM TPaneluy epueHguKy-
JsapHE, ZACE =90°, ciiefoBaTenbHo, ToUKa C JIEKUT Ha OKPYXHOCTH
¢ araMeTpoM AE. AHairormdHo yron DCF paBeH yIomy, IIOA KOTOPHM
nepeceKalnTes MPOAOMKEHHA OOKOBEIX CTOPOH TPallelMH, 3HAYMWT, OH
paBeH 45°, U, CreAoBaTeNbHO, TOUKA B JIeKHT HA AYTe OKPYIKHOCTH, TIPO-
xo7AImei yepes Touky F 1 D Taxkum 06pasoM, 9T BCe YIMIbl, BIICAHHEIE
B OTY OKPYXHOCTh ¥ CHHpamIlHect Ha oTpe3ok DF, paBHH 45°,

Puc. 8

C Apyroil cTopoHlH, YeThpéxyroapHuKk DBCE — nmapannenorpamMm, H,
saaumt, DE = BC = b, u asajoruuHo, U3 napannerorpamma FCBA Ha-
xopuM, 9r0 AF = BC = b, CnepoBareqbHo, oTpeskn AE u DF pasHE
COOTBETCTBEHHO a + b U @ —b. TakuM obpasomM, paccMaTprBaeMas 3a-
Jaya CBOAUTCA K HaXOXACHUIO paccTOAHMA OT NpAMoH AD A0 TOYKHM
nepecevYeHHs ABYX OKPYKHOCTeH, PAcONONKEHHEIX, KaK MOKa3aHo Ha
puc. 8 (T. . MOMYOKPYKHOCTH ¢ AUAMETPOM AE M AYTH OKPYKHOCTH, M3
KOTOpo# oTpe3oK FD BUAeH N0 yImoMm 45°).

YTo6H HAHWTH 3TO PacCTOAHIE, MBl BOCIONIb3YeMC H3YICHHEIMI Ha-
MM TeopeMaMHM CHHYCOB M KOCHHYCOB: ITOCMOTPUM Ha puc. 9. Ha uém
TOUKH P 1 () —IeHTpH IepBO U BTOPO M3 PACCMOTPEHHEIX OKPYXHO-
cTell cooTBeTcTEeHHO. Torga oTpesok PC paBeH paguycy OKDYKHOCTH,
OIMCAHHOH OKOAD NPAMOYTOJIBLHOTO TpeyronkHNKa ACE, a clefoBaTeNb-
HOQ, OH paBeH IOMOBHHE THNIOTeHY3H AE=qa +b. C Apyroit cTOpoHH, II0

TeopeMe CHHYCOR oTpe3oK QC paBeH % = g(a — b}. Haxownen,
oTpeaok PQ nmeprneHAUKyAApeH AD U paBeH nnonosuHe FD (Begb npoek-
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B b C

T d
Frig
[

1
=2
Al
[
I3
=2
]
t

Puc. 9

nHeil Touku () Ha AD CrysEUT cepefiHa oTpeska FI, KoTopas coBnajgaeT

¢ cepeAMHOH oTpe3ka AE, T.e, ¢ P, a yron FQP paeeH 45°). 3HauMT,

PQ = %(a — b). Ytc6H Tenmepd HaliTH BRIcOTY h Tpameuwu ABCD, ao-

CTATOYHO 3AMETHTH, YTO OHA PABHA [POEKIHMH oTpeska PC Ha npaMyIo

PQ (Begs PQ | AD), T. e, oHa paBHa PC cos ZQPC. Tenepr 1o TeopeMe

KOCHHYCOB, IIOMTY4aeM

PQ*+PC*—QC*
2PQ -

Lia—pzal 2l 2
B 4(0 b +4(a+bJ 2(a b) B

- a—bh

h=PCcos ZQPC =

ab
a—>b"

3aaa4dH 414 CAMOCTOATEABHOrO pPelIeHHA

1. Menons3ys TeopeMy CHMHYCOB, JOKAWUTE meopemy Heabt H meopemy He-
8bi 8 cuMycax: mpaMeie AA,, BB, u CC; nepecerawTcd B OJHOH TOYKE (WiH
HapaUIeNBHE), eCIH H TOIBKO eciIH BHIIOTHEHO ofHo {(ofoe) H3 cAeAyICIINX

PaBeHCTE:
TB AC BA 1

SinLACC, sinZBAA;, sindCBB; _
$infC,CB  sin£A;AC sin/B.BA ~

1

{3zece A, B 1 C — HEKOIMMHEAPHEIE TOUKH, 4 Aq, B, ¥ €] — NPOH3BOMBHEE TOY-
KM Ha IpAMEX BC, AC 1 AB COOTBETCTBEHHO).

2. Jlan napanrenorpamy ABCD. Ha ero croponax AB u BC BagTh Towxu K
0 L, tax, uto AK = CL. TlycTe M —TouKa NepecedeHHA oTpe3kos AL u CK.
JlokaxuTre, uTo DM — BuccekTpHca yia ADC.
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3. CropoHH napawtenorpammMa paBHe g B b {a # b). B kaxmx npegenax
MOMET MEHATBCA KOCHHYC OCTPOro YIVIa MeJy AHArOHAIAMH 3TOTO Tapauie-
norpamma?

4. B TpanenyH AHATOHANH PABHH 3 H 5, 8 OTPe30K, COSIHHAIMMA Cepeu-
HEL QCHOBAHMH, paseH 2. HalfauTre naommais TpaTeIpm.

5. HaiiauTe paanyc HAHMeHBIIEH OKpY:KHOCTH, cogepKamreii papHobepeH-
HYX TPATICTHIO ¢ OCHOBAHUAMH 15 1 14 1 GOKOBHMI CTOPOHAMM, PABHEIMH 9.

6. B pasHOGeApeHHOH Tpanenyn ABCD ocHoranme AD paBHO AMATOHAIH
AC. WaBecTHO, IT0 LCAD = ZCDM, 1ae M — cepeanna BC. Haimrre yINH Tpa-
TIeITHH.

7. baccexrpucs AM u BN Tpeyronprmrxa ABC nepecexaroTea B Toaxke 0.
HspecTHo, uro AO = v3MO, NO ={+/3— 1)BO. HalizuTe yIIH TpeyTOIbHUKA.

8. OKpYRHOCTH paguycoB R M r (R > r) KacawTca ApYT ApYTA BHYTPEHHHM
ofpazoM B Touke A. Xopaa CD Soapmed OKPYHHOCTH NEPHIEHARKYAADHA AHA-
MeTpy AB MeHpmel OKPYRHOCTH. E — oHA M3 Todek nepecedenus CD ¢ MeHb-
el OKpy)KHOCTEIO. HalizuTe pagiyc OKpY:KHOCTH, CITHCAHHOH OKOMIO TPeyTolb-
HHUKA AEC.

9. Haiiyprre HanGOABNIE YTO/I TPEYTOILHUKA, ¢CIM HABECTHO, YTO PajUyc
OKPYKHOCTH, BIIMCAHHOH B TPEyIO/IFHHK C BeplIHHAMH B OCHOBAHWAX BBHICOT
JAAHHOTO TPEYTONbLHUKA, B JBA Pa3a MeHbIlle HAMeHbIelH BLICOTEL JAHHOTO Tpe-
VTOIbHUKA.

10. B tpeyromeauke ABC GuccexTpuca yria C NepneHANKYIAPHA MEHAHE,
BBIXOAALNEH H3 BepIUMHEL B. LIeHTp BIIMCAHHOH CKPY;KHOCTH JIeKHT Ha OKPYHO-
CTH, IPOXOAAIIeH Yepes ToukH A, C | IIeHTp onHcaHHOH OXKpyKHOCTH. HaMaure
AB, e BC=1.



Jeknua 4

Pemenne reoMeTpu4eCcKux 3agad
ajrebpanyecKuMI MeTOAAMU, WiIH
«ypaBHEHNS B UIKOJbHOI reoMeTpHn»

B npefnayInnx JEKIHAX MBI H3YYaTH OCHOBHEIE «aHAHTHYECKHE»
TeOPEMH ATeMeHTAPHOHM reoMeTpUH M X MpocTeiiure cnreicTBH. B gan-
HOM CAy4ae N0J «aHANMHTHYECKO» TeOopeMOoi MBI IOHUMAEM TEOPEMY,
YTBEPKAEHUE KOTOPOi MokeT ObTh copMyTHpPOBaHO Ha aare0pamye-
CKOM SI3HIKE B BUJIe TOTO WM MHOTO ypaBHeHNA, Poib 3THX 1 MOAOGHBIX
HM TeOPEM B IIKOABHOM Kypce 09€Hb BEIHKA — 09€Hb MHOTHE INKO/b-
HEIE 384344, 0ceOCHHO Te 13 HUX, B KOTOPHX TpefyeTca HAlTH Ty WIK
HHYI0 BEAMYUHY, YAOOHO pelraTh KAK TEKCTOBHIE 3a4a9H 1o aarebpe —
CBOJA BCe MX TecMeTpHIecKoe Colep:KaHue K Habopy ypaBHeHHH, B 4éM
HaM IIOMOTAKT TeOpeMbl, H3yUeHHbIC Ha NEPBHX TPEX Aekuusax. [Ipu
3TOM HAAO 3apaHee OBITh FOTOBEIM K TOMY, YTC OAHa M Ta K& 3aja-
9a MOXeT OHTE pelleHa MHOTHMIE PasHEIMH CIocoDaMH, 4T COCTaB-
JIATE YPaBHEHMA MOMHO M0-PasHOMY, ¢ MOMOIIBIO PASHEIX TEOPEM H Ha-
Omogernii. [lofy4aminuecs YpaBHEHUA WIM CHCTEMEl YPaBHEHHH Mo-
IyT OKA3aThbCA CWILHO PasHOTO YPOBHA CAOMKHOCTH —B CIydae OfHOH
H TOM JXe 3aaavy BepHO BEIOPAHHEH [MOAXOA MO3BOANT NOIYIHThL NIPO-
CTHIC YPaBHEHHMA CTeNeHU He Beime 2-if, TOLAa KAk H3HIIHAA DpAMO-
JIMHEHHOCTDH B MCIIONb30BAHHH TEOPEM [IPHBOAUT K GOIBIIMM BRITHCIH-
TEIbHEM TPYAHOCTAM.

PaccMoTpHM B KadecTBe IPHMEpa CASAYIOIIYEO 3a0ady,

3aAA4A 5. B TpeyronbHuKe ABC M3BECTHEL CTOPOHBI:

AB=12, BC=13, AC=15.

Ha cTopone AC 3TOro TpeyrofbHUKA OTMEUYEHA TaKad Touka M, 910 pa-
JZUAYCH OKPY)KHOCTEH, BITHCAHHHX B TPEYTOABHUKH AMB u CMB, paBHEL
HaiiauTe oTHolIeHHe, B KOTOpOM Touka M geaut cropony AC.

Pewenue 1. Tlonpofiyem cHAYaNa PENIATH HTY 3a7a4y, 9T0 Ha3bIBa-
ercd, «B 106» (cM, puc, 1). A UMEHHO, TTOAOXKUM
M

m:k, MA=x, MB=1 u ZAMB=e.
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B
13 12
(%
C 15—x M X A
Puc. 1

Torga MC=15—x=kx, w1 x = Jik_sl ITo TeopeMe KOCHHYCOB AAA

TpeyrobHUKOB AMB 1 CMB 1meem
144 = 12 4 x2 — 2lxcos

169 = 1> + k*x* + 2kixcos

(MBI IIOAB3YEMCA TEM, 4TO €0 = — cos(t — ¢)). JoMHOXad IepBoe
ypaBHEHME Ha k M CKIaABRIBAs €O BTOPHIM, MOCAE HECAOKHEIX Npeobpa-
30BAHMI NOMyYaeM

k(A2-DA2+D+ A3 -D(A3+1) = k(k+1)x>

Ecan, ¢ Apyroli CTOPOHE, p — pajguyc A000H M3 AAHHEIX OKPYXHO-
cTefl, TO, TAK KaK IUIOIAZL TPEYTOABHIKA DaBHA MPOUSBEACHHIO €ro
NOAYTIepUMeTpa Ha pajuyc BIUCAHHOH OKPYKHOCTH (9TO 0AHO 113 MHO-
FOYHC/IEHHBIX D/IEMEHTAPHEX YTBEPKEHHE KOTOPHIE MBI CIHTAEM H3-
BECTHEIMU), NOIyIaeM

Sap=30(12+x+D, U Scup= 3013 +kx+D.

Toraa
SAMB 12 + l +x 1

Sas  13+1+kx K

B mocnegHeM paBeHCTBE MBI BOCIOAL3OBATHCE TEM, ITO ¥ pacCMaTpHBa-
€MBX TPEYTOMLHHKOE 00 BHICOTA, ONMYINEHHAS M3 BEPIIKHE B.

Temeps MOKHO BEIPAa3MTh [ 4epe3 k M3 NOCACAHETC DPABEHCTBA:

1= 13- 1%

Kak I > O n 1<k, nonmy4aeM orpaHH4eHHA Ha K: -5 > k > 1. lloacTaBnaa

(Kak BHAHO, HEU3BECTHAL X H3 c]:oplvrynbl nponagaet). Tak
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Tenepk HalileHHEIe BEIPAXEHUA A1 X M | B MOMy4eHHOe paHee ypaBHe-
HHe, NIOMy9aeM ypaBHeHHe Ha k. CaMoe [MaBHOe 3AeCk — ¢ OJHOH cTo-
POHEI, He HCITYTaThes TPYAHEX BEMHCASHMEH, a ¢ Apyroil — He cANIIKOM
TOPOIUTBCA PACKPHBATE Bee CKOOKY 11 YHUNTONATE Bee 3HAMEHATEH:
€CIIA CASAATE 3TO Cpasy, TO MOMKHO, 3AIYTABOKMCL B BEMMHCIEHHAX, HE
3aMeTHTE, 9TO YpaBHEHWe JeTKO pelaeTcd. B camomM Jene, ocne Ipe-
06pasoBaHUH MTOMYYIHM
24k-25 1 | 25k—26 1 _ 225
k-1 k-1 k-1 k-1 k+1°

Tocte yMHOKEHHS Ha 3HAMEGHATE/E MBI IOAYYacM KBagpaTHOe YpaBHe-

u 3
HHe, OJIMH 13 KOpHel KoToporo k = 5 MPUXO/MTCA OTKUHYTh, TAK KAK OH
HE YAOBAETBOPAET HaliAEeHHOMY BEIIIE OrpAHUYeHMNI0. TakuM obpasom,

AMHCTBEHHBIM OTBETOM OyfeT k = % O
B
{
13 ! 12
K J
p " le
c P MT Q A

Puc. 2

IIpuBeaéHHOE pellleHUe, IPH Beell ero UAEeHHON IpOCTOTE, BechbMa
CAOXHO C TOYKHM 3peHNA BEMHCAeHH . Bonbine Toro, Ha caMoM Jefie MEL
OPraHMA20EANN BEIHCASHHA (olee-MeHee ONTHMAIBHEIM 06pa3oM — ec-
JIH CYUTATE BCE COBCEM YK «B M06», MOKHO OKA3aTBCA Nepes HeoGXoau-
MOCTBIO PemIaTh ypaBHEHHE Aake He TPeThel, a 4eTBEpToil cTenenu 6e3
CKOME-HUOYAE ABHBIX KOpHEeH, OfHAKO Aaxe TENEph BEUUCICHUA MOXKHO
SHAMHUTEABHCO COKPATHTE, €CIN HCIOAB30BAaTh HECKOIBKO TPHBHAMBHEIX
reoMeTpHYeckHx (1 anrebpandeckux) coobpameHuii.

Pemenne 2. Ilyete K, J ¥ I — LUeHTPE OKPYKHOCTEH, BIHCAHHEBIX
B TpeyronsHukl CMB, AMB u ABC cOOTBeTCTBEHHO, o U ' —HX pa-
guycsl (em. puc. 2}, Ilyete P, Q B T — TOUKHM KaCcaHWA 3THX OKPYKHO-
cTedt co cTopoHoit AC TpeyronsHmMKa ABC. Beegém emé oaHy mepe-

MEHHYIO K — % (Ha caMoM Zene BCITHYHHY * HECIQHHO HalTH, ecoH
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BCIOMHUTE, 9T IUIONMIAAE M0G0 TPEYTOARHHUKA PABHA TIPOHIBEALHHIO
pazuyca BITHCAHHOM OKPYKHOCTH Ha TOAYIIEPHMETpP, HO HaM 3TO He
noHagoburesa). Haiigém anunnl otpeskos AQ, AT, CT, CP u PQ: MH Mo-
JKEM BOCTIONB3OBATHCA U3BECTHEIMHI GOPMYIaM, BHPLOKAIOILIMMH M-
Hy OTpE3KA CTOPOHBL TPEYTOJAbHHUKA OT BEDINMHEL 0 TOYKHA KACAHHA CO
BHUCAHHOH OKPYXHOCTBIO YePE3 CTOPOHEL TPEYTOAbHIKA;
Q=2 pBxl ' py_15_cp-sg=i-5,
H a"Hamorudao AT =7, CT =8.
Torga uz nofo6HA TPeyroAbHIKOB AJQ u AIT caeayer, 4To

_p_AQ_ 12+x-I

T r AT T 14
H aHATerHYHO M3 nogebua CKP u CIT nonyyaeMm
o — 28—x—1
- 16

" a_c a_azkc
Ilo uzpecTHOMY CBOHCTBY ITponiopIiH (ecm F=3 5= m), HMEEM

28—x—D—(124x—-1 16—2x
o= 1%—(14 d— 3 —8-x
C ApyToii cTopoHH, U3 MOA0OHa Tpeyromsimkos KIJ u CIA ciegyer,
9TC MX BBICOTH OTHOCATCH TAK e, KAK OCHOBaHWA, H, CASAOBATEIRHO,
=5 _r=p
15— r

OTKY/Ia HAXOMMM K = ==
BHEINE paBEHCTBCQ, HAXOAUM

=1-x,

. [loacTapaad 3To BHIpAKEHME B HAHAEHHOE

[+ 100
15 °

Hakonen, Kax M Opexzge, U3 TOro, 970 IMOMAAH TPeyroJAbHUKoB AMB
H CMB OTHOCATCA KaK HX IepUMETPH, HOIYy4aeM

I—x+28 15—x

I+x+12 -~ x *
H TIQ TOMY K€ CBOUCTBY [IPOTIOPITHI

15—x (—x+28)—-{15—x) _[+13

x=8—-x=

x  {(+x+12)-x  i+12°
loacTasnas HANAEHHOE BEINE BEIPAKEHUE A X, TOIYIAEM
125—1 _ 1+13
[+100  1+12°
OTKyAa HaxoAuM 12 =100, u [ = 10. 3aMeHA | Ha 5TO 3HaYeHME B BEIpA-
et S 152X IH18 ey SM 23 !
MAT  x  [+12 TOMYHACM pri =53
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Kak BHAHO, B 3TOM CAyIac HaM Jake He NPUILIOCh OTHPACEIBATE
JHINHHe KOPHHY, Aa H KBAAPATHOS YpaBHEeHHe NMOAYYHAOCE ropasgo 6o-
Jee MPOCTEIM. CHTYALMA, ¢ KOTOPOH MBI CTONKHYAMCE, YacTO BCTpeda-
eTcA MpH pellleHHH 3aad Mo TeOMeTPHI: OFHA M TA JKe 3AZa4a MOXKeT
ObITh pernreHa KaK IPY MOMOIH IPAMOIHMHENHBIX BEMHCAEHUH, COpA-
WEHHBX ¢ GOABIIMMH TEXHAYECKHUME CIQKHOCTAMM, TaK H HCXOAA M3
HECIOKHBIX reoMeTpHYeCKHX HabmiogeHnH, KOoTophle 3HAYNTENBHO 00-
JIerYaT BRKAAAKH.

TeM He MeHee 33Aa49H HA COCTABNTeHHe YpaBHeHMH — 0AHH U3 Haubo-
Jee 9acTo BCTpe‘-IEIlO]ll;PIXCH BHAOB reomeTquec:[{Hx 33/1a4 B OIKOABHOH
MaTeMaTke, B COBeHHOCTH 3TO OTHOCHTCH K 334a7aM BCTYNHTEABHOTO
3K3aMeHA NpeXHero ppeMeHn (a Tenepk H EI'D). CylllecTBYeT MHOME-
CTBO CMOCOGOB COCTARMATE YPABHEHMA H CHCTEME Ha OCHOBE TEOMeT-
PHUYeCKUX JaHHBX. Yamie BCero AJjd 3TCr0 HCIOAB3VIOTCA TAKHUE TEOo-
peMbl, Kak TeopeMa [Tudaropa, TeopeMa KOCHHYCOB, TEOPEMA CHHYCOB
H UX (JIACTBHA (HampuMep, dopMyna And AMHE MeAuaHel), Hepegko
HCIOOAB3YIOTCA pasinuaHue $opMyas Aad miowagel ¢uryp (HampuMmep,
MBI HCTIOAB3OBAMH GOPMYNY S =rp, CBASHIBAIOLIYIO IMOMAAE TPEYTOME-
HHUKA C PajWiyCcoM BIIMCAHHOHN OKPYHHOCTH), COOTHOIIEHN, CBA3LIBA-
IOIHE KacaTeAbHBIE M cekynye (0 HUX MBI HOTOBOPHM IIOZKE), WIH
PA3AMYHEIE IPOTIOPITHH, CASAYIONHE U3 o06Ma pazmansix Guryp, Ho
MHOTAA A7 COCTABAEHNA YPaBHEHNH HAZO MPHMEHATE COBCEM HEeOXH-
JZaHHEIe $axTH. BOT OAMH N3 TaKKX DK30THYECKHX NPHMepoB: 3ajada,
B KOTOPOH A/IM COCTARASHUA YpaBHEeHMA yA0OHO MPUMEHHTE KpUTEpHit
NEPIEHANKYAAPHOCTH, HaliZIeHHbIH HaMW Ha BTOPOH NEKITHH.

3a8a44 6. Ha cropoHe AB TpeyronpHHKa ABC B3ATa Takad TOY-
Ka M, 4To npaMasd, COSAHHSIOMAL TOUKY IEpecedcHUsI MEJHUAaH Tpe-
yroibHRKa BCM ¢ LEeHTpOM OMOHUCAHHOH OKPY)KHOCTH TpPEYIOJIBHPKA
ABC nepnengunynapHa CM. HaliauTe oTHOLIeHHe %, eciIH % =k.

Pemenne. 3aMeTHM Mpeiie BCETO, YTO Be3 orpaHWYeHHA 0OIIHO-

CTH MBI MOXeM CYHTaTh, 4T0 AB =1, Toraa BC = k. O603HAYHB NCKOMYIO
BM
BEJIMIUHY 5o depes X, noaysum BM =x, MA = 1—x (cM. puc. 3; y Hac

NOAYYHIOCE, YTO X < %). IIyeTe O — OeHTP, a R — paguyc OKpPYHHOCTH,
OTNUCAHHOMN OKOMO TPpeyToAsHuKa ABC. 0003HaunM GykBo# G TOUKY Ie-
pecedeHna MeAuaH TpeyroibHuka BMC. Torza comacHO yKABAHHOMY
KPHUTEpHIQ NepneHAUKysIpHOCTH CM | OG, eCIH M TOMBKO €C/IH

0C? —0M? = GC? — GM2.



Jlexoua 4. 3agadH Ha COCTABACHHE YPABHEHHHA 47

C

Puc. 3

HaliaéMm BeTHYIHEL, BXOAAIHUE B 3TO PAaBEHCTEO:
0C%? =R?

2
OM? = OT*+TM? = OA® —~ AT* + TM? = R~ § + (%—x) .
C Apyroi#l cTOPOHL], [IC TeopeMe O AJIHHe MEAHAHL] AMEEM
2_ (2 2 1 2 2_ .2
GC? = (SCN) = 3(2CM2 + 2K~ x?),

¥ aHasormuso GM2 = %(ZCM 24 ox2— kz), MEI TAKKE BOCTIONBE30BAMHACh
BaXHBIM CBONMCTBOM MeAHAH: TOUKA TlepeceyeHUd MeAWaH JeNUT UX B
OTHOWEHNH 2 ; 3, curTan oT BepIMHEL TakumM ofpazoM, moaydacM ypag-
HEeHHe

x—x%= %(k2 —x%),

3-4/9-8k?
4
OTOPOCHTD, TAK KaK X JOMDKHO ObITh MEHBIIE 1), O

OTKyAAa HAaXOANM OTBET: X = (BTOpOIf KOPEHP NPHILIOCH

3aMeTHM, YTO E JAHHOM C/IyYae MBI HCIOMB30BAMH elllé OANH OBmHA
ANA 3afa4 TAKOTO THTA MPHEM: MBI He NMOCTeCHATHCH BBECTH MHOTO
nepeMeHHbIX. B camom fene, B HaliAGHHBIX BRIPAMEHWUAX JJI1 OTPESKOB
0C, OM, ¢C 1 GM ecrpeuaroTed BenwduHE R M CM, KOTOpLIe HEKAK He
CBA3aHE ¢ BBEAEHHBIM HaMK HEM3BECTHRIM X M napamerpoM k, Ha ca-
MOM ZeJie OHH He ABITIOTCA He3aBICHMEIMH — H Ta U Apyras MoryT OHTE
BRIPAKEHEBI Yepes CTOPOHE TpeyroAbHUKA ABC 1 AMUHY oTpeska BM.
QJHaKo, BMECTO TOTO YTOOHI CEOAUTE KOMHYECTBO PACCMATPUBAEMEIX
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BEIMYHH K MHUHAMYMY, MEl CIIOKOMHO MOAB3yeMCH BCEMH HMH — H 3TO
BIIOJIHE OTIPABJAHO, BEAb B KOHEYHOM WTore H R M CM coxpamaroTcs
M HHKAK He BAHAIOT Ha PesyibTaT. K TakoMy NPHEMY IIPHUXOAHUTCSA IPH-
6eraTe JOBOMBHO YaCcTO — XOTA 3apaHee MpeAcKa3aTk, 9T OH cpaboTaeT,
nopoii Helerxo. Bot emé oauH npuMep paccy:xeHHd nogoGHoro poaa:
sadaua Pepma.

3aaaua 7, Ha cropoHe AB npaMoyronsHHEA ABFE Kak Ha AMaMeTpe
NMOCTPOSHA BO BHEIIHIOK CTOPOHY MOMYOKPYHKHOCTE. [IycTh M — mpous-
BOMBHAA TOYKA Ha 3TOH IOMyoKpyAKHOCTH. TIpoBeaém otpeaku EM u FM.
TlyeTe R M S —r1ouKH nepecedeHuna AB ¢ EM v FM COOTBETCTBEHHO.
Jokaxmre, uro ecnu AB: BF = V2: 1, To AS?+BR?=AB>.

Pemnenne. /nd Hayansa OMYyCTHM IIEPIIEH-
Aukyasap MU u3 touxu M Ha AB (cM. puc.4).
Ilycte O —LEHTp paccCMaTpUBacMON MTOMYOK-
py:xHocety. [Tonoxum OU =x, MU =d, AE=aq,
TOTJA BHIOMHEHO COOTHOMIEHHE

1
2 +d?= 5{12

(MBI youmH, uTO AB = AE V2). C Apyroi cTopo-

HBI, TAK KaK TpeyronbHuku AER u UMR nopo6- F
HBI, BEIIO/HAKOTCA PABCHCTBA Puc. 4
MU :UR=EA: AR,
HIH
ava
2¥<s 1 x—AR
— R pp_gUR_, 2
AR = MO FA=aqa d a d ]
OTKyAA [IOMYyIAEM
_ @V2+2ax
AR = 2a+2d
a®v2—2ax

AHaNOTHYHO H3 TPeYroMBHUKOB MUS 1 FBS HaxoguMm BS =

2a+2d
Toraa

_ _ a*v2—2ax _ 1 _av2+2dv/2+2x
AS=AB-BS=av2—— 57 =3¢ a+d ,

H aHAJIOIHIHO

a?v2+2ax _ 1 _av2+2dv2-2x

BR=AB-AR=av2- 2a+2d _ 2¢ a+d
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B urore, yauTHBaA COOTHOINEHME, CBABRIBAIOIIEE X, d H d, Monydaem

0.2

AS?+BR? = m@az +16d%+8x%+16ad) =
= ﬁm(cﬁ +d? 4+ 2ad) + 4d2 + 8(d? + x%) + 8ad) =
= ﬁ(‘}(a +d)? +4d% + 4a® + 8ad) =
= ﬁ(S(a+d)2) = 24® = AB%.
J0Ka3aTeNbCTRO 3AaKOHIEHO. (|

Kak o6rMHO, NONYYeHHOE PelleHHE Q4eHB [IPOCTO MAEHHO, HO NpH
STOM COTIPAXEHO ¢ BOMBIIMMY alrebpanyecKUMH BREIKIaZkaMu. Bot ams
CPABHEHHUA ACKA3SATENBCTBO ITOH e TEOPEMEI, TIPeAJIoKeHHoe JHIepom
(aT0 OMH W3 peAKUX CIydaer, korga JleoHapa 3inep npenoudn reoMer-
pHYECKOe paccyXieHue anrebpandeckomy). Mrak, A1 Havama 3aMeTHM,
9T0 eCIH TOYKH R M § mexar Ha orpeske AB (R—mMexay A H S}, TO
BHITIONHEHO paBeHCTRO AB- RS+ AR-BS =AS:BR. B camoM aene,

AB-RS+AR-BS = (AS+BS)-(BR—BS)+AR-BS=
= AS-BR—(AS—AR)-BS+BS-RS= AS-BR.

IpoBeném Temeps npaMble MA u MB (cm. puc, 5). Ilyete P 1 Q—
TOYKHM HX MepecevdyeHnd ¢ npamoi EF. O6oaHaunm yron PAE qeges a,
a yron FBQ uepes f. Torga a + ZMAB =% u f+ LMBA= 5+ Ho
AB — AaMeTp OKPY:KHOCTH, B KOTODPYIO BIMCAH yroa AMB, mostomy
ZMAB + ZMBA = % Orcioga cneayet, 4yto o + f§ = % TpeyronsHu-
ki PAE u BQF npAMOYrOAbHEE, IIO3TOMY M3 JOKA3AHHOTO PaBeHCTEA
yoiaoe caeayet, uro 8 = LZAPE, a = ZBQF, a 3HA49MWT, 3TH TPEYIroab-
HUKHA NoACOHEL. 3amulleM cooTHolleHHe moacbua PE : AE = BF : QF,

M

"

E F Q

Puc. 5



50 Jlexoua 4. 3agadH Ha COCTABACHHE YPABHEHHHA

zHauuT, PE - QF = AE - BF = AE?, Ho Tak kak EF = AB = +/2AF, Mu
nomy4aeM paBeHcTBO 2PE - QF = EF?. B CRIIy TOTO 4TO TPEYrOABHHKH
PMQ 1 AMB noao6HB, aHaANOTHYHOE PaBEHCTEC AQIKHO BEIIOIHATHCA
U ama Touek A, B, R u S, T.e. 2AR - $B= RS2, YyuTeIBas o10 PaBeHCTBO
H YTBEp}I{ﬂ,EHPIE, AOKAa3aHHOEe BHIIE, 4 TAaKKe CUEBHAHOE pELBEHCTBO
AS+BR=AB+ RS, nomyuaem
AS®+BR® = (AS+BR)?—2AS-BR=

= (AB+RS)? —2(AB-RS+ AR-BS) =

= ABR? + RS>+ 2AB-RS — 2AB-RS — RS> = AB?.

Fmé opguH o6NmMpHEI WCTOUHHK WAEH, KOTOpBblE MOMHO HCIOME-
30BaTk ANA COCTARIACHWA YPAaBHEHHI, — TOHATHE IOINAAN GUIYPEL
A WMeHHO, 3aUCHBad IIOIaLh TOH WIN MHOH QUIYPH Yepes pasiuyHELe
NapaMeTpHl ¥ IPHPABHUBAA [MOAYYMBIIMECH BBIPAKEHHA, MBI [TOyIaeM
BOSMOXEHOCTE COCTABIATE ypaBHeI{PIH. HHOI‘,H,EI ITOT IIOAX0A OKa3bBAeTCH
QUEHE BRITOZAeH, Hampumep, ¢ €ro IOMOINBI) MEL AOKA3ad U3BECTHOE
CBOMCTEO GHCCEKTPHCH YIVIA TPEYIOABHUKA (TO, YTO GHCCEKTPHCA JeANT
MPOTUBOTIVIONKHYIO CTOPOHY B OTHOIIEHHH, PABHOM OTHOLIEHHIO GOKO-

BGIX CTODOH TPEYTONBHUKR, p= = p~; CM. JEKIHI0 3). Ja u Ha 3TOH
JIKIIMH PENMTE [EePBYI0 3ajady HaM MOMOIVIa CBL3b IVICHIaAM C Ie-
PHMETPOM TPeYTOABHHAKA H PaZRyCOM €ro BITHCAHHOH OKPYHOCTH. Bo
MHOTHX Y4eOHHKAX reOMeTPHH CBASAHHHE ¢ MOHATHEM TUIOMIAAH IPHE-
MBI pelllcHHA 3aJa4 JaXKe BEASNAIOT B OTAEABHEINR Memod naowadell.

[IpuBeaém enié ABa npuMepa.

3aaa4a 8. JlokakHTe, YTO ANMKMHA BUCCEKTPUCH TPEYTOABHMKA MO-
JKeT ObTh BEMHCAeHa no popMyne

2abcos &
= ——2
a+b ’
e d, b — JJIMHB CTOPOH, MEX/Y KOTOPEIMH NPOXOJAUT AaHHAS GHCCEK-
TPHCA, a ¢ — BeJIMYHAHA COOTBETCTBYIOIIEO YIVIa TPEYTOABHHKA.

Pewrenue. Pacemotpum puc. 6. [Inomagu TpeyromeHUKoOB ABD H
a a
2 L 2
nomans ABC pasHa Sabsina. Ho S ape = Sapp + Spep, OTKyAa moMy4a-
eM

BCD papHEr %al sin 5 1 %bl sin = COOTEEeTCTBEHHO. C APYTOH CTOPOHEL,

1ab sine 2absin 2 cos

I=1 2 - _ 2 az. 0O
2acin €4+ 2pein & a+b)sin =
2asm2+2bsm2 { ) >
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Bropas Hama 3aja4a CIOKHEE TIEPBOH, TaK YTO AKE HE Cpasy BUJ-
HO, KakuM 00 pazoM [OHEATHE IIOMAAH MOXKET IPHHECTH NOJB3Y [IPH €8
PELIEHHN.

3aaa4da 9. OKpY:RHOCTD pagmyca R xacaeTca mpaMoi | B Touke A,
AB — auamMeTp 3ToH OKpY:KHOCTH, BC — IIpoM3BONBHANA XOpAa, ToUKa D —
OCHOBAHHE IIepIIeHANKYAApA, onylicHHOro U3 C Ha AB. Touka E ne-
KUT Ha OpOAWIEKCHNM CD z2a Touky D, nmpuvyéMm ED = BC. Kacarens-
HEIE K OKPYKHOCTH, MIPOXOAAIINE Yepes TOUKY E, MepeceKAloT IPAMYEO |
B Toukax K B N. Hafigure KN.

Pemenue. Ipexae BCero 3aMeTHM, 9TC H3 YCIOBHA 3aJavH CAeIyeT
paBeHCTBO oTpeskoB BD u EF = EG (rae F, G — ToYKH KacaHUA ZaHHOH
OKPYXHOCTH ¢ IpAMbIMHE EN 1 EK, cm. puc. 7). B camom zaene, o cBoii-
CTBY KacaTelbHBIX (MBI ZOKAKEM €70 Ha CAeAYIomiel NeKIWH) UMeeM
EF*=EP-EC = (ED — DPY(ED+ DC)=ED?*— CD*=BC? - CD*=BD>

O6osHayuM Tenepk AK =KF=x n EF=EG=BD=y. Torga vy +EN=
=NF=NA=x+KN, EK=x+4y u DA=AB — BD = 2R — v. Hatigém

B
G
R
c 0 p
D
R
P Y
i
AXK N\
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wIowWajgs TpeyronbHuKa FKN: ¢ ofHOM CTOPOHEL, OHA pPaEHA NOJICBHHE
NpON3BEACHIUA BHCOTH DA Ha ocHopaHue KN. C gpyroi cTOpOHEL, Tak
Kak JaHHas OKPYKHOCTE ABAAETCA BHEBIMHMCAHHOH ANA TpeyrolbHHIKA
EKN, ero miowaae MoxeT OHITE HaliZeHa Kak ITpoM3BeleHHe pagdyca
R Ha pasHOCTb ero NOAVIEPHMETPA H ¢TOPOHEL EK. [lonymnepumMeTp Tpe-
yroneHuKa EKN paBeH, KaK HECAQXKHO 3aMETHTE, OTPE3KY NA, 3HaqMT,

MEI NOTYVYHAH YPABHEHHE %(ZR —y)JKN =R(x+ KN — (x+y)), otkyza
caegyet, uto KN =2R. a

3ajaqH AjA CAMOCTOATEARHOI( pPElIeHud

1. IIycTe BD — OHCCeKTpHCA gHeliiHez0 VITIA TpeyronbHHKA ABC (Touxa D
J;egzcm Aléa npamoit AC). JIoOKaKHTe, YTO BRHIIOAHEHO CIeayllee cOOTHOIIeHME:
DC ~ BC

2. Ha mockocTh Aan tpeyronbHuK ABC. HadfiguTe Bee Tousam M Ha IWTOCKO-
CTH, A/ KOTOPHIX BHIIOJHAIOTCA PABEHCTEA S 4 = Sepc = Scua-

3. Bocionbay#Tech CBOMCTBAMU IUTONIAJeH W AOKAKHTE TEOPEMY G MeAHa-
HaX TPEYTOABHEKA {MEIHAHE TPEYTOABHHKA IEPECeKAINTCA B OAHOH ToIKE U Ag-
AATcA el B OTHOWIEHHH 2 : 1, cIuTad OT BEPIIHHEL).

4. CTopoHa KBaJipaTa paBHa @, IPCH3BEACHUA PACCTOSHHIA OT IMPOTUBONG-
JMOMHBIX BEPUIHH J0 MpAMOL paBHB Mexay coboil. HaiiiuTe paccTosHue oT
[EeHTPa KBAAPATA A0 NPAMOi I, €C/IH M3BECTHO, IT0 HH OJHA M3 CTOPOH KBapaTa
HE TapaUIeabHa [.

5. B paBHOG&IpeHHOM TpeyTronbHuKe ABC (AB=BC) MenuaHa AD u Guc-
cextpuca CE nepnesnguxynapuel. Haligure yron ADB.

6. Halirre paguyc OKPYXHOCTH, BIMCAHHOH B ap6es1oc, eC/IH PafMyChl 10-
JIYOKPY)XHOCTEH, COCTaB/AIOMMIX apfernoc, paBHE F, R R+r.

7. YL TYIIOYTOABHOrG TPeyTOAbHHKA ABC yACBRACTBOPAIOT PABEHCTBY

sin(£A—£B) = sin® ZA —sin? ZB.
Haiiapre NepHMETp STOrQ TPEYTOMBHHKA, €CAH W3BECTEH pajuyc QIUCAHHOH

OKOJIO HEro OKPYKHOCTH R, a OJHH H3 €I'0 YIVIOB paBeH N

8. lnMHa CKPYHOCTH, CINCAHHOI OKOJI0 PABHOGEAPEHHOTQ TPEYTOIBHH-
Ka, B TpH pasa Ooiblle [UIMHE CKPY:KHOCTH, BIMCAHHOH B 3TOT TPEYIOJIBHIK.
Haiizpre yriasl TPEYTOIBHUEA.

9. OTpe3Ky, COSIUHAINNHE CHOBAHHUA BEICOT OCTPOYIOABHOTO TPEYTOABHH-
Ka, paBHH 8, 15w 17. HaliimTe [omags Tpeyro/lbHIKA.

10. B paBHOOEAPEHHYIO TPATIENMIO, TEPHMETP KOTOPOi paBeH 8, a IIomalb
2, MOXXHO BIIMCATH OKPY:KHOCTB. HaiiauTe paccToAHNE OT TOUKM NepeceyueHHs
JAuarcHasei Tpameim Ao e MEHBIIETO OCHORAHuA. B TpeyromeHuke ABC yron
£B papen 120°. IIpoeeaém OuccexTpucH AK, BL 1 CM YIVIOB TpeyroabHHKA.
HaiiauTe penwuHy yraa ZKLM.



Jlekmud 5

OKpPY>XHOCTHU U YIJIbl, ¢ HUMHU CBA3aHHbIE
(mpu3HaK BIHUCAHHOTO YeTHIPEXYTOJbHHUKA)

Ha 3Toi fieKpK Mbl HAYHHAEM OOCYMASHME HOBOIQG KDPyTa TEOMET-
PHYECKHX HAEH 1 METOAOB, @ IMEHHO ECETO TOTO, YTO MOXKET OBITH CBA-
3aHO €O CBOMCTBAMU okpyiHOocTell. Hago ckasaTs, uro 6v0 OB MpaKkTH-
9ECKH HEBOZMOKHO II€ PeYHCIHTE 3AECHh BCE FEOMETPHYECKHE PDesYIBTATHI,
TaK WK MHa4Ye OCHOBAHHEIE HAa 3THX CBOHCTBax. IlosToMy B 3TOM M IIO-
CIEAYIOIMX AEKIIAX MBI JIHIOE TOCTapaeMcs JaTh YHTATENK obee mpej-
CTaB/lICHHE O TOM, KaKHe reoMeTprdeckHe 60raTcTea CKpHBAKTCA 3a Te-
MH MMPOCTHIMH $aKTaMH, 3HAKOMCTBO ¢ KOTOPHIMH MBI ceiiuac HAuHEM.

J14 Hadana BCIOMHHM TIPOCTOE YTBEPKASHHE H3 MIKOABHOI'C Kypca
reoMeTpHH.

Teopema 1. Yzon, anucanHsliil 8 HEKOMOPYIQ OKPYHCHOCTIL, DABEH NO-
AOBUHE UYEHMPAALHOZ0 Y20 MOU Xee OKPYICHOCMIL, ORUPRIOUE20C HA
coomeememayiouyo ovay (cm. puc. 1}.

HamoMuHM, 9TO eRucaHHbM HA3HBAETCH
Yrof, BEPUIMHA KOTOPOTO JIENKHUT HA OKPYKHO-
CTH, 8 CTOPOHBI IIEPECEKAIOT 3TY OKPYKHOCTD
B TOYKAX, OINYHEIX OT BEPIIUHE YI7a, T.€. Ha
puc.1 ato yron ABC. IIp1 3TOM roOBOPAT, 4YTO
yron ABC onupaemca na Oyzy AC. Llenmpann-
HbiM K€ Ha3blBalOT YIoJ ¢ BepIIMHOM B IeHTpe
OKDYXHOCTH, T, e, yron AQC Ha puc. 1. Kpome
TOr0, HATTOMHHM, YTO TIC ONpeAeleHHIO YIVIOBaA Puc. 1
(rpagycuasn) Mepa AYTH HEKOTOPOH OKPYAHOCTH
paBHA TPaAYCHON Mepe COOTBETCTEYIOWMETO STOH Ayre IeHTPAaNbHOTO
yra, IlosToMy yTRepJeHHe TeopeMHBl 1 4acToe POpMYyIHPYIOT TaKUM
ofpazoM: gnucaHHbiil y2on pasen nonosuxe dyzu, HA KOMOPYH OH ONu-
paemcs. 3TO NPOCTOE YTBEPKACHNE, JOKA3aTEABCTBEO KOTOPOr0 MOXKHO
HaliTH B M06oM yucbHHKe, Ype3BRYaiHO BAKHO AN NPUAGKeHM. Jna
Havyana OTMeTUM HeCKQMBKO OYEBHMIHEIX cAeACTBUH U3 TeopeME! 1.

B
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1. /laa snucaHHbix Y2Aad, onUpmouiuecst Ha pasHble 3y2u, pABHbL MeXC-
dy cobotl. B uacmuocmu, daa vena, onuparoiuecs 1a o0y u my dce dyzy,
puasHbe,

2. Yenwt, snucanune ¢ 00Ky U MY IKe OKPYNCHOCIL, pUstbi, ecau
U MOALKD eCiU OHU ONUPAKIMCA HA PASHbIE xopdbt.

3, Tunomenysa NPAMOY2ONILHOZ0 MPEY2ONbHUKG Aaafiemcs Juament-
POM OKPYHCHOCHIU, ONUCARHOTL 0KOAO 3Moz20 mpeyzorsHukda. Taxum 06-
PUA30M, UEHMPOM 2MOTl OKPYICHOCHIL CAYMUM CepedUHa 2UNomeHy3bl,
a eé paduyc pasen noaosuKe 2unomenysst. B uacmuocmu, npamovzonvhse
mpey20asHUKL ¢ 06uell 2unomery30il UMEM OOHY U Ty e ONUCAHHYI0
OKPYHCHOCT.

4. Ecau sce sepruHbl YenbIPEXY2OAbHUKA JCHCAN HA OKPYICHOCMU,
N0 CYMMQ €20 NPOMUBONORONCHBLX Y2A08 pasta 180°.

5. Y201 mexcdy xacamenasHoll K OKpYXCcHOCIU U X0PpO0L 3moll OKpyHc-
Hocmu, npoxodsuieli yepe3 mouKy KACAHUA, PAGEH Y21V, ONUPTIOUEMYCH
Ha OaHHYIO XOpaY.

TocneaHee yTBEPKICHNE CASAYET U3 PACCMOTPEHHMA PABHOOEAPEH-
HOTO TPEYTOABHUKA, 00paz0oBaHHOrO XOpA0H H paglycaMy OKPY)KHOCTH,
NpOBCASHHEIMU B €& KOHLE. Ecan ero LeHTpansHHE yron paeeH 2d, TO
YTJIEL IPH OCHOBaHWH OYAYT PABHE g — a, CISAOBATENbHO, YTOA MEXAY
KacaTeNbHOH 1 X0pAo# paBeH « (Tak KaK paguyc, IPOBEAEHHEI B TOUKY
KacaHm, NepIeHAUKY/IAPEH KacaTelbHot), Ye 3TUX IPOCTHX (akToB
6BIBAET AOCTATOYHO, YTOOH PEINMTh MHOTHE 3a/auv, Hanpumep, J0Ka-

KEM TEOPEMY 0 BBICOTAX TPEYTOJILHHKA.
Teopema 2, Boicoms! MpeyzoabHUKA NEPeceKaIOmea 8 o0Hotl mouxke.

HJoxazaTenscTBo. A DpOCTOTEL H3- C
JMOWKEHHA MBI OTPAaHHMHMMCA PacCMOTPEHH-
€M OCTpPOYI'OJLHOTO TpEYroibHHMKa. WTak,
mycTk BBRICOTHI AK M Bl TpeyroibHHMEKa L
ABC nepecexarwoTed B Touke H. Jlaa mo-
Ka3aTeNbCTBA TEOPEMBl ACCTATOYHO MTOKA- K
3aTb, 4YTO IpAMasa CH nephneHIWUKYAApPHA H
cTopoHe AB TpeyroiabHKKA (CM. pHC. 2). A

Ho cormacHo 1.3 NpHBeAEHHBX BBI- \
e HabIIoAeHH Y TPeyronbHUKOB ABK 1
ABL ofmias omMcaHHAs OKPY)KHOCTB, TaK
e Kak U y TpeyrorpHukeB CHK u CHL. OTciofa cneayeT paBeHCTBO
LKAB= ZKLB= /ZKLH = £KCH = £ZBCH. Ho Tak kak yron £LKAB zo-

}—B

Pric. 2
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nomEgaer LABC po 90°, To e caMoe BepHO M And yrina ZBCH, a ato
SHAYMT, ¥TO IpaMan CH neprnieHAUKYAApHA AB. |

JokakeM Teleph Ha OCHOBAHMM CASMAHHEBIX Bbillle HaOmogeHWH
HECKONMBKO BAKHEIX YTEEPKIACHWE O CBOMCTBaX VIIOB, KacaTeNbHEIX
H CeKyIOHX, aCCOIMWPOBAHHBIX C OKPYKHOCTBIO.

Yreepxaerue 1, Ecau mouxa M nexcum HA paccmOAHUU d OM YeH-
mpa oxpyxcHocmu paduyca R u R > a, mo 0aa aoboii xopdst AB amoii
oKpYxRcHOCMU, npoxodaueit uepes mouky M, npoussedenue daun ompes-
ko8 AM - MB pasho R* -2

HJokazaTenwcrpo. Ilycte CD— npous-
BOJIBHAA XOPJAa, OTIHYHAA oT AB, mpoxogaman
gepes M. PaccMOTpHM TpeyroabHHMKHM AMC
u DMB (cm, puc, 3). U3 ceoiictea 1 cie-
ZyeT, ur0 LCAM = ZBDM, LACM = ZDBM,

a CIeAOBATENRHO, OTH TPCYTOIBHHKH l'[Oﬂ,Oﬁ-

AM DM
Hbl. [loaToMy mr = Far, OTKyAd TIOMydaeM

AM -MB=CM - MD. B 4acTHOCTH, eCJIH MH
NMpoBeZEM Yepes TOIKY M auamerp PQ okpyx-
HOCTH TO NOAYIHM Puc. 3

AM -MB = PM -MQ = (PO - OM)(0Q +OM) = R? — a2 O

ABoiicTBeHHBIM 06Pa3OM MOXKHO AOKA3ATE YTBEPKAcHHE, CBA3HBA-
IOTIEE JUIMHEB] KACATENBHEIX W CeKYIIMX.

Yreepxaenue 2, Ecau mouxa M nescum Ha PACCIMOSHUY @ OM YeH-
mpa oxpyscHocnu paduyca R u R < a, mo dna awboll cexyweil AM, us
KOMOopotl OKpYXcHOCMb 8bicekaerit xopdy AB, npouzeedetiue dnun ompes-
xoe MA - MB pasno a® — R

Jloxa3aTeJbCTBO B OCHOBHOM IIOBTOPAET NPEeABIAYIIHE PacCyRAe-
Hud. B 3TOT pas paBeHCTBO yIA0B LCAM v /BDM cnefyeT U3 TOTO, ITO
OHH 0fa JOTMONHAKT A0 paseépHyTore ZCDB. KpoMe TOro, pasHocTH
KBaZpaToB a° — R? B 5TOM clyd4ae MOKHO NPHZATb TeOMeTpHYecKUit
CMEBIC/I: OHA pAaBHA KBAAPAaTy JJMHEI KacaTelnbHoH MT, mpoBeaéHHON
K JaHHOHM OKPYXKHOCTH M3 To9kH M (9To cieayeT u3 TeopeMH [Iuda-
ropa). B aoGaeox, paBeHcTBO MA - MB = MT? MoxHO ZOKA3aTh HETo-
CPEeACTBEHHO, PacCMOTPER TpeyTOABHHKH AMT u TMB (cM. pHc. 4): oHI
nmogo6HE, Tak kak ZM v Hux obmmii, a LTAM = £ZBTM cornacHo no-
cileJHeMY 13 BEILISTPUBSIEHHEIX YTBEPHKICHHI. |
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Puc. 4

YrBepxaenue 3. B ycroauax ymaepsicdenusn 3, yzon mexcdy npsimbi-
mu AB u CD paaen nonycymme dyez AC u BD, a @ ycrosustx ymeepxcde-
HUus 2 ROML JKE Y204 PABEH ROAYPAIHOCIRU YKA3AHHBEX OY2.

JoxazaTenbcTBo. MEI OrpaHUYMMCA TOMBKO BTOPHIM CAydaeM, Iep-
BadA YacTh JOKashbiBaeTcA abCOMIOTHO aHanormyHo. HMTak, paccMoTpuM
TpeyronsHuk MBC (cM. puc. 4). C ogHOM CTOPOHBI, erg BHEIOHHI YTofl
ZCBA paBeH MonoewHe AyrH AC, a ¢ Jpyroil CTOpPOHEL, IO CBOHCTBY
BHEIIHETO YI/a OH paBeH cyMMe yroB ZMCB u ZCMB. IlepBrLi u3 3THX
YIIOB OIIHpAaeTCA Ha ayry BD. |

JokazaHMEIe HAMH TOABKO YTO $AKTEL 9acTO HCMOAB3YIOTCA IIPH Pe-
IICHHH FeoMeTpHYecKuX 3ajad. Hampumep, nx yAoOHO HCIIONB30BAThH
JUI COCTABIeHHA YPABHEHMA. [IpUMepEL TAKUX 3489 NPUBO/IUIACE Da-
Hee, MBI ke A1 WLTIOCTPANHH JOKDKEM CISAYIONIYK TEODEMY.

TeopemMa 3. Feomenipuueckum MeCmomM MoueK nepecedeHus Kacda-
IMEABHBIX K OKPYHCHOCHIU & ¢ YeRmpom O, NPoBeEHHbIX Yepes MouKy A
u B — xonybt npouasonshoil xopOst, npoxodsuyeil Hepes GUKCUPOBAHHYK
mouky M sHympu okpyxcHocmu, sensenmca npaman 1, nepnenduxynap-
Has OM (maxum obpaszom noaomcenue amotl NPpamotl 3asucum NoasLKo
O NOAOMEHUR mouKu M).

JoxasaTenncTso. [lycrh X — TOUKA [IepeceYeHns YKasaHHbIX B yOIO-
BUH 333U¥ KACATEMRHBX. [T TOTO YTOGH AOKA3ATh YTBEPIKACHHE TEO-
peMEBl, AOCTATOUYHO MOKa3aTh (CM, BTOPYIO JEKIHI0, KPUTEpPHH IepleH-
JUKYNAPHOCTH ABYX OTPESKOR), YTO 3HAYEHHe pasHocTH OX? — XM? He
3aBMCHT OT BhIGopa Xopatl AB, npoxoaameii yepes M. Ilyete € — Touka
nepeceverus npaMex OX U AB (cM. puic. 5), R — paguyc oKpY:HHOCTH w,
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Torga mo TeopeMe Iindaropa mmeem
OX2 = RZ 4+ AX? = RZ+ AC?+CX2%, XM?=CXZ+CM?2,
NMoaTOMY
0X2— XM2 = R2 4+ (AC?2 - CM?) = R2 4+ (AC+CM)(BC —CM) =
= R?4+AM-MB = 2R? —OM>.

Hao6opor, 1z moboi Touky ¥ Ha HaHAeHHOM NEPNEHAUKYILIPE MOMXKHO
NpPOBECTH KacaTeNbHYI YK K OKPYIKHOCTH . [TporegeM xopay KL yepea
TOYKY Kacauua K U JanHyio Touxy M. PaccMoOTpHM KacaTelbHYIO K w,
npoxoAamyro depes I Todka ee mepeceueHns ¢ YK AO/DKHA J€XKaTh Ha
TOM He NepHeHAUKyIIpe kK OM, uro u ¥, ciiefoBaTenbHO, OHA COBIALAET

cY. a
A

Puc. 5

OTMeTHM, B YaCTHOCTH, YTC M3 ZOKA3AHHOTO CAEAYeT, YTO BCe Xop-
JBL, COeJUHAININE TOUKH KACAHWA AAHHOH OKPYKHOCTH o ¢ TIPAMBIMH,
HNPOXOSIIMMH Y€pes MPOM3BOJBHYIO TOUKY X, TIPUHAAJEKANYE (K-
CHPOBAHHOH NpAMOol | (MpH YCAOBHH, YTO | He MepeceKaeT ), Ipo-
XOJAT Yepes OHY M TY ke PHKCUPOBAaHHYVIO TOYKY M BHYTPH OKPYK-
HOCTH. [lonyueHHOe B3aMMEHO OAHOSHAYHOE COOTBETCTBHE MEXIy IIpA-
MEIMH M TOYKAMH HA3RBAETCHA NOAAPHbIM npecBpascaanuem, Toaka M
HA3EIBAETCA NOAOCcoM NPAMOI [, a | Ha3bIBAIOT B TAKOM CJIydae noAspoil
TOUKHA M (1 TO K Apyroe — OTHOCHTEIBHO OKPYKHOCTH ). KpoMe Toro,
BEAMYNHY a® — RZ, BCTPEYaoIIyIOcs B YTBEPKACHWAX 1 M 2, HashIBAIOT
cmenenbo mouku M omuocumensHo aaHHOﬁ. OKDYMRCHOCITLL. JTO IOHATHE
9acTo OKazbBaeTCA TIOJIC3HEBIM A4 TIPUAOKEHUIA.

Ilpueeaém emé OgHUH NpUMep UCIOAL30BAHNA CACMTAHHEX HAMHA Ha-
6mogeHUNA. B TpeThel AeKIMH MEL JOKA3aaH $OPMYAY, CBA3BIBANIIYIO
ZNMUHY OHCCEKTPHCE TPEYTOABHUKA ¢ AAMHAMU CTOPOH, MEKAY KOTOPEL-
MM OHA TIPOXOAMT, H ¢ ZIHHAMM OTPE3KOB, Ha KOTOpHIE OHA ASAHT TY
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CTOPOHY, KOTOPYIO IepecekaeT. Ceifyac Mbl NIPUBEAEM ellé OfHO AOKA-
3aTeMBCTBO 3TOrO daKTa.
Hrak, paccMoTpuM TpeyranbHEK ABC, C
nycTe CD — GuccexTpuca yma JC 3TOTO Tpe-
VTOARHHKA. OnuimeM Okomo ABC OKpYK-
HOCTE M mpodonkuM CD a0 mepeceydeHud ¢

aTOU oKpyxkHOCTRIO (Touka E, pmuc.6). To- A D B
raa ZCAD = ZCEB Kak OIMHpPAIOHECH HA Of- ¥ x
Hy M Ty € AYTy ONUCAHHON OKPYWHOCTH, M W
ZLACD = ZECB, tak Kak CD — 6uccekTpuca. E
TMozToMy TpeyroneHUEN ACD 1 ECB noao6HEr,
OTKyAa [0 CBOHCTBY NOZOOMA IIOIYYaeM pa- Pric. 6
BEHCTED

SC=%, wm AC-CB=EC-CD.
Tloatomy

CD? = (EC—ED)-CD = EC-CD—ED-CD = AC-CB— AD-DB.

Tocneanee paBeHCTBO CAEAYET HEMOCPeACTBEHHO U3 YTBEDKAeHHA 3.

OTMeTHM KCTaTH, YTQ M3 3TOre Ke MOCTPOSHHA MOXKHO TIONYYHTE
H ApYyTOH peayasTaT — CBOHCTBO OUCCEKTPUCH ASAHTE MPOTHBOIOMOK-
HyIC CTOPCHY B OTHOIIEHWH, PABHCM OTHOINEHHWIO CTOPOH, MEXKAY KOTO-
PEIMH OHa IMPOXOJUT. A UMeHHO, Tak Kak SACE = /BCE, paBHH H OT-
pesk AE u BE. OfozHaunM ux AnuHy 6ykeo# x. Torga M3 nozobus
TpeyroabHUKOB ACD 1 EBD cneaver, 4To

AC _ CD DB —
<~ — pgr WH AC-DB=x(CD,
AHaNOTUYHO M3 MoA0OUA TpeyronbHukoR BCD u EAD momygaeM
AD-CB=x(CD,

AC _AD
TlpyupaBHMBas TOTYYEHHEIE BRIPKEHUA, TIOTYIAeM =p = 75

Fmé opHuM caeACcTBUEM U3 pacCMaTpUBaeMOi KOHQUI'ypaIliy ABAT-
eTCA CIeAYIoIEee YTBEPHACHHE, N3BECTHOE KaK

DopMyna Jilepa AMA PaccTOAHHA MEKAY NeHTpaMH BHHCAH-
HOM M onmMcaHHOH oKpyixHocTel. Ecaiu R — paduyc okpysxcnocmu, onu-
carnoll oxono mpeyzoashuka ABC, a r— paduyc oKpyXCHOCIU, BRLUCAH-
HOU 8 3MMOM MPEYZONBLHUK, MO PACCINOAHUE MeHOY UEHMPAML YKA3AH-
HbIX OKpYXcHOCMEN BbuUcAseEmea no Hopmyne

d* = R? — 2Rr.
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Puc. 7

JokazaTeascTBO. PaccMOoTpM Ha puc. 7 TpeyroasHHk AID (I —
LEHTp BIHCAHHOMA OKpPYHKHOCTH). B CHAy paBeHCTBa YIVIOB, ONHPAO-
LUIMXCA Ha OZHY AVTY, B HEM yron JAD papeH nmorycymue yyioe A u B
TpeyrosisHuka ABC. C Apyroil cTOpoHEL, yroa AID 3Toro TpeyroJabHHKa
ABAAETCA BHELIHMM NpH yrie | TpeyrofbHuKa AlB, clnefoBaTebHO, GH
PaBEH CYMMe BHYTPEHHHX YIVIOB A U B 3TOro TpeyroAbHHKa, T. €. TOH
He camoil momycymme. CleJoBaTeNbHO, TpeyroAbHHK AID paBHOGeZ-

peuntiit, AD =ID. Ilo Teopeme cuuycon ID = AD =2Rsin %. C apyro#
CTODOHBL, B3 TpeyrofAbHuKa BIT, rae T — To9Ka KacaHmfa CTOpDOHHEL AB
¢ BIMCAHHOHN OKPYKHOCTBIO, TIOTYIaeM

I
BI—smé_B.
2

Tenepb MBI MOXKEM NPHMEHHTE VTBepKAeHHe 1 K Xopae BD onmrcaHHOA
OKPYKHOCTH:

R:—d*= BI-ID = —= -2Rsin 5 = 2Rr,

sin —
2

OTKyAa [MOTy4aeM TpeﬁyEMOE YTBEDKACHHUE. O

OZHHMM U3 caMBIX MTOZE3HEIX U3 CBOICTB BIMCAHHEIX YTJIOB, MOAYICH-
HBIX BEIIIE, ABAAETCH IIYHKT 3us NEPEYHUCACHHBIX B HAYAIE TEKIHHA IIATH
NPOCTHIX CAEACTBHN 13 TeopeMsl 1. A UMEeHHQ, OHO AB/SETCH KpUmeplem
CYUIECIMB08AHUA OKPYWHOCMI, npoxodaell uepe3 HECKORLKO Mouek (Ko-
HEYHO, TOYCK AODKHO OBITh 4 RN Ooblle, HHAYe BOPOC TPHBHAAEH),
Ecn Touek poBHO 4, TO YTBED¥ACHHUE TAKOTO PoJa TAaKKe HA3EIBAIOT
Kpumepuem gnucannocmu uemsipéxyzonsnuxa. Mz Bcex USBECTHRIX KPH-
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TEPUEE BIHCAHHOCTH YETHIPEXYTOABHUKA BAKHEHINNM [y MPHIOKe-
HHUH ABIAETCA cheayiouee 06061eHHe 3TOre YTBemKAeHHS.

Teopema 4, mouku A, B, C u D nexcam na 0OHOI OKPYHCHOCTILL, €CTIU
U MOABLKO ecalt aulnoaHeHo A0b0e U3 caedvioujix paseHcmae:

ZLABD = ZACD (1)

(npu ycrosuu, ume mouku B u C nexcam no 00HY cmopoHy om npsmoil
AD) unu

ZABCH+ ZADC = 18¢° (2)

(npu yorosui, umo mouku B u D nexcam no pasHuie cmopoxst om npamoil
AC).

Mpexae 4eM ZOKASHIBATE OTY TEOPEMY, epedopMyIHpYeM & yTBep-
SKAeHHUE CAeAYIONIM 00pa3oM: TAK KaK CYMMAa YIVIOB JO00Or0 TPEYTOiE-
HUKa paBHa 180°, a cymMMa yIioB /Eo0QTO YETHIPEXYTONBHWKA paBHa
360°, BmecTo paBeHCTE (1) ¥ (2) MOXKHO COOTBETCTESHHO HAITHCATD

ZBAC+ /ACD = ZABD + /BDC 3

ZLABC+ ZADC = ZBAD + ZBCD. €Y

3aMedaTeArHO TO, 9TC paBeHCTEA (3) H 0coBeHHO (4) HHKaK He 3aBHCAT
OT TOTO, YeMY PaBHa CYMMa VIVIOB TpeyToAbHHKa. Bodee Toro, B HOBOM
$OpPMyNHMPOBKe TeOpeMy 4 MOMKHO AOKA3aTh HE3ABHMCHMO OT CBOMCTE
NapaIAeNbHEX JUHWH! ClegoBaTenbHo, paBeHceTBa (3) u (4) apasgiores
KpPUTEepHEM BIIHCAHHOTO MEeTHPEXYTONEHHKA B abCOMIOTHOH TeOMeTpIH
(T. €. reoMeTPHH, He HCTIONBIYIOWRH 5-ro nocTynata EBwanga, HampH-
Mep reoMeTpHH Ha cdepe, M Ha IIocKecTH JlobadeBekoro)!

JoxasarenncTso. [Ipexae Bcero 3aMeTHM, YTO BHIOJHEHHE Da-
BeHCTB (1} 1 (2} Ang BOMCAHHOTO YETHIPEXYIOJIBHUKA CAeAyeT HEIg-
CPeACTBEHHO U3 CBOHCTE BIIMCAHHLIX YIVIOR (B aBCOMIOTHOM cydae Hao
PaccCMOTpeTh paBHOOeIpeHHEIE TPEYTONBHHKN, 0Opa3oBaHHHE PajHy-
caM, TPOBSAEHHEIMM B BepIUMHEI YeTHpEXyToNsHMKa). HaM ocTamocs
JOKA3aTh TONBKO 0OpaTHOE yTBEpXAeHHue. B Hainell AexIuu MBI IpH-
BEeAEM OOBMHOE, EBKIHIOBO, AOKA3ATEIRCTBO IEPROM TaCTH PABEHCTRA
1 «abCOMOTHOEe» JOKA3aTENbCTBO BTOPOH JacTu,

MycTe Ans ToueK A, B, C, D BHIIOAHAETCA paBeHCTBO (1), OmmieMm
OKPYIKHOCTE OKOMO Tpeyronbhuka ABD. Ecnu Touka C TeKUT Ha Hel,
TO YTBEPKACHUE TEOPEMEI BEIMIOAHEHO, AOKASHBATE HHUYETC HE HAaZO.
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B nmpoTHBHOM Cydae 0G03HATHM TOUKY NEPECeYeHI 3TON OKPYXHOCTH
cipAMoi AC 6ykBoii C’. Mel 6yaeM CHATATB, 9TO TOUKA C’ IEHUT MEKAY
A H C (cM. puc. 8). Ecnn Hao6opot, Touka C’ momajaeT Mexkay A u C,
Hallle AOKA3ATEALCTBO He HM3MeHHUTcd. PaccMort-
pUM 4YeTHIpEXyToMbHUK ABC'D. Bce weTHpe €ro
BepIIMHEL TeXAT Ha 0THOH OKPY>KHOCTH, IO3TOMY
A HUX BBEOIQJIIHAETCA papBeHCTBO (1), LABD =
= /AC’D. OIHAaKO COTMAacHO YCAOBHIO ZABD =
= ZACD, cnegopatenvho, ZACD = ZAC'D. Ho
U3 3TOro Cnexayet, 9ro AC||AC/, uero e Moxer
OBITE,

YroOH AOKasaTk BTOPYIC YacTh AOMYCTHM
ZAS OmpeAenéHHOCTH, 4To LABC > LBAD u me-
pernuineM paseHCTEO (4) B BUAE Puc. 8

ZABC — £BAD = ZBCD — ZADC.

Tenepr oTacxHuM oT npamoil AB B Touxke B yroa, paBHbIA £BAD,
a ot CD B Touke C — yron, paBHerl LADC (cm, puc. 9), ME DOIy4UM TPH
papHOGEAPEHHEBIX TpeYrONEHUKA ALB, BNC u CMD, GHCCEKTPUCH YIVIOB
npH peplnyHAax L, M U N 3THX TpeyroibHHKOB GYAYT ABIATECA BHC-
CeKTpHCAMH BHYTPCHHMX VTIOB TpeyroabHuKa LMN, cieioBaTensHo,
OHM NEpeceKarnTcsd B OJHOH TOUKe — IEHTPe BIIMCAHHON OKPYXHOCTH
YKA3AHHOTO TpeyronbHuKA. Ho ¢ Apyrof ¢TopoHBI, 3TH GHCCEKTPUCH
ABJAIOTCA CePeAHMHHEIMH [IEPIeHIAKYAApaMH K cTopoHaM AB, BC u CD
HeTHPEXYTONbEHMKA ABCD, IOSTOMY TOYKA UX NepeceveHHA paBHOyAA-
JIeHa OT BCeX €ro BepIlHH. |

Mbl HacTOATENTBHO PEKOMEHAYEM 3aMHTEPECOBAHHOMY YHTATEINIO
CAMOCTOATENEHO TIPHAYMATh «abCOMIOTHOE» AOKA3ATENbCTBO MEpBOM
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9acTH U eBKIMJOBC A0KA3aTelbCTBO BTOPOil 4acTH TeopeMEl 4. Kpome
TOr'O, €l¢ OfHO AOKA3aTeNBCTBO, OCHOBAHHOE HA TeOPeMe CHHYCOR, MBI
NpeATaTaeM B KAYCCTRBE YIPaKHEHHA,

3aaa4dH 414 CAMOCTOATEABHOrO pPelIeHHA

1. Jloka®uTe, 4TO Tpamelmds MoKeT OLITh BIUCAHA B OKPYHHOCTb, eCiH
H TOABKO €CAH OHA PABHOOEADEHHAA.

2. Tpu IpAMEE MEPECEKAKTCA B QAHOM TOMKE W 06pasyloT Apyr ¢ ApyroM
pasHule youpl. M3 Touki M, omIMHOI OT TOUMKH NepecedeHds MPSAMBIX, Ha JaH-
HEIE TIPAMEBIE OMYIIECHH NEPIeHANKYAAPH. Haliapre Yyl TPEeyToapHIKA ¢ BEp-
NIHHAMH B OCHCBAHWAX 3THX NEPIEHAMKY/IAPOR,

3. Ha wrockocTH HapHCoBaH NpaMoil yron POQ. Haiigire reomeTpidecKoe
MeCTO TOUeK , ABAAIGIINECA BPIIMHAMM TIPAMOrO YTIIAa PABHLIX Mex Iy coboit
OpPAMOYTOMLHBIX TPEYTOMIBHHKOB ABC, e BeplnHMHA A 3THX TPeYTOIRHHMEOB
JIeXXUT Ha ayde OP, a BeplInHa B — Ha jayue OQ.

4. (3azaua KonepHika.) Kakyio KpHBYIO IpoOeraeT ToUKa Ha TPAHMIE KPY-
ra Paziyca r, KOTAA 3TOT KPYT KATHTCHA Be3 IPOCKAAb3RBaHug TI0 BHYTPEHHEH
CTOPCHE OKDY:KHOCTH pagHyca 2r?

5. B TpeyronbHuKe ABC BIOHCAHHAA OKPYXKHOCTL A¢IUT MeIHaHY, TIpOBe-
ABHHYKO HA BEPIOHHH A, HA TPH PaBHBE YacTH. Hafigure oTHOOIEHIE CTOPOH
TPEYTOAbHHEA.

6. Oxono TpeyromeHUKA ABC ommcaHa oKpy:EHOCTh. TIycTh DpOADEEHAT
OHCCEKTPHC VIVIOB £A H £B TPeyTOIBHHKA IEepeceKaloT 3TY OKPYKHOCTE B TOY-
Kax P u @ cootBeTcTBeHHO. Ilyete M 1 N — Tovu nepecedeHHa oTpeska PQ co
cropoHamu AC v BC tpeyromenuka. Joxaxkure, wro CM=CN.

7. Xopasl AB 1 CD 0gHOH OKpYKHOCTH IEpIeHANKWIAPHE, AC=a, BD=b.
Ha#iaure pajuyc AaHHOH OKPYXHOCTH.

8. Oxono paBHOGEIPEHHOTO TPEYTOABHEKA ¢ BOKoBOH cTOpoHOHN 1 1 oc-
HOBaHHEM ¢ CIHCcAHA OKPY)KHOCTE. XopZa AB 3Tol OKpy/XHOCTH NepecekaeTcA
¢ BOKOBBIMM CTOPOHAMHM TPEYTONBHMKA H JSTUTCA HMU Ha TPU PaBHEIE YacTH.
Ha#iggre A7HHY STOH XODABL

9. Joxamure, yTO UEHTD ARG0H BHERNHCAHHON OKPYKHOCTH JOOGOTO Tpe-
YIOJABHHKA JEKHT HA OKPYKHOCTH, NIPOXOAALIEH Yepes BepIUHHEL CTOPOHEL, KO-
TOPOH KACACTCHA AAHHAA OKPYXHOCTB, H YEpPEe3 IEHTD BIHCAHHON OKDYHHOCTH
9TOT0 TPEYTOABHHKA.

10. BocnionmeayiTecs TeopeMoii CHHYCOE, YTOOE HAiTH pACCTOAHHE OT CTO-
POHBI TPEYTOAbHHUKA J0 IEHTPA ero OMHCAHHOH OKPYHHOCTH B 3aBMCUMOCTH OT
JUTMHBL JAaHHOM CTOPOHBL ¥ BETHYMHEL Y714 TPEYTOALHHKA, IPOTHBOMOIOKHOTO
2TO# cTopoHe. MCIonb3yiTe IOMyYEHHRI PEIVABTAT A1 ACKA3ATENbCTBA [IPH-
SHaKa BIIMCAHHOTO 9eTHIPEXYTOABHHKA {cM. TeopeMy 4). ABndeTcd JH NoMydYeH-
HOe J0Ka3aTeNbCTBO «afCOMIOTHBIM»?



Jlekniu4a 6

MeToa BCIOMOraTeabHON OKPYKHOCTH:
npaMmasa CUMcoOHa, TeopeMa BpeTinaenaepa

B npeapipymieii €KUM MBIl HAYAIHM 3HAKOMMTBCA €O CBCHCTBAMH
BIIMCAHHBLIX ¥ NEHTPAJBHBEIX YIVIOB U CAEACTBHAMH 3THX CBOMCTB. Of-
HUM M3 BRXKHEUIIWX pe3y/ibTaToB, AOKA3aHHBIX HAMM, SBISETCA IIPU-
SHAK BIIMCAHHOT'O YeTEIPEXYIOAbHMKA. HanmoMHHAM ero:

yemuipéxyzonuHux ABCD MOXCHO 8nucamo 8 OKPYHCHOCTIb, eCal
U MOABKO eCAU SBINOAHALHICA Ji000e U3 CAeOYIOUUX PA8eHIME:

ZABD = ZACD unu ZBAD 4+ /BCD = 180°.

MpupeaéM Temepbk HeCKONBKO MPHUMEPOB TOTO, KAK TOT MPH3HAK
paboTacT IpH AoKa3aTeNbCTREE TeopeM. HauHEM ¢ IIMPOKO M3BECTHOTO
YTBEPKACHIA, HABEIBACMOTO meopemoll o npsmoil Cumcond.

Teopema 1. Touxa M nexcum HA OKPYJHCHOCMU, ONMUCAHHON 0KOR0
mpeyeonsHuka ABC, mozda u moavke moezda, ko2 0CHOBAHUA nephex-
duxynapoe, onyuennsex uz M na npamote AB, BC u CA, rexcam na odHoi:
npamoil.

JoxazaTeascTso. /i Hagana IyCcTh
TOYKA M Je)XHT Ha ONHNCAHHOH OKPY)KHO-
T TpeyroibHuka ABC. [Tyete P, Q U R—
OCHOBaHHA [IePIeHAUKYIAPOE, ONyIOeHHbX
H3 M Ha CTOPCHBI TPEYTOIBHHKA WIA HX
npoaonxednd (cM. puc. 1}, PaceMoTpuM Ue-
TEPEXYIOIBHHIK PAQM . Tak Kak cyMMa ero
MpOTHBONONCHKHEX YIAOB paBHa 180° (no-
CcKOMBKY £ZMPA=90°, ZMQA =90°), orono Puc. 1
JTOrQ JETHIPEXYTOABHHKA MOXKHO OIIHCATh
OKPYXHOCTE, CIel0BAaTeAbHO, 10 CBOHCTBY BIMCAaHHEIX YIMIOB /PMA =
= /PQA. AHalIOTMYHEM 06pasoM, CYLIIECTEYET OKPYKHOCTE, ONMMCaHHan
OKOMo HYeThIpéxyTanbHUKA MCRQ (Ha 2TOT pa3 moMoraeT paBeHCTEO yT-
n0B £LMQC =90° = /MRC), ciegopatensHo, LRQC = ZRMC. Hakouell,
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TaK KaK B YeTHPEXyronbHEKe PBRM cyMMa IIPOTHBOMOMOKHBIX YITIOB
paeHa 180° (LMPB = ZMRB = 9(0°), OH TOXe ABIAETCA BIIHCAHHEIM,
OTKyAa nomydaeM £PMQ=180" — 8, rae f — yron npH Bepiurne B Tpe-
YTOABHUKA. C APYTO# CTOPOHE], YeTHPEXYTONEHUK ABCM ABAseTCA BIIH-
CAHHBIM [0 YCAOBHIO, 3HA1NT, LAMC =180° — 8 = /PMR, oTKyaa cie-
ZyeT paBeHCTEO yIOB £ PMA = ZRMC. CnegosarensHo, ZPQA=/RQC,
T.€. TOUKM P, Q 1 R nexar Ha OZHOH IpaMOH.

Haofoport, nycte ToukH P, Q B R 1exaT Ha OZHOH npaMoi. JTo
3HAYMT, YT VTAH PQA ¥ RQC paeHbl. OTMETHM Telepk, YTO CBOHCTBO
qeTHpéxyronbHUKOB PAQM, MCRQ 1 PBRM OBITh BIMCAHHBEIMH HE 32-
BHCHT OT TIOJIGXKEHUS TOIKH M. Takim 0pa3oM, MBI IGMYIaeM DaBeH-
cTe0 yoIoB PMA n RMC. CnegoeaTteneHo, LAMC = ZPMR=18(0° - 83,
M, 3HAYUT, YeTHIPEXYTONEHUK ABCM BnicanHuIM. a

ITpsman CHMCOHA ABAAETCA HE TOMBKO KPACHBBIM IeOMeTPHYECKHM
OfBeKTOM caMa 1o cefe, HO H MOe3HA I MHOTHX IPHAGKEHHH, JloKa-
JKeM, HallpUMEP, ¢ €6 MOMONIBI0 (M ¢ MOMOIIBIO TEOPEMEL CHHYCOB) elIé
pas TeopeMy [IToneMen, yxe JOKa3aHHYIO HAMH paHee Ha JeKINH 3.

Teopema 2. Jna mobozo uemsipéxyzonsHuka ABCD euinonusemcst
HEpPaseHcmao

AB-CD+BC-DA > AC-BD,

npuuém pasexHcmao aocmueaemca, ECAU U MOABKY ecal amont uembtpéx-
Y2OALHUK MOMHO SRUCANTL @ OKPYNCHOCID.

HdoxazaTenberpo. O603HaYHUM AAA KPATKOCTH CTOPOHHE YeTEIPEX-
yronpuuka ABCD B nmopaake o6xoxa Oyxsamu a, b, c u d. [Iyctb mun—
JHArcHaNIU 9eTHpEXyronbHMKA (cM. puc. 2). OmycTHM H3 TOYKH A Iep-
neHmukyisipel AK, AL, AM Ha npamMele
CD, BD u BC coorteeTcTBeHHo. ITpumMe-
HAA TOABKO YTQ JOKA3aHHYH0 Teopemy 1
K TpeyrofibHUKY BCD u Touke A, moayda-
€M, YTQO HaM JQCTaTOYHO TIOKazaTh, YTQ
Touknn K, L 1 M nexar Ha oaHOH mps-
MO, €CTH 1 TONBKO eCJTH B YKA3aHHOM BEI-
PANEINH JOCTHTAETCA PABEHCTBO (M YTO
BO BCEX OCTAIBHBIX CIYIAAX HEPABEHCTBO
cTporoe).

Hrtak, pacCMOTPHM YeTBIPEXYTONBEHHK
AKDL. Tak xaK IPOTHBOIOMOKHEIE VIR
STOrO YeTBHIPEXYTOMBPHMKA PaBHE! o 90°,
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€T0 MOXHO BIHCATH B OKPYXKHOCTh ¢ AHaMeTpoM AD =d. [IpumMeHMB
TEOPEMY CHHYCOB K TpeyroNbHHKY DKL, nomydaeM

KL

4 = G {80 = ZCDBY’

caeaoBaTensHo, KL = dsin ZCDB.

(MEI BOCIIONB30BANKCE TEM, ITG Sin @ = sin (180° — a).) AHANOTHYIHO Ye-
TEPEXYTOIEHIKM AKCM u ALBM BrHCaHH B OKPYKHOCTH C JHaMeTpa-
M AC=m 1 AB = q. [IpuMecHAA TeopeMy CHHYCOB K TPeyTQIbBHHKAM
KCM u LBM, nony4yaem

KM =msin/BCD wu LM =asin/CBD.

C Zpyro# CTOpOHEL, ec/ii R — pagnyc OKPYKHOCTH, OITHCAHHOH OKO-
M0 TpeyronbHHuka BCD, To mo TeopeMe CUHYCOB sin ZCDB = % = %
M aHAJIOTUYHO sin /BCD = %, sin ZCBD = =, TlogcTaBnad 3TU 3HaYE-
HHUA B TTIONYYEHHHE BeIpackenHa ana KL, LM u KM, nonydaeM

_bd = g
KL= 2R’ LM = 2R’ R’
3anvmreM, HAKOHEN, HEPABEHCTBO TPeyroabImKa s AKLM:

bd
2R =KM € KL+LM = ﬁ+ﬁ
TaxumM 06pazoM, HEPaBEHCTBO TPEYTOMbHUKA A AKLM 3KBUBANEHTHO
HEPABEHCTBY U3 TeopeMEL 2. [IpH aToM paBeHCTBO JOCTUTACTCA, €CAH
M ToAbKO ecnu Touky K, L 1 M nexaT Ha ogHol mpaMoi. a
Teopemy IlTomemed MOXHO [JOKA3HBATH B
H [I0-ApyromMy. HanpumMep, paccMOTpPHM pPHC. 3.
Toura E Ha AWaroHaayl BD BOMCAHHOTO YETE- A
péxyroacHHKa ABCD B3sTa Takum o6Gpa3oM, C
yto yron DAE pasen yony CAB. Toraa B cH-
ay Toro, uro LADE = ZADB = ZACB, Ttpe-

yroapauku ADE u ACB mogofHBI, a 3HAYHT

DE A—D . DE = Bc DA . Kpome Toro,

EDEA ACBA Ho CYMMa MPOTHUBOMOIOMKHEIX D
YIVIOB BIHCAHHOTO YeTHIPEXYTOMBHIKA, TAK e
KAaK M CyMMa CMEXHEIX YIICE paBHa 180°, ce-
AoBaTenbHO, LAEB = /ADC, 3HauuT, TpeyroJbHUKK AEB u ADC Toxke
nozobub (£ ACD = /ABE Kax ONUPAKINUECT Ha OJHY AYTY), OTKyZa

KM—2

Puc. 3

HaxoauM EB = AB CD. Tak kak BD = BE 4+ ED, Me mony4YaeM, 4To JAA
BIMCAHHOTO YETHPEXYTONEHIKA BHIIOAHAESTCA PABEHCTEO TEOPEMEL 2,
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Bropoe nprBeA€HHOE JOKA3aTEIBLCTBO, K COXKANECHUIO, HHIETO HeE
TOBOPHT O TOM, 9TO NPOHCXOAUT C BEIpaKeHAEM

AB-CD+BC-DA—-AC-BD

B CJIydae YeTHPEXYTOMBHUKA, KOTOPELH He/E3A BIHCATh B OKPY)KHOCTD.
B aToM cMEIcHe 0HO «cllabee» TOTO, KOTOPOE MBI HCTIONB30BATH paHblIe,
Ho nmeercda u Gonee «CHABHOE» YTBEPKIEHHE, KOTOPOE MO3BOIAET HE
TOABKO YKa3aTh, KAK0H 3HAK MMeeT pasHOCTh

AB-CD+BC-DA—AC-BD,

HO H B TOYHOCTH BHYHCAHTE ¢€ 3HAYCHHE, A MMCHHO, JOKDKEM CiIe-
IVIOILYIO TEOPEMY, HasEIBAEMYIO MHOTAA meopemoti Bpemiuneiidepa i
MeopemMoll KOCUHYC08 ORS HeMbIPEXyZONbHUKA.

Teopema 3. ITveme a, b, ¢ u d — cmoponst wemvipéxyzonvuuxa ABCD
(8 yracnueckom nopadke) m, n— e20 OUAROHAIILL, d (P — CYMMQA BEALHUH
08YxX NPOMUSONONONHLIX e20 y2noa. Tozda avinoamnaencs paeeHceo

a*c® +b*d? — 2abed cos p = m®n’. )

Mpexkae 9eM MBI TPHMEMCA AOKA3EIBATE 3TO YTBEPAACHHE, 3aMe-
THM, 9TO BHPRKCHHE, CTOAMIEE B JIEBOH YacTH PABEHCTBA, HE 3aBHCHT OT
BHIGOpA MAPH MPOTHBOTOMOXKHEX YIVIOB YETHIPEXYTONbHMKA. B camMom

Jedle, CyMMa YIVIOB JIHO0re YeTHPEXYTONbHHKA paBHa 360° = %, TIpH
3TOM cos(T — o} = cos a L1 moboro do.

Me! npuBeaéM ABa AOKA3aTeNbCTBA TeOpeMEL bpeTinHelaepa.

IlepBoe AORAZATENRCTBO OCHOBAHO HA
HETPUBHAMBEHOM JOTIIHUTENIBHOM IIOCTPO-
€HMH (cM. pHC. 4). A HMeHHO, IIOCTPOHM
Ha cropoHax CD u BC 4eTHIpEXyTOIBHUKA
ABCD Ttpeyronsuuku CDE u CBF, noao0HbLe
TpeyrofibHukaM ACB u ACD cOOTBeTCTBEH-
HO (HaIlOMHIM, 9T0 COOTBETCTBYIOMME APYyT
ZAPYTY BEPHINHE NOAODHEIX TPeyTOABHHIKOB
MEI 3aMMCHBAEM HA COOTBETCTBYIOWIUX APYT
Apyry mecTax}. Haiigém anuHe! oTpeskos DE,
CE, BF u CF;

D

DE CD bc
TB = AC® IEAOBATENHHO, DE = m"
AHanoru4Ho

ce=Y% pp_b cF=%.

m m
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OtMmeTHM, 910 BF = DE, KpoMe TOro, HeCIOXKHO II0KA3aTk, YTQ OTPE3KH
BF u DE napannenbHH. B caMoM gene, A 3TOTC JOCTATOMHO NpOoBe-
PUTE, 4TO cyMMa yonoe EDB u DBF papza 180°. BRIYHCIHM:
ZEDB+ £ZDBF = LEDC+ ZCDB+ ZDBC+ LCBF =

= LACB+ ZCDB+ £DBCH ZACD =

= ZCDB+ ZDBC + £BCD = 180°,
TAK KaK CYMMa VIVIOB TpeyrolbHHKa BCD papHa 180°. M3 caenaHHBIX
aaMevaHuil caeyeT, 4TO deTBIpEXyronbHUK BFED — napannenorpamm,

H, cinefoBaTenbHO, EF = BD =n. BammieM Teneps TEOpeMy KOCHHYCOB
JAAf TpeyroibHUKA ECF;

EF? = CE*+ CF*—2CE-CF cos .
M=l BOCTIO/IB30BAIACE TEM, YTO

ZECF = ZECD + ZCBD + ZBCF =
= /CAB+/CBD+ /DAC = /DAB+ ZCBD = ¢,

Taxum obpaszom,

2,42 2

nzzbm[i +C:n—022—2‘ﬁ—c;icosgo. O
IlepBoe AoKa3aTEMBCTEQ 3aKOHYEHC. HecoOMHEHHO, OHO MHOTHM I10-
HPABUTCA 3a cBOE M3AMECTBO M NPOCTOTY paccy:izenuii. OfHaKO OpH-
MEHEHHOE HaMH ACTIOIHWTEABHOE MGCTPOCHHE OTIMYAETCA OT BCETO,
K 4eMy MEL IPHUBBEIKIN Ha YPOKax reoMeTpHH. IT03ToMy IIPUBeAEM BTO-
poe paccy:KAcHNe, HeCKONMBKO Dofdee TPOMO3AKOS, 3aT0 OCHOBAHHOE HA
Gosee-MeHEE CTAHAAPTHOM LOAXOAE, AHANOTHYIHOM TOMY, KOTOPBIA 110~

MOT HaM paHee AOKAa3aTk Teopemy lIToneMent,

Bropoe goxasaTenscTBo. MTak, ONyCTHM M3 TOYKH A IepleHin-
kymapet AK, AL 1 AM Ha npamuie CD, BD u BC cooTBeTCTBeHHO (cM.
puc. 5). Kak MBI yxe 3HaeM (CM. ZOKa3aTeAbCTEC TeopeMHl [ITonemed),
orpesku KL, LM u KM paBHBEL

bd _ ac
g0 M=73p

— — mii
KL= KM= oR
rfme R —paguyc OKPY:KHOCTH, ONHMCAHHOH OKOMO TpeyroNbHHMEa BCD.
Kpome Toro, Mel MoxeM HaWtd yroa KLM (MBI ToNBE3yeMCA TEM, YTO
yeThpéxyroneuukl AKDL, AKCM u ALEM MOMHO BITMCATE B OKPYH-

HOCTE, PABCHCTBOM YTIOB, OIMMPALINXCA Ha OJHY I¥TY, 4 TAaKKE TEM,
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A

o]

C

Puc. 5

yTO TpeyYroMbHUKH AKD U AMB npAMOYTOABHEIS):
ZKLM = 180° — /DLK — /BLM = 180° — /DAK — /BAM =
= (90° — £DAK) + (90° — ZBAM) = LADK + ZABM =
= (180° — ZADC) + (180° — LABC) = ZDAB+ /BCD = i,
HamM ocTanock sanucaTk TeOpeMy KOCHHYCOB ANA TpeyroabHHKa KLM:
min? _ a*c? @4_ abcd
4R> T 4R* T 4R* T 4R
Hrak, Teopema JoKazaHa. E€ MOXHO paccMaTpHBATE KaK 0000-
HmieHue TeopeMbl [ITonemes, kOTOpas Teneph NOAyHaeTCd Kak NMpoCcToe
CeACTBHE JOKA3aHHOTO VTBep:HAeHWA. B camoM Jene, mpeofpazyeM
ypasueHue (1):
m?n? = a*c® + b*d? — 2abcd cos p =
= (a%c® +b*d? + 2abed) — 2abed (1 + cos @)=
= (ac+bd)? — 2abcd(1+ cosy).

cos . |

Tak Kak cosy = —1 mpH BCcex ¢, BTOpoe ¢JaracMoc B NpaBoH dacTH
BCeTAA HEMOMOKUTENRHO, Cef0BaTeNbHO, IIoAyYacM, ITo mn < ac +bd,
NpHIEM PaBeHCTBO AOCTHrAaeTcd, ecli M TONbKO €CM cos ¢ =—1, T.e.
ecnn (p = 180°, UTO 3KBHBAAECHTHO CYNIeCTBOBAHHMED ¥ YeTEIPEXYTOIbHI-
ka ABCD onmcaHHO# OKPY>XHOCTH,

Teopema BpeTinHeiecpa ABIAETCA, HECOMHEHHO, KPAacHBEIM TIeo-
MeTpU4eckuM GaKToM, OFHAKC € MOTeHIHAABHYK LeHHOCTE AN pe-
LICHHUA IIKOJABHBIX 3a7a4 MO TEOMETPHH He CTOMT IIPeyBeJHYHBATH:
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B T€X PeAKMX CIy4adx, KOrAa HaM H3BEeCTHEL CTOPOHEI M JWaroHaIu
QeTHIPAXYTONBHHKA, YacTO NpoLle OKA3EIBAETCA HAHTH ero el HAH
HX CYMMY HENOCPeACTBEHHO, YeM C IOMOIIBIO MOAYYAIOIeroca H3 Teo-
peMul Bpermneiigepa ypastuenna. To ke caMoe COpaBefAHEO H B 0D-
PATHOM Ciiyuae, KOTAA IO 33[HHBIM YIIAM YETHIPEXYTONBHUKA Tpely-
eTCA OTHICKAaTh CTOPOHBL, Taloke H Npamylo CHUMCOHa CHEAyeT NpPEXAe
BCETC PacCMATPHUBATE KaK KPacHBHIH IPHUMeEp IeoMeTPHYecKOTO pac-
cyaeHnA. VIHTepecHo, 9TC NpAMye CHMCCOHa MOMHO ONpPEJeiIuTE He
TONBKO AJA TPEYTOABHUKA, HO M A1 YeTHPEX-, TIATH- ¥ Boodie Moboro
MHOTOYTOABHHKA, KOTOPBII MOMKHO BIIMCATE B OKPYXHOCTb. A HMEHHO,
CIpaBe/IMBO CACAYIONIee HHAYKTUBHOE YTREPHACHUE-ONpejeleHue,

Teopema 4. IIpednonoxcum, ymo noxamue npsamoti CUMCOHA 8nu-
Canno20 K-yeontHuKa (OmHOCUMeNtHO HEKOMOopoll mouku HA e20 onu-
canHotl oxpymcHocmu) onpedeneno as ecex k € n — 1. Pacemompum anu-
CAHHBILE N-Y20AbHUK A Ag... A,. [Tycme M — npoussonsHas mouka Ha €20
onucaxHoll oxpyxcrocry. Paccmompum npambie Cumcona (n— 1)-yeons-
Hukoe AiAq...An_sAn_2Aq 1, AlAg. A, _3A, oA, U m.d. 00 AzAa...
< Ap 1A, omuocumeasnoe mouku M. Onycmum uz M nepnenduxyasput
Ha amu npamuie. Tozda ocHOBURUA 3MuX NePReHJUKYASPOB Aewdam HA
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00HOU npAMOLl. 3ma npaman HA3bBAeMc NpAmoil CUMCOHA MHO20-
Y2ORBHUKA A1 As... A, omHocumensHo mouxu M.

Ha puc. 6 nsobpaxena npaMas CHMMCOHA YeTEIPEXYTOMBLHUKA ABCD
OTHOCHTEARHO TOYKH M: TodkH P, Q, R 1 S — OCHOBAHHA NEePNeHIUKY-
JNAPOB, ONVILCHHEIX U3 M Ha npaMeie AB, BC, CD u DA cOOTBETCTBEHHO;
npsaMada PQ Toraa asaAerca npaMoit CMcoHa TpeyroisHuka ABC oTHO-
CUTELHO TOYKHM M; aHaMorM4YHO npaMele QR, RS U §P 4BAAKOTCA Ipd-
MEmMK CHMCOHA TpeyroabHUkoB BCD, CDA u DAB; HakoHen, Touxkya W,
X,Y 1 Z— oCHOBaHHA MSPIeHANKYAAPOB ONYIMICHHEX B3 M Ha IIpAMEle
PQ, QR, RS u SP.

JoxazaTeapcTBo. ME OrpaHHYMMCA pacCMOTpeHHEM CIydaa n—4.
B cayvae MHOTOYTONBEHHKA ¢ GOABIIHM YHCIOM CTOPOH YTBepHZAeHMe
MOKHO AOKA3ATE 0 MHAYKI[HH aHANOTHIHEM cniocobom. Uaed noxasa-
TENLCTBA JOBOAEHO MPOCTAT: Mbl «BREIKMRBaeM» OAUH U3 (n — 1)-yroms-
HUKOB AjA,... A, 3A, oA, 1, AlAg. A, A oA ... AjAs. A A,
a J7A OCTAPIIMXCA CBOJHM 3aJady K aHaAOTHIHOMY (M IO HHAYKIIHA
yKe JOKAa3aHHOMY) YTEepKAeHHIO AT MHOTOYTOMBHHKA C HA eAHHHLY
MEeHBIHM YHCIOM CTOPOH. TakuM 00pasoM, Mbl IOIYIAEM, 9TO It — 1 M3
n OCHOBAHWH NePIeHANKYIAPOB JeXKaT Ha ofHo#H npamoil. [locie sToro
MBI BEIKM/BBAEM JAPYrol MHOTOYTOMEHUK W3 CHHCKA W IOMyJaeM, ITO
Ha ogHoH nmpaMoll Texar ApyTHe n — 1 0CHOBAaHHA NepIeHAUKYAAPOB,
O4YeBHAHO, YTO B3 PacCMOTPEHHHX B NTIEPBOM H BTOPOM CAydYae TOYEK
1t — 2 TOYKH COBMAJAIOT. TaK KaK [IPAMas ollpeJeNaeTca MOOEIMH JBYMs
CBOMMM TOYKAMM, a4 MBEL MOXEM IIPEAIOAGKHTE, YTO R 2 4, TEopeMa
JokazaHa, [IocMOTpUM, Kak 3TOT MeToA CpafoTaeT B CyIae YeTHIPEX-
YTONBHIKA.

HTtak, «BHKHHeM» TpeyronbHUK ABC. HaM Hago AoKasaTb, YTO OC-
HOBAaHMA NI€PIEHANKYIAPOB, ONYIIEHHBX 13 TOUKHA M Ha npAmMble CuM-
COHA TPeyToAbHHUKOE BCD, CDA w DAB, nexart Ha ogHo# npaMoit, Omy-
cTUM n3 M nepnesngukymapel MR, MS u MT Ha ctoporr CD 1 DA uHa
ZUaroHank BD YeTHpEXYroABHHEKA (CM. pHC. 7), TorAa npamele RT, ST
H RS ABAAIOTCA NpAMBME CHMCOHa TpeyroabHuKoR BCD, CDA u DAB
COOTBETCTBEHHO (B 3TOM MECTe MBI TIOJIB3YEMCHA TEOPEMOM O IpAMOE
CimcoHa AjIs1 TPeyroJbHMKA —HaM BCE paBHO, KakMe M3 OCHOBaHWH
NEPIEeHANKYIAPOR OpaThk B onpedeieHHy 3Tod npamoif). Ho Tak kak
LMRD, £MTD u £MSD npsamele, Touxkd M, R, T, S u D aexar Ha
oaHol oKpyxHOCTH. CleaoBaTeNbHO, M0 TeopeMe o npaMoi CHMcoHa
TPEYTOIBHUKA OCHOBAHUA MepneHAHKYIAPOB, CMYLIEHHEX U3 TOYKH M
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Puc. 7

Ha CTOPOHE! TpeyroAbHHKA RST (man mx npoaoxeHHUs), TodkH X, ¥
H Z, nexKaT Ha ogHol mpaAMoit. a

B sawmoueHNe NPUBEAEM €10€ OMWH TTPHME]D UCIIONB3OBAHUA TPH-
3HAKa BIMCAHHOTO YeTHIPEXYTOJAbHUKA. JIOKAMEM CIEAVIONEEe YTBED-
WKACHHE:

YreepsxacHue 1. [Tycme ABCD — npoussonsHutil evtnykasitl uenst-
péxyveonvuuk. ITyeme K (coomeemcemeetino L) — mouka nepecetenus npo-
doaxenuil ezo cmopor AD u BC (coomsemcmeenmno AB u CD). Tozda
OKPYHCHOCTL, ONUCAHHDBIE 0Kkon0 mpeyzonbiuxos ABK, CDK, BCL u ADL,
nepecekaiomes 8 o0rol MouKe, KOMOPyio Hasvisaiom mouxotl Mukens
yemesipéxyzonshuxa ABCD.

JoxasaTenscTso. Ham A0CTaTOYHO NOKA3ATE, YTO OKPYKHOCTD, OIIH-
CaHHAad OHOJIO TpeyroAbHHKa ABK, mpoxoadT depes Touky M mepece-
JeHMA OKDPYKHOCTel, ONMCaHHBIX OKOJIC TPeyroAbHMKOE CDK m ADL
(cM. puc. 8), ganee aHAIOMHYHEIM 06pasoM MOXHO OYIZET OpOBEPHTE,
YTO OKPYRKHOCTB, OIHMCAHHAR OKOMO TpeyranbHuKa BCL, Toxe npoiigér
gepes 3Ty JKe TOYKY.

CornacH¢ KPUTEPUEO CYIMIECTBOBAHNA OIIMCAHHON OKPYIKHOCTH YEThI-
PEXYTOMRHAKA (CM, OPOLLIYIO AEKI[HIG), I TOrO YTOOs TOUKH A, B, K
H M nexany Ha OZHOH OKPYKHOCTH, HeoBX0AMMO H AOCTATOYHO, YTOOEL
yron AMK 6win papen ymy ABK. Kpome toro, yron AMK paBeH pasHo-
et yrnoe DMK u DMA, nepBehi U3 KOTOPHIX paBeH £DCK, Tak Kak OHH



72 Jexama 6. [Ipamas CHMcoHa, TeopeMa bpeTmHelinepa

ONMPAIOTCA HA OZHY AYTY B OKPYKHOCTH, OIMHCAHHOH OKO/IO TPEYTONBHIKA
DCK, a Bropoii 1o ToH e npudnHe paBeH ZDLA. Ho yron DCK aBnaerca
BHEIUHKUM YIVIOM TIpH Bepunte C Tpeyronbiuka BCL, enegopaTentHo,

£LDCK = ZCLB+ ZCBL = £ZDLA+ £ZABK.
Taxum oDpasom, oAyIacM
LAMK = /DMK — /DMA = /DCK — /DLA = ZABK., O

OTMeTHM, 9T0, TaK e KaKk M TeopeMy ¢ npsamoii CumMcoHa, 3TO
YTBEPHACHNE MOXKHO 0006IIUTE Ha MHOTOYTOIBHHKH C TIPOH3EOIBHEIM
YHCAOM CTOPOH. TouHee FOBOPA, €r0 MOKHO chOPMYAHPOBATDL A JIIO-
60T0 9MCAA NPAMBIX, HOXOORIUXCA 8 ODWEM NOKOKCEHUL, T. €. ANA [p-
MEIX, HUKAKWe ABE U3 KOTOPHX He NapaifneNbHH M HHUKAKHE TPH M3
KOTOPBIX He IPOXQJAT 9epes OJHY TOMKY. A HMEHHO, MOXKHO JOKa3aTh
cleayiolee HHAYKTHBHOE YTBEpKIeHHE,

Teopema 5. IIycems n = 3. Hazocsém oxpyxmxocmby Muxens mpéx
npaMblx 8 00ueM NONOMCEHUL OKPYHCHOCMb, ORUCAHHYI0 OKOAQ mpe-
yzoneHuKa, 06pazoaannozo smumu npameimit. Tozda dna riobulx uemsi-
péx npamoix ¢ obuem noaoxcenuu y Hac Gydem onpedencno uemsipe
okpyxcHocmu Muxeas. Co2aacHo ebiedOKA3AHHOMY, IMU OKDYHCHOCITLL
nepecexaromes 8 00RO mouxe — mouke Muxens uembipEXYeonbHUKA,
OnpedeEHHO20 SMUML NpAMbiMy. [Tpednonomum meneps, ¥mo OnA acex
Hewémubix k < 2n — 1 Mol onpedenunu okpyxcHocms Mukena, @ Ons acex
udmnstx k € 2n —mouxy Muxensa mobuix k npsmuix 8 obyem norodxce-
nuu. Paccmompum npouzeonshsill Habop us 2n + 1 npamecx ¢ obwem
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noaoxcenul. ButkuOnisds NPOUIGOALHYIO NPAMYIO U3 3MOZe HABOpA, MbL
noayuaem Hatop uz 2n npamwix, dg KOmopozo onpedenena mouka Mu-
xensi. Toeda ece nomyuenHbie maxum obpasom mouku Mukens Rexam
HA 00HOT OKDYXICHOCTIU, Ha3ulademoll okpyxHocmbio Mukens danHbex
2n+ 1 npamuix. Anaic2udnsim 00pa3om, estkudssas no 00uotl npamorl
U3 RPOUREOALHOZ0 HABOPQ, cOCMOAWEezo U3 2n -+ 2 npamoli, Mbt ROTYUCeM
2n + 2 oxpyxcrocmu Muxens. Toeda sce 3mit OKPYXHOCMU NePeceKaMea
8 00HOi mouke, Hasblsaemoli moukoil Mukens daHHbIX 2N + 2 NPAMBIX.

Ha puc. 9 naobHpakeHa OKPY:KHOCTE MHKens npaMux AB, BC, CD,
DE u EA. OHa copepkuT Toukyd Mukensa P, Q, R, S u T 4eTEpéxyroms-
HUKOB ABFE, ABCG, BCDH, CDEI u DEAJ coorBeTcTBeHHO. K coxane-
HMIO, ABTOPY HEM3BECTHO BIIOIHE HIeMEeHTAPHOTO 0Ka3aTelbCTBa 3TOrO
daxra. Xenapompe MOTYT HaHTH A0KAa3aTeAbCTEC, OCHOBAaHHOE Ha HC-
NOABb30OBAHWE KOMIIIEKCHBIX Yicen, B kHure M. M. Arnoma «Kommaexce-
HEIC YHCIA B HX MpHMeHeHHe B reoMeTpHE» (M.: Yunmearus, 1964).
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3ajaqH AjA CAMOCTOATEARHOI( pPElIeHud

1. JokaxmTe ce Ay PH3HAK BIIMCAHHOIO 9eTHPEXyToAEHHKA: BHITYK-
JIBII 9eTHIPEXYTOABHAK ABCD, AuaroHaMH KOTOporo IepeceKaloTea B Touke E,
MOMKHO BITHCAThL B OKPYXKHOCTh, €CTH U TOABKO ©CTH BRIMOAHASTCA PABEHCTBO
AE -EC=BE-ED.

2. Ilycte npAMEle AB 1 CD nepeceKaroTcA B Touke M. JlokaKwTe, YTO TOY-
KU A, B, C 1 D Jexar Ha oJHOH OKPYKHOCTH, eclTH H TOABKO ecad MA - MB =
=MC-MD.

3. Hadigure yras TpeyronbHuKka ABC, eqm BepmHE A, C 3TOTC TPEYTOMb-
HUKA JIeHAT HA OKPYKHOCTH, NMPOXOJAISil Yepe3 OCHOBaHHA OHCCEKTPHC YT-
108 A B € 3TOTO TPEYTOMBHIKA U IepPes 4) IIEHTP €ro OIMHCAHHOA OKPYKHOCTH;
) ero oproneHTp.

4, YeTHIpEXyTOAEHHK ABCD BIIHCaH B OKPY:KHOCTE C LEHTPOM B To4Ke O,
Paauye AQ nepneHAUKYIApeH paguyey OB, a paguye OC nepreHANKYAApEH pa-
muaycy OD. TlepnieHAUKYAAp, OIYINEHHEBE M3 Tow € Ha IpaMyio AD, pasen 9;
BC B ABa paza MeHblle AD. HalizuTe olaze: TpeyrolbHIKa AQB,

5. [TyeTh ToukM M 1 N JeXaT Ha OKPY:KHOCTH, OMHCAHHON OKOIO TPeyTOib-
HuKA ABC. [okaxmure, 4T0 yroa Mexay DpAMEIME CHMCOHA TPeyTOEHIKA ABC
QTHOCHTEIIBHG To9ek M u N paseH nonosuee AyTH MN 0macaHHOM OKPYKHOCTEH.

6. YeThIpEXyTONLHHK ABCD MOXHO BITHCATH B OKPYKHOCTB. ToUKa S TEXKUT
Ha gyre AD 310l OKpyKHOCTH, He cofepskamieil Todexk B u C. OmyeruM mep-
NeHMKYAAPH B3 S Ha cTopoHsl AB, BC, CD u DA veThpéxyronpHuka (MM UX
npoaorennt). Tycrs K, L, M 1 N — cOOTBETCTBEHHO QCHOBAHMS STHX NICPIEH-
OUKY/IpoB. MaBecTHO, 910 SN =d, a OTHOLIEHHE IIOIIAAN TPEyIOIbHAKA LMS
K IOIATH TpeyroabEauka KNS pasuo m. Hafigure SM.

7. JoxaxkuTe, ITO TOYKA, CHMMETPHYHAA OPTOLCHTDPY TPEYTOILHHKA OTHO-
CHTEIBHO CTOPOHEI 3TOMO TPEYIOIBHHKA, JEXKHT Ha OKPY)KHOCTH, OIIHCAHHOM
OKOMIO TPeyTOILHUKA.

8. flokaxuTe, ITO OPTOLESHTD OCTPOYTOMIBHOIC TPEYTOMBHHUKA ABAACTCA 1ISH-
TPOM OKPY:KHOCTH, BIIMCAHHOH B TPeyIOJIBHHK C BepLUMHAMHM B OCHOBAHHAX
BHICOT MCXO/HOIO TPEYTOALHUKA, Bo YTo npeppalaeTca 3T0 YTBep:KJeHUuS And
TYHIOYTOABHOTO TPEYTOMIBHIKA?

9. Jlorakmre, uyTo TOuKA Muxera yeTHpéxyromsuuka ABCD, npogomreHms
CTOPOH KOTOPOro NepeceKaloTed B ToUKax P M Q, TonlagaeT Ha OTpe3oK PQ, ecid
H TOABKO €CIH YeTHPEXYroIpHEK ABCD MOMHO BITHCATE B OKPYEHOCTE.

10. B oKpy:#HOCTE BIMCAH 9eTRIPEXYroARHEK MNPQ, 1HaroHami KoTopoeTro
NepHeHAHKY/APHEL H NepecekaloTcAa B Touke F. [IpaMad, npoxogdawad 9epea F
H cepedHHY cTOpoHEL MN, mepecekaeT cTopcHy PQ B Touke H. Jlokaxire, 910
oTpe3ok FH ABAfeTcA BHICOTOH TpeyrombHuKa PFQ, U HaliinTe ero AAHHY, ecTH
MN=4,MQ=7u /MPQ=q.
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BrmicaHHbBIE YeTBIPEXYTOJIBHUKUA

B mpoinseni pas MBL HAYAIM PACCMATPUBAThL HEKOTOPLIE CAEACTBUA
M3 CBOHCTE BIMCAHHEIX YTAOB, QKa3zaaoch, UTO ¢ MX NOMOINBK MOXKHO
JZOKa3aTh MHOIO KpacHBHX GaKToB. B 4aCTHOCTH, MBI BELACHIIH, 9TO Ye-
TEIPEXYTONBHHMKH, KOTOPEIE MOXHO BITHCATE B OKPY:KHOCTD, YAOBIETBO-
PAIOT TAKOMY HeOORYHOMY PaBEHCTRY, Kak meopemd ITmonemes. OKasel-
BaeTCAd, OTO AAAEK) HE €AHHCTEEHHCOE H3 MX 3aMEYATEIBHEBIX CBOMCTB.
MoaToMy TakHe YeTHPEXYTOABHHUKH YAcTQ PACCMATPHBAKT OTASABHO,
VIX HA3HBAKT GRUCAHABIMU FAH YUKAUYECKUMI HeHIbIPEXY20NbHUKAMY.
B aToit JeKUMH MBI TPOSODKHM 3HAKOMUTBCA C VAUBUTEILHEIME CBOH-
CTBAMH TAKWX 9eTBIPEXYTONBHHKOE.

Jnd Hadana JoKaKeM CAeAYIOIy GOpMyay AL HAXOKAeHHS IJIo-
I3/[¥ BIIMCAHHOTQ YETHPEXYTOMBHUKA, 0600INAMIIy0 XOPOIN0 U3BECT-
HYH IKOARHUKAM GopMyny ['epoHa A/ia TPEyTOIbHHKOB,

Yreepxaenue 1 (fopmyna Bpaxmaryrrer}). Ecau uemsipeéxyzonbHUK
ABCD MoxcHO 8nUcams 8 OKPYXCHOCb, MO €20 NAoWads MOXWHO Haifmu
no gopmyne

s=Jo-ap-o—ap-d),

20e a, b, ¢ u d — cmoponbt wemsipéxyeonshuxa ABCD, a

1
p=3latbtctd)
— €20 NOAYTEPUMEntp.

JoxazaTenbcTBo. HaM HeuspecTHO, KakuM o6pasoM JoKasblBas
3TO YTBEPXJAeHMe MHAmMiickuii MaTeMaTwk X Bexa bpaxmarymra. Jlo-
Ka3aTeNbCTBO, [PHBEASHHOE 3JeCh, OCHOBAHO HA Mpeo(pasOBaHMAX
anrefpaHveckix BEIPAKEHHH H, CIeAOBATENBHO, KOHEUHO, HE MOMKET
COBMACTE ¢ OpHUCHHaNBHEIM. MTak, pacemoTpumM puc. 1. Tak xax ABCD

BIIMCAH B OKPYXHOCTB, CYMMAa YINIOB ¢ H b pasHa 180°. Iloaromy
costp = —cosp, sin ¢ =siniy. Torga no TeopeMe KOCHHYCOB

m? = a2+b2—2abcoscp,
m? = ®+d*+ 2cd cos p,
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Puc. 1

OTKYAA MOAYYaeM ypaBHeHHe

2(ab+cd) cosy = a®+b* — % —d?, 4}

C Apyroil cTOpPOHEL, MAOWAAL YeTBIPEXYTONPHUKA MOKHO BREIYHC-
JUTH CIEAVIONHM 00pazoM:

8 =S8sct+8cpa= %ab siny + %cdsi.ml) = %(ab—l—cd) sin¢.
Toatomy 2(ab + cd) sin ¢ = 4S. Bo3B0AA 3TO BEIpAKEHHE M YPABHEHNE
(1) B kBafZpaT W CKAAABIBAA UX APYT ¢ APYTOM, IIOAYIAEM:

4{ab+cd)® = 1658 + (a® + b* — > — d*)*.
MH BOCTIB30BAMHCE PABEHCTBOM sin®x +cos® x=1. TlepeHoca
(@+b*—c?—d*?* u 4(ab+cd)?

B OAHY YacTh, TOAYIacM

165% = (2ab+2cd + @+ b* — ? —d*)(2ab+ 2cd —a® — b* + > +d%) =
= (a+b? = (=D (-(@=-bYP+(c+d?) =
=(a+btec—dla+b—c+d)a—b+ct+d)(—at+btct+d) =
=16(p-d){p—a(p-bp—a),

910 H TpeBOBAIOCE. |

Kax u B ciydae ¢ Teopemoii IlTonemesn, sta ¢opMyna —dacTHBIA
CTydai OBLIErQ YTBEPHACHNA, CTIPABEAJHBOrO AMA MIOGOre YeTHIpEX-
YTOABHUKA. A UMeHHO, He3aBUCHMO OT TOTO, KAKOBH YIJIEL ¢ H Y 4e-
TEIPEXYTONBHNKA ABCD, MH MOKeM 3allHCaTh TEOPEMEL KOCHHYCOB A1
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TpeyroAbHUKOE ABC 1 CDA. Torga dopmyna (1) npespainaeTca B clefy-
I0IIee PaBeHCTBO!

2ab cos p —2cd cos1p = a® +b* —* —d?,

a III0INAgE YeTHPEXYTOABHHAKA PaBHA

§= %absin ¢+ %cd sint.

YMHOXAA 3TO PaBeHCTBO Ha 4, BO3BOAA B KBAJAPAT €TC U IpeAbAyIIee
TOXAECTBO U CKAQAEBAM, TOIyIaeM

4a®h* + 4c%d? — 8abcd(cos  cosa — sin ¢ sine) =
= (a?+b% -2 —d*)? + 1652

Tepenecém S HANEBO H BOCIIONB3YEMCH H3BECTHLIME TPUTOHOMETDHIE-
cxumMH GopMyITami:

cosxcosy —sinxsiny = cos(x+y), cos2x =2cos*x—1.

MeI monyumm:
1652 = 4a?b®+4c*d® —8abced cos (p+) — (@’ +b° —c* —d?)® =
= 4a2b% +4cd® —8abed (2 cos? (‘“"”) 1) — (@b R —d¥? =

= 4a?b? +4c*d? +8abed — (a® +b> —c® — d?)* — 16abcd cos? (%) =

w+¢)

— 4(ab+cd)?— (a®+b% — 2 —d2y*— 16abcdcos( >

=16(p—a)(p—b)(p—c)(p—d)— 16abcdcosz("°+"’).

VHHIMM COBAMH, KBAApaT IWIOMALU JEO0OTC YeTHIPEXYTOILHUKA
oTAHdaeTea oT BelpaxkeHHa (p — a){p — b)}(p — ¢){p — d) Ha BeInvUHY

abcd cos? ( v J;p

cyMMa YIIoB @ + 1 pasaa 180°, nostomy gofaeka paBHa Hymio. Oue-
BH/IHO, BepHO U o0paTHoe, TakuM 0BPazoM, ME AOKA3AIH CAEAYIOIIEM
KPUTePHiL BIACAHHOCTH YeTHIPEXYTOARHIKA: 8biNyKAbill Yembtpéxy206-
Hux ABCD moxcHO enucanis 8 OKPYHCHOCHIb, €Al i MOABKO el e2o
naowads Moxcent Ouiits BLILUCACHT HePe3 €20 CMOpPonsL o Popamyne

S=(p-0p-bE-o@-d.

). B cmyuae, KOrAa 4eTHIPEXYIOJBHWK BIIWCAHHEIHN,
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Henb3s ckasaTh, 9T0 3TOT KPUTEPHI YacTO OKa3hIBaeTCA TIOAE3eH IIpH
pelleHHH 3ajav, Ho caMo oo cefe 3To YTBepkAeHHe, HECOMHEHHO,
H3ALIHOE.

ToNBKO YTO JOKA3AHHEIN HAMM MPHU3HAK BITMCAHHOTO YeThIPEXYTOME-
HHEA — JTHOE OAHO H3 BEAHKOTO MHOXECTEd Z3aMEYATENBHEIX CBOﬁCTB
BICAHHBIX (UTYp. HexoTophle H3 HHUX, KAK H PaHBINE, MOTYT OBITEH
JACTHHIMHE CIy4aAMHE OOIOHUX YTBepKAeHHH, TpodHe —HeT. ME Bpag AH
CMOXMEM 34ech pa3o0paTh Bce TaKHUe TIPHMEPEL, OTPAHMYHMCS IWIID Ca-
MBIMIH H3BeCTHHIME MM TeMH, KOTOphle HaM KaKyTca Oofee aTeradT-
HBIMH.

HaunéM co cregyronieli TeOpeMEL.

Teopema 1. IIpednoroxcus, wmo uembipéxyzonvHux ABCD moxcno
gnucams @ oxpyxcrocns, Pacemompum mouku Iy, I, I u Ip — uyenmpeui
oKpyxcHOcmetl, snucannbx 8 mpeyzoashuku BCD, CDA, DAB u ABC
coomeaememaenuo. Toeda uemspéxyzonstux I,II-I, asnaemes npamo-
YeonbHukom (CM. PHC. 2, Ha KOTOPOM OAMHAKOBEIMH JY:KKAMH OTMEIEHEI
PaBHEBIE YIEL).

Hoxazatenserso. Ham morpelyerca ciefyioniee BayKHOE BCIIOMO-
raTefbHOEe YTREpXJAEHWE: nycms [ —yewmp snucanHol o:cpayafcuocmu
mpeyzonbHuxa ABC; mozda senuyuna yena BIC pasra 90° + 3, 2de a—
genuyuna yana BAC mpeyzonsvnuka (cM. puc. 3). UTOSE YCTAHOBHUTE 3TOT
dakxT (coBceM MPoCToH, HO MOYEMY-TO HedacTO BCTpeqaloiutics B yueb-
HMKAaX), ZOCTATOYHO BHYHCIMTE BeNMYMHY yraa BIC, nonbaysack TeM,
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i

qro [ — TouKa nepeceaeHuA OMCCEKTPIC TPEYTOMBHUKA ABC, 1 TeM, 9TO
CyMMa YIVIOB MOHOre TPeyrolbHIKA paBHa 180°:

£B1C =180° - 22— £C — (ua+ 1B+ 20y -2 - £E -
_LARLBALC LA oo a
—T-I-T—QO +2.

A

Puc. 4

PaccMoTpHM TEmephb pHC.4; HAM AOCTAaTOYHO AOKA3AThb, YTO YIOI
I,IpI- npamoii, Kak MBI 3HaeM, BIIMCAHHBIE YIVIH, OIMPAIIMEcT Ha
OfHY IyTy, paBHHL. [lostomy /BCA = /BDA; HO TOrfa U3 TOABKQ ITO
JOKA3aHHOIO COOTHOMIEHMS CAEAYeT, uTe LBIpA = £BI-A, cnegoBa-
TeNAbHO, MO MPH3HAKY BIMCAHHOTO YETHIPEXYTOABHNKA (cM. TeopeMy 4
B JIeKIUHU 5) TOYKH A, B, I- ¥ Ip JexkaT Ha ofHO#H OKPY:KHOCTH (IyTa
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aTol OKpyxHOCTH M3o0paxkeHa Ha puc. 4). [103TOMy UMeeM PaBeHCTBO

LiIgA=LI:BA= M% (mocnezHee paBEHCTBO CNEAYET U3 TOTO, 9TO

I — eHTp OKPY’KHOCTH, BIMCAHHOH B TpeyrofAbHUK BDA). AHANIOTHYHO

M3 CyHIeCTBOEAHMA OKPYIXHOCTH, Ha KOTOpoH nexaT Touku B, C, I, n 1,
£DBC
2
LI, = 360° — £1,1,C — LCIyB — £BIA— LALI, =

= 360"~ £E8¢ _ (907 + 2824 _ (g0° 4 £5E4) _ L84,
SZLECB MBI BOCIHOAb30BAMNHCE MOAYYEHHBIME BHIIIE BRIDAKEHWAMH A4

yoioB ZBIpA=/BI.Awu /BI;,C=/BI,C. Ilorydaem
LIl = 180° — %(LDBC +ZDBA+ ZBAC + £ZBCA) =

ciefyeT PaBeHCTBO yIoB LI [0 =/I,BC = . Moaromy

= 180°— %(AABC+ABAC+ABCA) = 180°—90° = 90°. [

W3 joKa3aHHOT0 MOXHO BRIBECTH OJHC HEMKHJAHHOE YTBEPXKACHHIE
NP0 BOHCAHHEIE MHOTOYTOABHUKH. A HMEHHO, HAYHEM CO CAeAYIOIOETO
PaccMOTPEHUA: ITYCTh YeTHPEXYTONBHUK ABCD BIUCAaHHBIH, a TOUKU I,
Ig, I 1 I, Te we, uTo ¥ npexze. OmycTuM us Touek I, u I, nepneHauKy-
aapu [4K, I-L Ha orpesok BD, IpoAo/DXIM NEPBELII M3 HTHUX NIepIeHgn-
KY/POR 34 TOUKY K 1 OHYCTHM Ha HETO NEPIeHANKYAD I P U3 Touku I
(cm. puc. 5). Kak smerko Bugers, IoP = KL, npu srom K u L —Tourm
KacaHHA oTpe3ka BD ¢ OKpY>KHOCTAMH, BIUCAHHHIMA B TPEYTOABHUKH
BCD u ABD coOTBETCTBEHHO.

Puc. 5
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A

Puc. 6

MosroMy AanHy [P MOXHO BHPAa3HTE 9epes CTOPOHH 3THX Tpe-
YTOMBHUKOB:

IoP=KL=|BK—BL| = %(BC+BD—CD)—%(BA+BD—AD) =

= L|BC+BD —CD — AB—BD-+AD| = 3|AB+CD —BC— AD|.
2 2

37eck MH BOCTONbL30OBATHCE H3BECTHRIMHI HAM 1 MHOTO Pa3s y2Ke BCTpe-
JABIIMMHCA (HOPMYZIAMH, BHIPAKAIOIIMME PAaCCTOAHNE MEXAY Bepi-
HOW TpEyroAbHUKA M TOYKOH KACAHWA €ro CTOPOHHL €0 BIMCAHHOH
OKPYKHOCTBK Y€pe3 JJIHHEl CTOPOH TPeyroibHHMKAa. Kpome Toro, ove-
BHAHO, yTo I,P=I,K +I.L=1, + 1., TAe 14, Fx —COOTBETCTBYIOIILE
pajuycH BIIMCAHHHIX OKpY:KHOCTeH. ECiIM Temephk TOYHO TaKoe Ke I10-
CTpOeHHe IIPOBECTH Ajad UeHTpoB Iy, Ip u guarcHann AC, To ANHHa
CTOPOHBL [z} NOAYYMBINETOCA IPAMOYTOALHOIQ TPEYroAbHHUKA gl Q
6yzeT BRpaXKaThCsa TaKoH ke GopMyIoi:

I;Q = 5|AB+CD — BC— AD| = P,

a gnmuHa IpQ paBHa 1y + rp. C Apyroil cTOpoHBL, OTpesku .- u Iplp
PABHEL Me Ay coboil Kak AWArOHAMN OIPAMOYTONBHHKA, CleJ0BATENBHO,
NpAMOYTONBHEIE TPEYTONBHUKH [4I-P U I} paBuel. MTak, MBI DOAY-
JHITH paBEHCTBO:

awtre=LP=IHQ=rz+1p.
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VHEIMI CHOBaMH, £CIH ME pasofbeM BOMCAHHEIT B OKPYXHOCTE
JeTHPEXYTONLHHE JAArOHANLID HA ABA TPEYTONABHHKA, CYMMa PAAHyCOB
OKPYKHOCTeH, BIMCAHHEX B IOMYYHMBOINECA TPEYTOABHHKH, He 6yAeT
3aBHCETH OT TOTC, KAKyI0 MMEHHO AMarcHamk MH poBeaém. Ho Torga,
KaK JIETKO [IOHATE, TO JKe caMoe OYAET COpaBeAJHBO M A1 MPOH3BOIE-
HOTO BIMCAaHHOTO B OKPYXHOCTH MHOTOYTOJBHHUKA: AOCTATOYHO 3aMe-
THTh, ITQ JAOOHE ABa pazfHeHNs HA TPEYTOILHHKHA MOXHQ OIYIATH
ApYT M3 Apyra, NocIAeA0BAaTeAbHO MEeHA IZJIOKEHUE OJHOMN AuarcHaIu
3a Apyrofl Tak, YTe KakAHH pas 0yZeT IPHMEHHMO COOTESTCTBYIOINEe
YyTBEP:HACHUE A YeTHPEXYTOMBHEKA! HEIME CTOBaMH, TOAYYaeM cie-
AVIOIee CBOHCTBO BNUCAHHBIX MHO20Y20ALHUKOS.

Yreepaaenne 2, Ecu anucaHHblil 8 OKPYICHOCMS MHOZ0Y20/bHUK
npogedéHnbIMU OUAROHARAMU Pa3OUM HA NPEY2OALHUKL, IO cyMMa pa-
QUYC08 OKPYHCHOCIMETH, BNUCAHHBIX 8 IMU MPEY2OALHIUKU, He 3A8UCLIT OMm
moz0, Kaxue JUd2OHAAL Mbl NPOBeEM.

[Ipumep Toro, paguyCce KAKWUX QKPY>XHOCTEH UMEIOTCA B BUAY, IpeA-
CTapjeH Ha pHC. 7 K 8.

JdoxazaTenbcTBo. Kak MH yiite 3aMeTHIN, 9TO YTBeKAeHHe JIETKO
BHEHIBECTH H3 TOALKDO YTO A0OKA3AHHOI'OD CBOHCTBA BIIMCAHHEIX qempéx-
YTOABHUKOB, B caMoM fienie, A9 3TOTO HAJ0 JHLIb JOKA3ATh, UTO JEGOHE
JBa pasbHeHMA HAa TPEYTONBHWKH MOXHOQ CBA3aTh MOCIESAOBATENbHO-
CTEIO Npe0bGpazoBaHmii, COCTOAINNX B 3aMeHE OJHOHM AMAarcHa K BO BITH-
CAHHOM YETHPEXYTONEHUKE Ha APYTYIO. DTC MOKHO cAeNaTh HHAVKIHeH
MO YHUCAY CTOPOH MHOTOYTOABHHKA, HO TOTYYAIOIIeaca ACKA3ATENbCTBO
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OyAeT 0CTATOIHO TPOMO3AKIM, TOTAA KAK IPOBEPHTE BEPHOCTE PE3YAh-
TaTa B KOKJOM KOHKPETHOM CAyvae COBCEM HeCIokHO. YToOH He 3a-
NYTHBATE YHUTATENA (0COGEHHO YHTATENA, HEZHAKOMOIO ¢ HHAYKIHE),
MEI IPUBEAEM 34ech APYToe peliledne. A 5TOro ME ZOKKEM TIONesHoe
BCTIOMOTATE/BHOE CBOHCTBO TPEYIOALHHUKA., A UMEHHO, 8 MpPEYZONbHU-
xe ABC co cmoponamu a 2 b = ¢ of0o3Hauum paccmogHus om yeHmpd
onucanHoll okpyxcHocmu do cmopon d,, dp, d. coomeemcemsenno, mozda
BLINOJHAEMCA PABLHCINEO

R+r=d,+d,+d,
QR OCIMPOY20NbHOZ0 MPEY2ORBHLKA LU
R+r=—d +d,+d,

das mynoyzoneiozo. B caMoM jJene, IycTe Hall TPeYroABHHK OCTPO-
YTOABHEIHN, PACCMOTPHM YETHPEXYTONBEHUK, 06pazoBaHHHE, HalTpHMeEp,
oTpeakaMu d,, d, ¥ COOTBETCTBYIOIHMH CTOPOHAMH TPEYTOABHHKA.
TpOTHBONOICKHBIE YIVIEL STOTO YETHIPEXYTOJIHHUKA PABHH 1m0 90°, cie-
JAOBATENLHO, €r0 MOKHO BIMCATH B OKPYXHOCTEH. TOTZla, IO TEOpeMe

IItonemea noirydaeM COOTHOIIEHHE %da + %db = R% (ME BOCTIONBL30-
B&JIHCH TE€M, 9TO AMATOHAIN 5TOTO YeTHPEXYTOJBHIMKA PABHH R U % —
cpeaHeii TMHMM TPeyroIbHUKA). AHATIOTHYHEIE PABEHCTBA MOXKHO TOMNY-
9UTh A7 YETHPEXYTOIBHUKOB, 00paz0BaHHEX JAPYTHMH IepIIeH UKy
PaMH K cTopoHaM. CKIaAHBAA NOMYYCHHBIC PABEHCTBA, TOMyIaeM
a,b a, ¢ b, ¢ _1 _

(8+2)d+(5+5)dp+(3+5)du= F@+b+aR=pR,
LAc p — IOMYIEPUMETP TpeyTONbHHKA. JTO ypaBHeHHe mpeobpasyeTca
K BUZY

pdy+dy+d;) = pR+ 3 (ad, +bdy +cd,).

Ho
3(adg+bd, +cd) =S = pr,

OTKYAa, coKpalllaa Ha p, NMoAydaeM TpebyeMoe paBeHCTBo. Jnd Tymo-
YTOABHOIG TPEYTONABHHUKA PACCYsKACHHM aHANOTMYHEL

Tenepk ME B COCTOSHHH HE TOABKO AOKA3aTh YTBEPKAEHHE TEo-
PeMEl, HO M TOYHO yKa3aTh, Y€MY paBHa CYMMa PajHyCOB MaleHBKHX
OKpyHOCTeH. B caMOoM Jene, paccMOTPHM JMIOOHIE ABA TPEYroOABHHKA
¢ o610eit CTOPOHOM, BIMCcaHHBIE B O4HY OKPYKHOCTD. 3aMETHM, YTO B 0-
HOM M3 5THX TPEYTOABHUKOR YT0, ONMUpaloiiiica Ha of1yle cTOPOHY,
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HEIPEMEHHO OCTPELH, a B ApyroM — Tynoi (B kpaiiHeM ciaydae, o0a oHU
npAMEele). Torza cormacHe TOMBKO 9TO ACOKA3AaHHOMY YTBEPIKACHHIO BEI-
MOJHAETCA PABEHCTBO

2R+l"1+l"2 = dl +d2+d3+d4

HIH
2R+r]_+r2 =d1+d2+d3—d4,

rfe R — paauyc obniett onucaHHOH OKPYKHOCTH, I; — PaIAyChl BIIUCAH-
HBIX OKpYXHocTed, a di,...,d, —paccToAHHA OT IeHTpa OMHCAHHOHN
OKPYKHOCTH A0 «EHENIHHUX» CTOPOH TPeyToNbHUKOE (d, — Hanboawman
H3 HUX, TIPHYEM MocedHee PaBEHCTBO COOTBETCTBYET CAYYalo, Korja
LUEHTP ONMMCAHHOH OKPY)KHOCTH JCKHT BHe 06pasoBaHHOIO TPEYTOib-
HUKAMM BIIMCAHHOTO 9eTHIPEXyronbHuKa). [Ipogomxan paccyKaaTh o-
AOCHEM 06pa3oM, MOAYIHMM, 9TO CyMMa paJUyCcOB OKPYXKHOCTEH, BIu-
CaHHHX B TPEYTOABHHKH, Ha KOTOPEE pa3bHBaeTcs JUArCHAIAMH BIIH-

n
CaHHRI N-YTOTBHUK, paBHa »,d; — (n —2)R, €CTH LEHTP OKPY>KHOCTH
=1 n—1
JIEXUT BHYTPY MHOTOYTOJBHUKA, uau ), d; —d, — (n — 2)R B npoTuE-
i=1
HOM ciyvae, rfe d, — paccTosHUe OT HeHTpa A0 Haubonbilet! cTOPOHE
MHOTOYTOABHHAKA. |

Htak, ecny 4eTHIpéxyronbHUK ABCD BHMCcaHHBI, TO IIeHTPH BIIW-
CAHHHX OKpPYXHOCTeH TpeyronbHHKOB ABC, BCD, CDA u DAB yaopne-
TEOPAIOT HEKOTOPEIM HEOXKHAAHHEM YCAOBHAM. OKa3bBacTeA, He TONb-
KO I[€HTPH BHUCAHHBIX OKPYHHOCTEH 3THX TPEYrOABHHKOB, HO U UX OD-
TOLEHTPHL TOKe 00IaZaAI0T 3aMedaTe/ThHEIMI CBOMCTBaMIL

YreepixaeHHe 3, Opmoyenmpst Hy, Hp, Hy, Hp mpeyzoasHukos
BCD, CDA, DAB, ABC, accoyiuposattbiX ¢ SIUCAHHLIM YEMBbIPEXY2OALHU-
xom ABCD, aenawomen seplitHamMil 4embipEXy2zonbHUKA, pasnozo ABCD.

JoxazarenccTeo. Mu OygeM wuCnons-
30BaTk CHAEAYIOIIMH IPOCTOH, HO TOAE3-
HEI daKT: paceToAHME OT BEPIUMHEL A Tpe-
YroAbHUKA A0 OPTOIEHTpa paBHO d|ctgal,
rje a— AJMHA NPOTHBONIMIONHOH CTOpO-
HHl, @ @ —BeIWYHHA COQTBETCTBYIOIIEIO YI-
Ja TpeyTOARHIKA (MOAYAER HY)XKeH AJA TOTrO,
uTeOH dopMyNa ocTapanach CpaBeIMHBOMH
H A1 TYTIOYTOABHOrC TpeyraabHUuKa). Joka-
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Puc. 10

3aTENBCTBO €rC MOMXKHO MOAYYHTE, PACCMOTPER NPAMOYIOIABHEIE Tpe-
yroneHUKH BAL u ALH, cM. puc. 9. U3 nepporo nomyuaem AL =bcosa,
a M3 BTOpOro —

AH = ;‘TI:S = ﬁcosa =actga
(MBl BOCTIOVIE30BAJHACh PABEHCTBOM YIIoB ABC B AHL, a Takke Teope-
Moit cHHYCoB). JAA TYTIOVTOQIBHOIO TPEYTOMbHUKA Paccy:KAcHUA aHaN0-
I'MYHEI.

Tenepb YTBEPXASHHE MOKHO JOKA3ATh CAEAYIOUIMM 06pa3oM; H3
TOABKO TO HaHAeHHOH GOPMYAE CAEAyeT, UTC OTpeaku BH - u CHy pap-
HE U TapauienabHel (Beapk yrasl ABD u ACD paBHH KaK onHparoUlpuecs
Ha OAHY AyTy). 3HaguT, geTnpéxyroneHuk BH-HpC (cm. puc. 10) —na-
pAneOrPAMM, M, CASAOBATEABHO, OTpe3kn BHy u CH, nepecexkaTes
B CBOMX cepeanHax. Ho TOYHO Tak e MOKHO IIQ0Ka3aTh, 9TC OTPE3KMU
AH, u BHg, nmin DHp v CH ToXe TIepeceKarTcd B CBOUX CePeAWHAX —
B YaCTHOCTH, MPOXOAAT Yepes Ty ke caMylo Touky M. TakuM oBpasoM,
NOIy4aeM, ITo YeThpEXyToabHuK H HpH- Hp, He IpocTo paBeH, HO I€H-
TPaAbHO CHMMeTpHdeH ABCD. O

Kax BHUM cTpaHHO, 3T0 YTBEPXKACHHE TOMXKE SBIIETCA YTOUHEHHUEM A
UHKIAYECKOrO YeTHPEXYTOMBHIKA HEKOTOPOre 00IIEroc CBOHCTEA BCeX
YeTHPEXYTONBLHHKOE. A HMEHHO, XOTA, KOHEYHO, B 0OLeM caydae Ye-
TRIPEXYTOABHUK ABCD He paseH H HpH-Hp, TeM He MeHee MOMKHO
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Puc. 11

JOKAa3aTh, YTO OHU UMeom pdsHble naowadu! HaveTuM BKpaTile IyTh
JOKa3aTeBCTBA.

Bo-nepBEIX, AOCTATOYHO JAOKA3aThk CAeAylollec BCOOMOTaTelbHOe
yTBEpRAEHUE: [ m060To TpeyroapHuKa ABC 1 ToUKHM D Ha TIOCKOCTH
wicmags Tpeyroasauka HHpHe (rae H, — OpTOIEHTD TPeyroOILHUKA
BCD u a"anorudHo And Touek Hy, He) paBHa IWIOMAAH TPeyrOALHUKA
ABC. D1or dakT mpolle BCErs AOKA3aTh NpSIMEBIM BRIYHCICHHEM: Ha
puc. 11 H3obpaskeHa CHTyalHs, B KOTOpoH To4Ka D JeKUT BHe Tpeyronk-
HHKa ABC, 0603HaueHWA ACHE H3 pUCYHKa. YTOOR HAWTH mAOLaAL Tpe-
yronpHEKa HyHgHp, 3aMeTHM, UTO OH COCTOHMT H3 TPEX TPeyroJIbHIKOB
H,DHy, HyDH, H-DH ,, InomWaAx KOTOPKIX JETKO OTHCKATE:

Supr, = 3HaD - HD sin ZH,DHp =

= %abctgso ctgep siny = Sype Ctg @ ctgp,
IIPH 3TOM ME BOCIIONE30BANHCE AOKA3AHHON BhOIE GHOPMYIOCH A/ IJINH
orpeskoe H,D n HgD, TeM, 4To siny =sin (180° — ¥}, u dopMynoi
Sapc = %ab siny.
AHATOTHYHO HAXOAHM
Su,pn, = —Sapcctgyp ag(p +4),
Su,pH, = —Sapcctg @ ctg (¢ +)

(3HaK «—» TYT HeOGXOANM, TaK Kak yroda ¢ + 1 Tymoit). TakumM o6pazoM,
3aAa4a CBOANTCA K A0Ka3aTeNbCTRY CIAVIOINErs TPHIOHOMETPHYSCKOTO
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TOXAECTBA;

ctg pctgy —ctgpetg(p +y) —cgyocgle +4) =1,
MEeI mpegnaraeM SHTATEAID CAMOCTOATEABHO MPOAEAATE BHKIAZKH, a TaK-
3Ke ¥ PazoBparsed C APYrUMH CIy9asdMi B3AaNMHOTO PACTINIONEHHA TO-
ek A, B, Cu D.
JokakeM B 3ak/IOucHUE JICKIMU enifé oauH 3abapHeli ¢axT opo
BITUCaHHNE YeTHPEXYTOMEHHKNA: Ha 3TOT pas OH CBA3aH ¢ LEeHTpaMH
OIMMCAHHBIX OKPY:KHOCTeH (MIpaBaa, APYTHX TPEYTOABHUKOB).

Yreepxaenue 4. ITycmes E — mouka nepecedenus duazoxaneil snu-
caiHozo yemblpéxyzonsHuka ABCD, 0., O,, O3 u 04— yeHmpbt OKPYHi-
Hocmell, onucaHHbIX 0k0N0 mpeyzonsHuxoa ABE, BCE, CDE u DAE coom-
gemcmaeenno, O — yenmp oxkpyxcrocmu, onucaxnoil oxono ABCD. Tozda
ompesxu 0704, 0,04 u OF nepecexaiomen ¢ o0noll mouxe.

JokazaTenscTBO. PaceMOTPUM YeTRIDEXYTOABHUK 00,0504 (cM.
puc.12). On AeadgeTca mapaUlelorpaMMoM. B camom Jerne, Tak Kak
0, u O, nexxaT Ha CePeAWHHOM MepIeHANKYIApe K BE, oTpesok 010,
nepIeHAUKYAapeH BD. AHasmoruvHo 0,0, 1 BD, sHauur, oTpesku 0,0,
H 030, napanienbHH. ToyHo Tak ke 0,05 || 0,0;. CregoBaTenbHoO,
oTpesku 0,0, u 0,0, NepeceKkaoTesa B CBOMX cepeAuHax. Ecau Temeph
MBI AOKAKEM, UTO U YETHIPEXYTONBHUK O EO, 0 TOXE MapanaenorpaMm,
10 0Tpe3kH OF u 0, O3 Toxe NepeceKyTca B CBOMX CeDeIMHAX, a 3HAYHT,
TOYKH NEpeceueHHd BCeX TPEX OTPEe3KoB coBnaiyT. Ho mo TeM xe mpu-
9HHAM, YTO U npexie, 00, L AB. C Apyroii CTOPOHEL, eClH 0603HAYUTE
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Oyrmoil ¢ ymiet /BAC = /BDC, 10 Z0,EC =90° — ¢. B caMoM fejte,
LeHTpalbHEN yron EQ;C, cooTBeTcTBYIoWni BDC, paBeH 2(p, MOITOMY
TpebyeMoOe pABEHCTBO NOAYYAETCI H3 PACCMOTPEHHA PaBHOGeApEHHOrO
TpeyronpHuKa EQ;C. Teneps o4eBUAHO, YTo NpaMad EQ, NepneHAUKY-
sgApHa AB. |

3aaa4dH 414 CAMOCTOATEABHOrO pPelIeHHA

1. K ABYM OKPY:RKHOCTAM, MIEPECEKAITHMCA B Toukax K U M, mpoBefieHa of-
OJAA KacaTenbHas, A, B — Touxn kacauua. Jokaxwure, yto L AMB+ /ZAKB = 180",

2. Ha naocKocTH JaHs ABe HENepeceKanImuecs OKPy:KHOCTH. TIpoBeseHbL
HX 001ue BHeIHNHe U BHYTpeHHHe Kacare/bHEe, JOKaKHUTe, ITO YeTHpe TOUKH
nepecedeHna oONIHMX BHEIMHHX KACATENPHEX ¢ OOIMUMH BHYTPEHHHMH Kaca-
TEABHEIMH JICKAT HA OAHQH OKPYHOCTH.

3. BucceKTplica BHEIHETD YIVIa IIpH BepOidHe ¢ TpeyroAbHHKA ABC nepe-
CeKaeT OMHCAHHYIO OKPYKHOCTD 3TOTO TPEYTONBHUKA B TouKe D, lokaxuTe, 410
AD=BD.

4. Joxaxure 0000WEHHYI0 meopemy IImoneMes: MyCTh YeTHpPe OKPY:KHOCTH
a, 5, ¥ U & KacawTca NATOH BHENTHHM 00pasoM; MVCTh taps tgy M T. A, — JUTUHDL
OOIIX BHEIMHHMX KACATEABHBIX CKPYHHOCTEH a ¥ ff, coOTBETCTBEHHO § H ¥
H T. A. JlokaskuTe, 4TC BHIGIHAECTCA PABEHCTBO

taptys +1astpy = taylps-

Kakum 06pa3oM HA/I0 U3MEHHTE 3TY TEOPEeMY, YTGOLL YTBep/IeHHE BHIMOAHS-
JIOCH I OKPYIRHOCTEH, KACAIOINHXCA APYT ADYTA BHYTPeHHHUM 0Opasom?

5. B Tpeyromemuke ABC mpoBeiacHa Bricora AH; O —IeHTp QOHUCAHHOMN
OKPYKHOCTH. JoKaxkuTe, 910 LOAH =|£B — £C|.

6. lokaKKUTe OJHY U3 TeopeM ApXHMeaa: TOYKa B JeUT Ha ayre AC, Tod-
Ka M —cepeauna sroil gyru; uz M omyimmeH nepneHsukymsap Ha Gmoraiimee
K 2TOI ToUYKe 3BeHO JoMaHoi ABC; AOKaKWTE, YTO 3TOT NepPNeHAHKYILAD AT
JIUHY JoMaHoi ABC nomorxam.

7. Hoxaxurre, IT0 OKPYXHOCTH, OIMHMCAHHEIC OKOJIG TPEYTOMBHUKOE ABC
u CDE (touka E ofman, cM. pec. 13), KacaroTes, ecid H TOMRKO ecaud /BAC +
+ LCED=£ZBCD.

Puc. 13
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8. B oKpY:XHOCTH NPOBeAcHA Xopaa AB, KacaTenbHBIE, TPOBCISHHEIE K OK-
PWEHOCTH B TOUKaX A H B, NepecekaroTeda B Touke K, M —cepeauna AB, P —
MPOH3BOABHAA TOYKA HA (MeHbimeil) ayre AB. Joxamure, w0 yras KPA u BPM
DéBHEHL

9. JokaKHTeE, YTO YeTHIPE TOYKH IEPecedeHHA OKPYKHOCTEH, TOCTPOSHHBIX
Ha CTOPOHAX ZAHHOI'O YETHPEXYIOAbHHKA KAK HA XOPJaX, OTAHYHEE OT BepLIHH
JeTHPEXYTOMBHUEA, JIEKAT HA OGHOH OKPYKHOCTH.

10. Ha gyre OXpY:KHOCTH, CTATHEaEMOM xopaoii AD, BagTel Touxu B C, [Tpu
2TOM BHCCEKTPHCH YIIoE ABC 1 BCD TepeceKaloTcA B TOUKe E, Texameif Ha

xopae AD. UsBacTHO, 4TO g—g =k. Haiiaure 1) oTHOIIEHNE pacCcTOSHUH OT E 0

npavex AB u CD; 2) oTHOIeHHE D



Jleknua 8

Teopema IIoncene I:
TPEYTOJbLHUKN U YEThIPEXYTOJAbHUKU

B 3Toi AEKITHHE MEI IPOJO/KUM HAIIE 3HAKOMCTERQ ¢ YBIEKATENBHBIM
MHPOM MHOTOYTOJTBHHKOE, BIINCAHHNX B OKPYKHOCTD. A HMEHHO, B Heil
H B cAeyIOoLei TeKIHY M JOKaXeM SHAMEHUTYIO meopemy Houcene.

Teopema 1. [Tycme ®Ha naockocmu HaM OaHbl 0ae makie Henepecekd-
rowueca okpyxciocmu £, ¢, umo ¢« aexcum suympu £, Hpednonowcum,
Hrmo cyiiecmasyem xom- Oui odHa maxas JAMKHYMAA N-38€HHAA AOMAHAA
AjAy AL (bt cuumaem, umo A, coedunero 3ageHoM ¢ A;), umo ace mou-
Kt Ay, As, oo, Ay, JE3iCAM HA OKPYHCHOCTU £ U 8Ce 38eHBA A1As, AsAs,
cees Ap_14,, ARA L kacaromes oxpyxcrocmu . To2da maxux n-3geniboe
Aomanbtx becikonewro myozo. Ha camom dene 8 kavecmese nepsoﬁ sepuiu-
HbL MAKOU AOMAHOL MOMCHO 832N AI0OYI0 MOUKY HA OkpyXHOCHL (L

Bonee obwum obpazom, okpyscrocmiu ) 1 @ MOZYM NEPeceKambes,
uAlL Aexcams o0HE 8He Opyeoli, mozda mo xe camoe ymaepxderue Gydem
Cnpaeednuaso co CRe0YIOUUML NONPABKAMLL: MOUKU A1, ..., A, Aexcam Ha
oxkpyxcHocmu £, u npamete A A,, ..., Ap_1A,, Apd) Kacaomea okpymic-
HOCHLU 0.)1.

TlepBhiit HeTpUBHAMBHEINA CMydail 9TOTO YTBEPKACHUA MOIYYaeM
yxe 1pd n=3. B 3TOM ciIy4yae 3aMKHYTad AOMAaHAad CTAHOBHTCH Tpe-
YIONBHUKOM, a TeopeMa [IoHCcene TpeBpallaeTcd B CAeAYIOLlee YTREp-
KACHHE.,

Yreepxaenue 1, Ecau Q @ ¢ — coomeememeeHHo ONUCAHHAA U 8NLi-
CAHHAS OKPYICHOCMIL HEKOMOopo2o mpeyeonsHuka ABC, mo y aiobozo snu-
carnozo g £ mpeyzoavuura A’B'C’, cmopount komopozo A'B’ u A'C’ xa-
caiomed w, cmopona B'C’ moxce kacaemea o (cm. puc. 1), To xce camoe
BbINOJIHAECIMCA, €CAl 8MeCno B8RUCAHHOLT OKPYMWHOCTI &) pACCMOMPEntL
BHESNUCAHHYK) OKPYNCHOCMS W, (cM. puc. 2).

HJoxazaTenrcTBo. Cay4ail BOMcaHHON OKPYKHOCTH MOMKHO IOMY-
9T KaK MPOCTOe ciedcTere GOpMyAs Jitiepa, CBASHBAINE PACCTo-

1 Cymecrsytor u apyrue o6omenus reopensr [loncene. HEKOTOpbIE H3 HIX MEI OIH-
HIEM B KOHI[E CleAYIOIeE TeKITHH.
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AHHEe MEeXZY LeHTpaMM BIOHCAHHON KM ONHMCAHHOI OKPYy:KHOCTEH Tpe-
YTOABHUKA H pajMychl 3THX OKpyKHOocTel. HamoMHEM 3Ty dopMymy
(cM. nekumio 5): ecan d — paccTodHHEe MeAy LEeHTpaMH, a R W r —
paguycH OMMCAHHOHM M BIOMCAHHOM OKpyHHOCTel TpeyronbHuUKa ABC
COOTBETCTBEHHO, TO d?= R* — 2Rr.

Puc. 1 Puc. 2

Tenepb, 4UTOOBL AOKA3aTh IEPBYK YACTh YTBEKACHNUA, 3aMETHM, YTO
u3 GOpMyAH DHIepa CAeAyeT, YT 0 MIo0HM ABYM K2 NapaMeTpoB R, r
H d TpeTHH BOCCTAHABIMBAETCA OZHO3HAYHO. B YacTHOCTH, eCIK JaHE
R u d, TO BenMuYHHA paguyca BOMCAHHON OKPYKHOCTH 3ajaHa eJHH-
CTBEHHBIM 00pasoM. TTOCTPOMM Teneps 78 POMSBOALHOM TOYKHA A’
Ha OKDYXHOCTH {3, OIIMCAHHOM OKOIO TpeyronbHvka ABC, xopast A'B
H A’C’, KacaromMeca BIUCAHHOH B ABC OKPYMHOCTH .

JomyeTuM, uTo oTpesok B'C’ He kacaeTes . Toraa MBI MOMXEM
YMEHBIWTE WIH YBEIUYUTE PAAUYC w (M3MEHHUB NPU 3TOM [ON0KEHNE
Touek B’ u C’, HO He MEHAA IEHTP CAMOU OKPYXHOCTH (0, 4 TAKKE
OKPYXHOCTE £ U TOuKy A’) Takum obpasom, aro npsmas B'CY craner
KacaTeNeHOH K . B caMoM Zene, e/ paguyc « CTPEMUTCA K HYITIC, TO
npaMada B'C’ He HMeeT 0610HMX TOYEK ¢ @, 4 KOTAA I AefaeTed JOCTATOYHO
GOMBINNM, OKPYYKHOCTE HEepeceraeT npamMyto B'C’. 3HaunT, B HEKOTODEI
MOMEHT NpsAMasd H CKPYXKHOCTE KacarTca Apyr Apyra. Ho B Takom
Cly4ae MBI OJYYAM TPEyroAbHUK A'B'C’) BIMCAHHENL B Ty ke OKpyX-
HOCTB §2, YTO H TPEYTONBHUK ABC, M ONUCaHHHH 0KON0 OKPYXKHOCTH ',
LEHTp KOTCPOH COBMAAALT ¢ LEHTPOM OKPY)KHOCTH ¢, 8 PajHyC ZPYTOi.
ITo NPOTUBOPEYHT paHee cAeTAHHOMY HaOMIOAEHIIO.
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Crydail BHEBIIMCAHHON OKDYHHOCTH HHYEM He OTAMYAETCH OT TONb-
KO YTO pacCMOTPEHHOT(, IpaeAa, BMecTo GopMyIH Jiinepa AAd pac-
CTOSHUA MEXKAY IleHTpaMy BIIMCaHHOH M OMHCAHHOH OKPYXKHOCTH HaZ0
HCIIONB30BATE €€ aHAMOT AJA PacCTOAHAA MY LEHTPaMI OIIFICAHHOH
H BHEBITHCAHHOH OKPYXHOCTH. MEI IpegnaraeM YHTATENIO JOKASATE €TI0
CaMOCTOATENBHO {COOTBETCTBYIOMINE YKa3aHUA OYAYT AaHH B 3ajadax
JAAS CAaMOCTOATENBHOTO PEIEHNUA B KOHITE AEKITHN). O

[Mpexze 4eM MepeXOaUTE K A0KA3aTSABCTBY TeopeMEL [IoHcene B 06-
meM caydae (A1 NpON3BOABHOTO 1), pACCMOTPHM €IIE OAMH BAsKHHN
YacTHRIH cayvadt — omyvait n = 4. HeIMI coBaMu, MH U3YYUM YeTE-
PEXyTONBHMKY, OKOMO KOTOPHIX MOXHO OIMCATH OKPYXKHOCTB H IIPH
3TOM OJHOBPEMEHHO B HHUX MOXHQ BIIMCATH HEKOTOPYH) OKPYXKHOCTB.
Ecmy MEL XOTHM A4 HIEX AOKaseBaThk TeopeMy [loHcene B caMoil 06-
el cUTyaluH, CIefyeT AONYCTHTH HEBHIMYKAHE M JadKe caMomepe-
CEKAIIUecd YETHIPEXYTOIBHUKY, BCE BEPIIMHEI KOTOPHIX J€XaT Ha
OFHOI QKPY:KHOCTH, @ BCE CTOPOHBL MM HX NPOACDKEHHS KacaloTed
Apyrofi OKPY:KHOCTH. BapHaHTOB pacTIONOMXeHWA OKPYXHOCTEH M BU-
JAOB KacaHWA NpH 3TOM NOAYy4aeTcA JOBOABHO MHOTC. JlBa ImpHUMepa
BOSMOKHOTO PacTIONCHEHHA OKPYMHOCTEH MPUBEAeHEl Ha pHC. 3 H 4.
IoaToMy, YTO6H HE 3aTrpOMOMZATH MSI0KEHNE H3IHINHUMH TOAPOG-
HOCTAMH, ME OTPaHHIHMMCA TOABKQ CAMEIM HaTVISAHEM CyIaeM — TeM,
9T0 COQTBETCTRYET pUc. 3. Jlaxke B 3TOM ¢Iydae COBCEM He [IPOCTO HaliTH
NpHMeEp TaKoTO BIHCAHHC-OIACAHHOTC YeTEPEXYTMIEHEKA, OTIAYHOTO
OT TPUBHANBHOTO — KBagpaTta. [1oaToMy MepBOe, YTO Hajo cAenaTb, —
MOMBITATECA OMHUCATh AOCTATOYHO IIMPOKHUH KAace YeTEPEXYTOMBHUKOB,
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YAOBAETBOPANIINX TpefyeMOMY CBOHCTBY. ITHM MBI cetiuac M 3aiMEM-
cs1. HauHEM ¢ ZoKasaTeqbcTBa CACAYIOUWIETO IPOCTOTO YTREPHACHHUA.

YreepskaeHne 2, [Tycme ABCD — npouzaonsHbill enucarHbiil vemst-
pexyzonsuuk. ITverne E — mouka nepecedenus ezo duazonaneit. Onyverum
u3 E nepnenHOUKYRApbt HA CMOPOHBL UembpéXy2oabHUKa (UWAL UX NpOo-
doakenun), u nyems K, L, M u N — ocHo8aHIA 3MUX nepneHduKyiapos.
Tozda 8 wemunipéxyzonvrukx KLMN M0¥xcHO gnucams OKPpYICHOCMY ¢ YeH-
mpom 8 mouxe E.

HJoxazaTenrctBo. Paccemorpum puc. 5. Tak
Kak EK uw EN nepneHAWKYIADHE OTPE3KAM
AB n AD COOTBETCTBEHHO, YeTHIPEXYTOMBHUK
EKAN MOXHO BIOHCATB B OKPYIKHOCTH (CyMMa
NMPOTHBONOAOKHKEY YIJIOB 3TOTO YETEPEXYTONb-
HHUKa paBHa 90° 4 90° = 180°). [MooToMy yIIH
KNE u KAE paBHEI KaK OIHpPaCIHecH Ha OAHY
AYTY. AHAJIOTHYHO M3 PACCMOTPEHWA JeTHIPEX-
yroneHnKa ENDM nonyvaem ZENM = ZEDM. Prc. 5
Ho Tak kak 4eThIpEXYTONbHUK ABCD BIOMCcaHHBI, IMeeM

ZEAK = /CAB = /CDB = /EDM,

3uaqut, ZKNE =ZENM, 1. e. EN — 6uccexrpuca yra KNM. AHajiorud-
HO BCe OCTanbHHe oTpesku EK, FL v EM Toxe SBAAOTCA GHCCEKTPH-
CaMH COOTBETCTBYIOIHX YVIVIOB YeTHpeXyroabHHKa KLMN . Tak kak 6Hc-
CEKTPHCH YTVIOB 5TOTO YeTEPEXYTOMBLHHKA TePeceKAIOTCA B OZHOH TOUKe
(Touxe E), B 3TOT YETHIPEXYTOABHUK MOMKHO BIIMCATE OKPYKHOCTE. [

LleHHOCTE YTBEPKACHUA 12 B TOM, YTO OHO €T HaM yA0OHBL CI10-
co6 MOCTPOEHHA ONMCAHHEIX YETHPEXYTONMbHUKOB., Bouto 66 3aMeva-
TEABHO, ec/IH OBl YeTHPpEXyroneHUK KLMN 12 aToro yreepxaeHHA GBI
6Bl €Illé M BOMCAHHEIM B KAKYIO-HHOVAE OKPYKHOCTE. B 06IllleM cryyae,
O[IHAKOD, TO HE TAK, KAK HECAONKHO yOeIuThCA JKCIepUMeHTanbHO. Ho
CIpaBeAMEO CIeyIonlee NpeAIokeHHe, KOTOPOe ABIASTCA KIIIeBEIM
B [IpeACTABRICHHOM 34eCh AOKA3aTeNbCTRE TeopeMEL [IoH cene J1A YeTH -
PEXYTONILHHKOB.

Yreepaaenue 3. ITycms wemnipéxyzonsnuxku ABCD u KLMN maxue
Jce, KAk u ¢ npedoidyuem ymeaepaucoenutt. Iipednonoscum QONOAHUNERb-
HO, umo dudzoranu dempipéxyzonvruxa ABCD nepnenduxynapust. Tozda
yemuipéxyzonvHui KLMN M03CHO 6RUCGMb 8 CKPYICHOCMD.

1 To ecTh YeTHPEXYTONBHHKOE, HMEIOIIMX SRUCGHHYI0 OKPYKHOCTE,
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Jna poxazaTenseTBa 3TOM EMME HaM TOTPefyeTCs1, BO-MEPBHIX,
CBOHCTBO MapayienorpaMma (CyMMa KBaJpaToE AHarcHaaed mapaiie-
JorpaMMa PpaBHAa CcyMMe KBaJpaTOB ero cTo-
POH, CM. ACKUMIO 2, Cpa3y MOcie TEOPEMHB KO-
CHHYCOB), a BO-BTOPHIX, C/IAYIOINEe YTBEPHAL-
HME, KOTOpoe MEI NpeZjiaraeM dMTaTeNn JoKa-
3aTh CAMOCTOSATENBHO (3TO 3ajgava AJaA caMo-
CTOSTENBHOIO PelllcHHI HOMED 7 M3 JIEKIHH 5).
Iycme xopdut AB u CD unexomopoil oxpyxcHo-
CIMLL NEPECcEKaIoInes No0 APAMBIM Y2A0M, NPUYEM
BD =gq, AC =b (ca. puc. 6). Tozda paduyc smoii
OKPYXCHOCTIU pasen %W

C MOMOILBIO 3THX VTEBEPKICHUN MBI He TOMLKO AoKaxeM, uto K, L,
M 1 N nexxaT Ha 0FHOH OKPY:KHOCTH, HO M HAHAEM WEHTD H PAJHyC 5TOH
OKpyHOCTH, PaccmoTpumM pHc, 7, IlycTh E — ToUKa NepecedeHHs JAaro-
HaleH 4eTHpEéXyroasHuKa ABCD, P 1 Q — cepelHH cTOpoH AB 1 CD
COOTEETCTBeHHO, a K 1 M — ocHOBaHMA MepneHAUKYAAPOR, ONYILEeHHEIX
u3 E Ha 3TH CTOpPOHEL. 3aMETHUM, YTO I€PHEHAUKYIAPEL, BOCCTABICHHEIE
k AB 1 CD B Toukax P u Q, nepecekatoTcd B IEHTPe OKPYKHOCTH, OIIH-
CAHHOH OKOMO geThHpéxyronbHuka ABCD. C Apyroil cTOPOHE], paceMoT-
puM /PEB: Tak Kak YeTHpPEXYTonbIMK ABCD BNMCaHHEBLA, a TPeyroib-
HHUK ABE npsAMOYTOMBHLIH 1, CICA0BATENBHO, P — LEHTP €ro OMUCaHHOH
OKPY)XHOCTH, MEl UMEeM ceAyIOIlHe paBeHCTBA!

/PEB = /PBE = /ABD = ZACD = /AEM

(mocneaHee paBeHCTBO CNeAyeT M3 MeplIeHAMKYAapHOCcTH EM u CD).
(egopaTenbHo, ToUkH P, E 1 M nexar Ha ofHo# npAMoil — nepreHu-
kyaApe K CD. A Tak Kak OQ — cepeUHHEL NepIeHAUKYIAp K CD, o-
IyqaeM, 9To orpesok PE mapanneneH OQ. AHAMOTHYHO paccMaTpUBan
yoael QEC u KEA, MOXKHO A0KA3aTh, YTO O0Tpe3oK OP mapanicicH oT-
pesky QE. TakuM o6pasoM, MOAYYaeM, YTO YETHIPEXYTOABHUK OPEQ —
napawienorpaMmM. CnefoBaTenbHO, OTpeskd OF u P(Q) mepecekatorcd

Puc. 6

B CBOMX CepeAUHaY, T. e. (CM. pHC. 7} QS =PS = %PQ. C ApyToi CcTOPOHEL,
M3 paccMoTpeHus Tpamenuu KEOP, B xoTopok ZEKP = ZKPO = 90°,
ciegyet, uro SP = 5K, TouHo Tak xe SQ = 5SM, IloayuaeMm, 4TO TOUKA S
paeHoyAaneHa oT K 1 M. 3aMeTHM KCTaTH, 9TO S — cepeArHA OTpesKa,
COEMHAIIIETO LIEHTP OKPYHKHOCTH, OITUCAHHON OKoNo ABCD, 1 TOUKY
nepeceverus guaroHaneit ABCD, a sHaulT, e mooikeHHe He 3aBUCHT
oT Todek K 1 M. B 4acTHOCTH, H3 2TOrO ciAeiyeT, YTO TOYUKA S paBHO-
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Puc. 7

yAaneHa B oT Touek L 1 N (He M3oOpakEéHHHX Ha puc.7). Eean Ml
JOKarkeM, YTO PACCTOAHHE OT S Jo ToueK L M N paBHO pacCTOAIHIO
oT S Ao K 1 M, T0 TeM caMbIM IIOAYYMM, YTO S — IEHTP OKPYKHOCTH,
OIIMCAHHOH oKono KLMN.

JUa AoKa3aTeNBCTBA HAM AOCTATOYHO BEIPASUTE PAcCTOAHUE MEXKAY
S 1 M uepes paguyc OKPYKHOCTH, onmHcaHHOH okono ABCD, u anuny
otpeska EQ. Menonpsya cBOHCTBO NAPA/IIEIOrPAMMA, MBL BEMHCAAEM

SM? = §Q° = 3PQ* = Z(EP> + EQ®) - 3EO° =

_ 171,50, 1 2)_1 2 _
= 5{7AB>+3CD EOQ% =

1. .52 2y _ 152
=(AB*+CD”) —3EO* =
1
= 7 (2p* ~EO?).
B 3TOM BHMHCACHHA MBI BOCIO/Nb3OBAINCE TEM, YTO CEpPeAHHA IHIOTe-
HY3HI MIPAMOYTOABHOTO TPEYTONbHHKA ABIASTCA LIEHTPOM €T0 ONHCcaH-
HOll oxpy:kHOCTH. KpoMe Toro, B ocleHeM PaBeHCTBE MbI IPUMeHH-
JIH YIIOMAHYTOE BEINE YTBEDKACHHE H3 3aAa4d A4 CaAMOCTOATEIBHOTO
penieHMs (p — pafiyC OKPY>KHOCTH, OIHCAHHOH OKIo ABCD). TouHo
TAKUM #e 00pa3oM MoAydacM, ITo

SI? = SN? = 5 (2p% —EO?).

Tax KaK 9TH BHPAKEeHWUI COBIAAAIOT, TOIyIaeM TpedyeMbili pesyJbTar.

Urak, uz yTBepxAeHAN 2 1 3 cAeAyeT, TG eC/M JeTRPEXYTOAbHHEK
ABCD BnucaHHHIH U €70 AHaroHaNHu NepleHAHKYIApHEL APYT APYTY, TO
geTHpEXyronbHMK KLMN, BepLIMHE KOTOPOre ABLAIOTCA OCHOEBAHMA-
MU OepneHIUKYIAPOB, OMYLICHHEX U3 TOYKU MepecedyeHWA AUaroHa-
neit ABCD Ha ero cTopoHH, BYAET OZHOBPEMEHHO BIMCAHHBIM M OITH-
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caHHBEIM! 3aMeTHM, YTQ MONYTHO MEl IIOJIVIMIH CAeAYIoITyo GopMyry,
CBAZHBAICLIYIO MekAy coGoll paauyc R OKpY:KHOCTH, OITHCAHHOH OKOAO
KLMN, paccToanue d Mexxay LeHTpoM S 5TOH OKPYXKHOCTH H TOYKOH E,
KoTopas (cM. yTBepaaeHHe 2) ARMTACTCA UEHTPOM OKPY:KHOCTH, BITHCAH-
HOl B KLMN, 1 paguycoM p OKpPYKHOCTH, ONMCAaHHON OKOAO YeTHIPEX-
yroapHuka ABCD:
R? = %(pz —2d%)

OcCTaBHB Ha BpeMsl BOIIPOC O TOM, MCHEPIEBAIOTCA JIH BCe BITHCAHHO-
OMUCAHHHE YeTHIPEXYTONBHHUKN paccMaTpUBACMBIMI MIPHMEpPAaMH, A0-
KaxkeM A4 deThpéxyronbiuka KLMN aHalor vcnonb3oBaHHONR HaMu
panee $opmyan Jiinepa AN TPEYTOALHUKA. [ STOTO AOCTATOIHO BEI-
Pa3suTh 9epe3 Te XKe [MapaMeTphl 0 U d paguyc OKPYRHOCTH, BIMCAHHOHN
B KLMN. PaccMoTpuM puc. 8.

O6oanaunmM yron DAE depes a, a yron BAE —depes f. YeThpéx-
yroneHUK ENAK MOMHO BIHCATh B OKPYXKHOCTE (CM. JOKA3ATENLCTBO
yTBEpHAcHUA 2), cAeA0BaTeABHO,

ZEKN = /ZDAE =a, ZENK =/BAE=§.

Tax xak Touka E IepecedeHMA AMaroHaned YeTBIpEXyroabHuKa ABCD
CIYXKUT LEHTPOM OKPY)KHOCTH, BnucaHHoH B KLMN, To paguyc r aToi
OKPYKHOCTH paBeH paccToAHUD oT E Jo npaMoit KN, T.e. r=EK sina.
Temeps, IOIB3YACH TEM, YTO TPEYT'OMLHHUKHA BEA 1 DEA npaMoyronbHee,
H NPUMEHAH CBOHCTBO XODA OKPY:KHOCTH, TEOPEMY CHHYCOB, d TAKHKE
HM3BeCTHRIE GOPMYIH A1 IACINAAHN TPEyTOIbHHKA, IOMyIaeM
; ; . BE ED
r =EKsina = AEsin8sina = A A AD =
=5 BE FD _%AE_BD_SH'L(;.J;@) —
5AB-ADsin {a+p)

_pQ—OEz.S .i_p2—4d2
T Sup AR 207 2p

Yrolhl MONYIUTE CBSA3b MEXAY I, R U d, BeIpasuM p w3 ofeux mo-
Jy9eHHEX GOpMyI 1 IPUpaBHsieM. BMecTo TOro YTOOH YTOMIATE YUTA-
TeNA BHKAaAKAMHU, pefiaraeM caMoCcTOATENRHO JOKA3ATE ¢ YIOIYIO
dopmyny (cM. 3afayn A1 CAMOCTOATENBHOTO PEILIEHIL)

1 1 1

®+aE T R-ar 2 M
WTak, eciy BepIMHE BIHCAHHO-OMMCAHHOTO YeThpéxyTonbHuka KLMN
ABJAIOTCA OCHOBAHWAMH MepNeHAUKYIAPOBR, ONYIEHHEX U3 TOYKY Ie-
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D

pecedeHnAA AMATOHAIeH YeTBIPEXYroMbHMKAa ABCD Ha ero CTOPOHH
(mpudeM 9eTHPEXYTONBHHK ABCD ENHCAHHHA H C NEepNEHIUKYAIPH-
MU AHArOHAAAMH}, TO AJAA TAKOTO YeTHIpEXyronbhMka KLMN Brinmon-
HaeTca ypasaenue (1)1 3ameTum Teneps, 4TO AAA YETHIPEXYTOALHUKA
KLMN, NOCTPOEHHOTO yKa3aHHHM 00pa3soM, BEIIONHAETCA H YyTBEPKAE-
HUe Teopemul [loHcene, a UMEHHO — CYIIECTBYET GEeCKOHEUHO MHOIQ
HeTHPEXYTONIBHHUKOB, BITHCAHHNX H OIMHCAHHHX OKOAO TEeX e CaMHBIX
OKpy:KHOCTSH. B caMOM Jefe, HAYHEM BpAIUATE ANArOHAMH YeTHEIPEX-
yroaeHuka ABCD eokpyr Touku E (Touka E npH aTOM AoMiHa 0CTa-
BaTbCH HEMOABIDKHOHN) Takum 00pa3zomM, arolbl OHM TPOAMDKAIKA OHTE
NEPIeHANKYAAPHBIMU, a ABCD ocTaBajicad BOMCAHHEIM B GIHY W TY
e OKPYAKHOCTE. Toraa 4eTHpExXyroabHUK KLMN ToXe HadlHaeT ABH-
raTbes, OCTABAACH BIMCAHHBIM H OMUCAHHBIM YeTHpEXyTONbHHKOM. Ho
NoIoKeHHe HeHTPOB ero BIMCAHHON M OMUCAHHOHN oXpy:KHOCTelH U NX
pajuycHl 38BHACAT JHIOB OT NOAMKeHHA Todek E u O H OT paguyca p
OKPYHHOCTH, OIIECAHHOH OKoNe ABCD, NO3TOMY 3TH OKPYXKHOCTH OFHHA
H Te Xe ANd BCeX JeTHPEXYronbHHKOB KLMN Ha paccMaTpHBAeMOIQ
ceMelicTBa. Tak Kak MIPH 5TOM, CYEBHAHO, TOUKa K MOMKET 3aHATL Jioboe
noAgKeHHe Ha OTIMcaHHOI okpyxHocTH KLMN, yTBEpKIEHHE TeOpeMEL
IloHcene aaa KI.MN BrmoaHAETCA.

Tenepr HaM OCTaNOCH TOABKC OOBACHHTb, KAK CBA3AH PacCMOT-
PEHHRI YacTHEIH CIydal ¢ oBIKM. A UMEHHO, AOKDKEM, JITO APYTHX
BIIMCAHHO-OMHCAHHEIX YeTEPEXYTOMLHHUKOB He DEIBAST!

Yreepiaenue 4. Jns 1106020 8NUCAHHO-ONUCTHHOZ0 HEMbIPEXY2071b-
Huka ABCD cywecmgyem makoil SnucauHuill uemsipexyzoasHuk PQRS ¢

1 Ha camom gjene aTy (prMyJIy MORHO HCIIOVIBIOBATE AN JOKA3ATENbCTBA TEOPEMEL
TMoHcena NO aHANOTHMY €O CTydaeM TPeYTOMbHMEKA.
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nepneHOuUKyAApHbLIMU JuqzoHanamMy, ymoe ABCD cosnadaem ¢ uembipex-
V20MBHUKOM C 8EPUILHAML 8 OCHOBAHUSX NEPNeHOUKYAAPOS, ONYICHHBIX
u2 mouxu nepecedenus duazonaneit PQRS na ezo cmoponwt. Ipu amom
mouxa nepeceuenun duazonanett PQRS coenadem ¢ yenmpom snucannoll
oxpyxcnocmu ABCD.

HJoxazaTenrcTpo. [TyeTh I — LUeHTp OKPYKEHOCTH, BIMCAHHOH B Ye-
TRIPEXYrOIBHUK ABCD. IIpopeaém uepes BEPOIMHE 3TOrO YETHIPEX-
YTOABHUKA NPSIMELe, IEPIEeHANKYIAPHEE COOTBETCTRCHHO OTpe3KaM [A,
IB, IC n ID. Ilyctk PQRS — 00pasoBaBIINHCA YETHPEXYTOMEHHK (CM.
puc. 9. MEl ZOMKHET ZOKA34TE, BO-TIepBEX, 4TO PQRS MOXKHO BOHCATE
B OKPY)XHOCTB, a BO-BTOPHX, YTO | — TOWKa MepecevyeHusa ero JuaroHa-
seii, mpuiaéM PR 1 (S. IlepBoe yTBep/IeHMe — IETKOe CIEJCTEHE TOTO
daxra, uTo KaxkAbD B3 ofpa3oBaBOIMXCA YeTHIPEXYTOALHHMKOE IAPD,
IBQA, ICRB, IDSC MOMXHO BIHCaTh B OKPYHHOCTB (Tak Kak OpOTH-
BOMOMIOMKHEIE YTVIEL BCEX HTHMX YeTHIPEXYTOABHUKOB MHpAMER). Creao-
BATENLHO, ¥ HAC BOSHUKAET GOABIIOE KOMMYECTBO PABHBIX YIVIOB (cM.
PHUC. 9; MBI YUIH, YTO KOXKAB H3 oTpeskoB IA, IB, IC u ID aenserca
OUCCEKTPHCOH COOTBETCTBYIOMIEO YIVIa), U MHI IIONY4aeM

o

= 180°.

ZSPQ+/SRQ=a+6+f+7 = 320
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CrenoparensHo, PQRS MOXKHO BIHCATE B OKPYXKHOCTE. ITOGH 0Ka3aTh
BTOpOE YTBEPXKIAEHNE, Hallaém yron LPIQ:

ZPIQ = LPIA+ LAIQ = ZPDA+ ZABQ = (90° — 8) 4+ (90° — B) = 90°.

Mu v, yro ABCD — Brucannublil 4eTHPEXYTONBHIUK, CASI0BATEABHO,
a+vy=90°=F8+4 4. Touno Tax e MOXHO AOKA3aTh, YTO YIIB LQIR,
ZRIS, Z5IP Toxe TIpAMELS, OTKYA caeayeT TpedyeMeri peay/srar, [

3ajaqH AjA CAMOCTOATEARHOI( pPElIeHud

1. AokazkuTe TeopeMy [loHcene A1 BHEBIMCAHHON OKPY:KHOCTH TPEYTOMb-
HUKA. [/ 3Toro cneaviomuM odpasoM ofodurute dopMyny Sitnepa A1 pacceTo-
SAHHA MEEY [IEHTPAMH BIFMCAHHOH H ONIMCAHHON OKPYXHOCTEH: nycms r, — pa-
Jduyc sHeanUCAHHOU OKPYHCHOCTL Mpey20abHUKa ABC, snucannoti g yeon A, I, —
eé yenmp; O — yeump onucanHoil okpyswrocmu ABC, R—eé paduyce; nonoscum
d, =0l,, mozda evinonwsemes pasercmso d2=R*+2Rr,.

2. Jokaarre, ITO PAAAYC ONMCAHHGCH OKPY:XHOCTH JIFOBOT0 TPEYTQIBHHKA
He MeHee YeM B JBa pa3a H0JIblle Pajryca ero BIHCAHHOH OKPY:KHOCTH, IIPHIEM
PABEHCTBO JOCTHUTASTCA A MPABHALHOLD TPEYTOALHHKA W TOALKO A7 HETo.

3. B TpeyronpruKe ABC omyineHE BEICOTH AA,, BB, u CC,. Jlokaxure, 10
OCHOBAHHA NePHEHAHKYAAPOB, ONYIIEHHEX M3 TOYKH C, HA IpAMEE AC, AA,,
BB, u BC, mexxaT Ha OZHOH NpAMOH.

4. Jokaxute TeopeMy [loHcene ana n=4 B Coyuas OKpwKHOCTeH, 13obpa-
HEHHBIX Ha pHC. 4. 1A 3TOTO AOKAKMTE CASAYIONHE TPH YTBEPKACHUA, AHLTO-
THIHHE YTBEDKISHHAM 2—4 M3 JICKIHH,

a) Ecin ABCD — caMonepeceKaloIiuicA YeTHPEXYTONBHNUK, BIIMCAHHEI B
OKPYHOCTB {cM. prc. 10), E — TouKa Tepecede i eTo «IHaroHaneii» AC 1 BD,
TO B 4eTHPEXYrIbHUK KLMN ¢ BepInMHAMHE B OCHOBAHWAX NepIeHAUKYIAPOE,

A




100 Jexiusn 8. Teopema IoHcene I

ONYIMIEHHHIX K3 £ Ha CTOPOHHL 9eThIpéxyroabHHKa ABCD (wnm ux npogomre-
HHMA), MOXHO BIIHCATE OKPYHHOCTE C IIEHTPOM B Touke E. HaiiauTe paguyc aToit
OKPYIKHOCTH, ECTH HABECTHHR PaHYC OKPYKHOCTH, OIMHCAHHOH orome ABCD,
H PaccTogHUEe OT eé ueHTpa 10 E.

6) Em ACTIOMHUTEABHO AMATOHANN MeTHPEXYTOIBHUKA ABCD H3 npeaiy-
WIerQ MyHKTa NepIeHANKY/IAPHEL, TC OKO/I0 HEM'0 MOYKHO OIMCATh OKPYKHOCTS,
Hatinure neHTp M pagnyc 5TOH OKPYIRHOCTH, ECAH H3BECTHB PAZMYC OKPYIKHO-
CTH, OTIHCAHHOH OKoyi0 ABCD, 1 paccrosinie oT eé neHTpa 40 E.

B) JOKaKHTE, YTO JIOOOH YeTHPEXYTONLHHEK, aHAIOTHIHBI KLMN, Mo-
3eT OLITE TOMYUIeH H3 HEKOTOPOr'G CAMOTISPeCceKaroleTeed YeTHPEXYTONEHHKA
ABCD. BrAcHATE, I KAKHX TOYEK HA OKPYKHOCTH £ COOTBETCTBYHMIAN YETH-
péxyTonbHAK KLMN 6yaeT HMeTh caMollepecedeH A, OBITE HEBEIIYRIEM H T. 4.

5. BEMyKABIH 4eTHIPEXYTOABHUK paseNéH AUArOHATAMH Ha YeTHpe Tpe-
YTOABHMKA. JIOKaRUTE, YTC NMPAMAL, COSTHEITIOIAT TOUKH TIEPeCedIeHNHA MEANAH
JABYX MPOTHBOTIQIGIKHEX TPEYTOABHIKOR, NePIeHUKYIPHA IPAMOH, COSTIHA-
FOIIeH TOUKH [lepeceYeHHA BHICOT ABYX OCTABIIHXCA TPeyTOIBHHKOB.

6. /luaroHaaM 4eTHIPEXYTONbHUKA TePIeHIUKYIAPHEL JIOKaKWTe, 4TO te-
THIPE [PAMEIE, KKAAA H3 KOTOPHX COSIMHACT QHY H3 BEPIIHH YeTHPEXYTOMb-
HHEKA W LUEHTP OKPYKHOCTH, [IPOXOAAIIEIT Yepe3 3Ty BepLIHHY H ABE CMeXXHEIE
¢ Heill BepllIHHLL YeTHPEXYTOMBHHKA, TIepeceKaloTCd B OAHOHM ToUKe,

7. JlokaxkHTe, 4TO IAHTPHL YeTHPEX OKPYKHOCTeH, OMHMCAHHBIX OKOJMO ue-
THIPEX TPEYTOMLHUEOB, 00PA30BAHHEX YETHPHMA IePECeKAIOINUMECA MPAMEIMH
IVIOCKOCTH, JIEYKAT Ha OAHOI OKPY>XHOCTH.

8. Jlokaure, 4TO OTPE3KY, COSTWHAIOUIME TOUKH KACAHWA MPOTHBOIOION-
HEIX CTOPOH BIHCAHHO-OIDICAHHOTO YeTHPEXYTOMBHHMKA C BITMCAHHOH B HETO
OKPYKHOCTBI0, NEPICHAUKY/IAPHHL (LIOCTAPANTECH HE HCIOABIOBATh OIMHMCAHHUE
TAKHX YeTHPEXYTOABHIKOB, JaHHOE Ha JeKLHH).

9. B BEOIyRIOM ueTHpEXyrOmbHUKe ABCD mspecTHRl ymabl ZBAC = 20°,
/BCA=135°, /BDC =40°, /BDA = 70°. Hafizyre yrQI Mexay AHATOHAIAMH
YeTHPEXYTOMBHHKA.

10. OcHoBaHMe K0 BHICOTHI TPAYTOAbHIKA MPOSITUPYETCa Ha ABe ApY-
THE CTOPOHBL TPEYTOMBHUKA. JOKAKITE, TO IMECTh MOIYICHHEX TOYEK JIEKAT
Ha OJHOIl OKPY;KHOCTH.



Jekmua 9

Teopema ITonucesne II: o6mmii coay4gau

B 3ol mex1iuK MBI JafUM, HaKOHEIT, A0Ka3aTeNAbCTBO TeopeMHl [1oH-
cesie I MPOMUSBOABHOIO 1. 3apaHee INpeAvIpeXKZacM 4YUTATENA, UTO
MBI pazGepéM AHIIE MpocTeHIIME cayyail B3aMMHOTO PacTIONIOMEHMWA
OKPYHHOCTEH w U {1, a MUMEHHO, KOTZIa OfHA M3 HUX () IeIHKOM JE€XUT
BHYTpPHY Apyroii. ME 6yeM ¢Ie0BaTh UITGKEHHE), IPUHATOMY B KHUTE
H. @, lllapuruHa «['eoMeTpus, INaHUMeTpHA, SagatTHHK 411 9—11 krac-
coB» (M.: Opoda, 2001}, Kenawnme MOI'YT IOOEITATECS IPOBEPUTE, Ka-
Kas YaCcTh M3 HALIMX pacCy:KIeHUEH MOKeT OHITEH MpHcnocobnera K cuy-
Jar0 OOMIETO PACHIOIOKEHHA OKPYKHOCTEN. B KOHIE JEKIMH MBI Za/HM
He(OoMBINoH HAbPOCOK A0KA3aTENBCTBA TEOpeMHI [IoHCEAe B MAKCHMANh-
HO IIMPOKOH GopMyIHpORKe (OAHAKO, HE BRIXOAANIEH 3a paMKM €BKIH-
AOBOH reoMeTpUH).

A Havana HATIOMHUM GOPMYIHPOBKY TEOPEMEL

Teopema 1. [fycme Ha naockocmu Oaubt 08e makue Henepecekaro-
wieca oxpyxcHocmu £, w, umo w aexcum euympu £ [Ipednonoxcim,
umo cywecmayem xoma Gut 00Ha MAKARL 3AMKHYTAA N-36EHHAA IOMAHAA
AAy AL (bt cuumaem, umo A, coedunero ageHoM ¢ A;), umo ace mou-
Kt Ay, As, ..., Ay RENCAM HA oKPYXcHOCMU £ U 8ce 38eHBA A As, AnAz, ...
cer A 1AL, A AL Kacaomena oxpyxenocmu . To2da maxiux n-3seHubx
Aomamsix Geckoreurno muozo. Ha camom dene 8 Kauecmee nepeoﬁ Bepuii-
Hbl MAKOIl AOMAHOU MOJCHO 83AMb JHOAYI0 MOUKY HA OKpYsicHocmu £},

HameHo 6e10 OBl pacCUWTHEBATE, YTQ HAM YAACTCA AQKAa3aTb 3TO
YTBEPKACHHE COBCEM 3MIeMEHTApPHEIMH CPEACTBAMH, ¢ NMOMOIIBX pa-
BEHCTE TPEYTONBHUKOB, BIIUCAHHEIX YIJIOB, MOA06HIT 11 T. 1. TeM He Me-
Hee, MEL OTPAaHIMMCA €M ¥ He CTOTPOIEHTHO KIaCCHIeCKUMEF, TO BCE
K€ BIOJIHE MIKOALHEIMI METOAAME, A UIMEHHQ, HaM IPHAETCA TIPUBIEYD
HEKOTOPHE cOOGPAKeHH U3 aHANHTHIeckoH (JeKapTOBOIl) reoMeTprH
HAa IIOCKOCTH, ME ZOKAKEM ¢ WX IOMOMIBI CIEAVIONYES IEMMY.

Yreepsxaerne 1. [fycme A, As, ..., A, — PUKCUpoaarHbie MoukU HA
nnockocmu, kq, ks, ..., k, —0anusee vucaa. Tozda zeomempuueckum me-
cmom maxux movex M, umo cymma kA M? +k,AM?% + . + kA, M>
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nocmoaxHRa, Gydem a) OKPYHCHOCTb, MOYKA I NYCMOoe MHOMECmso,
ecnu Ky +ky ...+ k, #0; 0) npamasn, nycnmoe MHOMeECMBO UAL 6CH
naockocme, ecat ky +ky +... +k, =0. B uacmunom cayuae, ko2da n=2,
ki + ks #0, yenmp coomeememayrowell okpyxcHocmu Gydem aexcams Ha
npsamoii A A,.

HJoxazaTenbcTBo. BBegéM Ha IUTOCKOCTH AeKapTORY CHCTEMY KOOD-
ZuHart. [IycTh KoOpAWHATEL TOYKK A; paBHH (X;; ¥;). Toraa uckeMoe ree-
METPHIeCKOe MECTO TOUeK §YAeT 3a7aBaThCA CASAYIOINIM YPaBHEHHUEM:

kl((x—x1)2+(y—y12)) +...+kn((x—xn)2+(y—y,f)) =C.

3aeck (x; ¥} — KoopZUHATE ToukH M, a € JuxcHpoBaHHOE HAMH 3HA-
qenme cymMmul kA M2 + k,A;M2 + ..+ k,A,M2. PackpriBas cxobxu
H ]'IpPIBO,E[H HO,EI;OGHI:IE ciaaraeMeie, HOJIY‘-IaEM

Kx*+Ky?—2Lx—2My+N =0,
rae
K=ki+..+k,
L=kox,+..+kx,,
M=kn+..+ky.,
N=k @ +yD+..+k,E+yH-C.

Ecnn Tenmepr K # 0, TO NofydeHHOe YpaBHEHHE 3aJaéT OKPYXHOCTH,
TOUKY HIH l'IYCTOE MHOXeCTBO B 3aBHCHMOCTH OT TOI'0, MeHBIIE HYHAA,
N 2 M

PABHC HYIIO WAM GoAblLle HYAS BEIpasKeHUe i a (ITOBEI 3TO
JOKA3aTh, AOCTATOVMHO BRIAEMWTH IOJIHBIE KBajpaThl). Ecim ke K =0,
Halle ypaBHeHHe 334adT MpAMY0, MyCToe MHOXECTBO WM BCH ILIOC-
KOCTE B 3aBHCHMOCTH OT TOro, Kakpe M3 koadduuuenros L, M n N
PABHEL HYIK (HampHMep, IIyCTOE MHOMECTBO COOTBETCTBYET CAYYAID,
korga L=M =0, N#0).

HaxoHer, B HHTEpecylOOleM HAaC 9acTHOM CAyYae IEHTP OKPYXKHO-
cTH GYAET MMETH KOOPAWHATEL

kaxy theXy kv tkey )
ki+ky, * kitk ?

X=Xy — Y—=
Xa2 —Xq Yoa—h
NMpOBEPUTE, YTO 3TA MPAMAA COASPKUT TOYKY ¢ YKA3AHHBIMH KOOPAH-
HaTaMH. |

a ypaBHeHMe IpAIMOH A;A, BHIIVIAIUT Kak . Jlerxo
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Hame mokasarenncTBO TeopeMH [loHcene GyeT OCHOBBIBATHCSI HA
CASAYIOIOHX ABYX YTBCPHICHHUAX, BTOPOE H3 KOTOPEIX OCHOBRIBAETCA HA
nepBOM, a MePEOe — HA TOIBKO 4TO JOKA2aHHOH feMMe. BoT oTH yTBep-
AACHHA.

YrBepxaeHue 2. Ilycmb npamast nepecexaem o0Hy u3 08yx JaHHbLX
oxpyxcrocmetl 8 mouxax A u B, a emopyio — e moukax C u D. ITpoge-
O0éM KacameavHbie K Kancdol U3 OKPYJCHOCMELL @ moukax eé nepeceve-
Hus ¢ dannoll npamoil. flycme kacaneasHsie, NMPosedéHnbie K nepaotl u3
HUX, NEPECEKAIOM KAcamesbHbte, NPosedEHHbIe KO 8MOPOLl OKPYXCHOCTMLL,
6 mouax K, L, M u N. Toeda mouxu K, L, M u N nexam ua o0wHoil
OKPYXCHOCTU, UEHMP KOMOpoll Aexcum Ha npamoil, coedunsioweld yem-
nipat OaHHBLY OKpYHCHOCHTELL,

Yreepaxaernue 3, [Tycms oxpysHOCMS ¢ COdepxcumces sHympu ok-
pyscrocmu . Ipednonoxcum, umo mouku Ay, Ay, As, ... U By, By, Ba, ...
MAKOBbL, YUMo Npambie A1As, AsAa, ... 6CC KACAIOMC] @ U MO e camoe
gepro i npsmbox By B,, BoB,, ... Toeda ece npsmbie A1 By, AoBsy, A3Ba, ...
Kacawmen 0dHOl U MoK Jce OKPYHCHOCIRU (, YEHMP KOMOpPOU UM Ha
npamoli, coedunsioulell yenmpbt okpyxcHocmeil § u w.

Puc. 1 Puc. 2

OTMeTHM, YTO HA CAMOM JENE YTEeDRACHNA 2 U 3 CHIpaBeJIUBE] IIPH
Ar060M B3aMMHOM PAaCIONOoXeHHH JAHHEX OKPYKHOCTel U IpAMoil: Ha
pHc. 1 ¥ 2 NpuBeAeHH IPUMEPH], WITIOCTPHPYICIHE [IepBOe YTBEPHAL-
HUe. B nepBoM ciyyae ofHA H3 OKPYKHOCTEH COASPIKUT APYTYIO BHYT-
pu ceds, a BO BTOPOM — OKPYKHOCTH HepecekatoTesa. TOYHO Tak ke Ha
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pHc. 3 B 4 npuBeAcHEl IPUMEPH] B3aUMHOTO PACIOVIOKEHHA OKPYKHO-
creti 2 M w, urypupyomIx B yrBepixaeHIH 3. Kak BUAHO, OKPYHHOCTD
@ CYIIECTEYET BHE 3AaBUCHMOCTH OT TOTLO, COAEPHHT JHU OKPYKHOCTD £}
BHYTpH ceb1 w 1M HeT. [IpaBaa, MeTog, KOTOPBEIM MEl JOKaXKeM YTBep-
#JeHHe 3, cylllecTBeHHEIM 06pa3oM OMMpPAETCA Ha CBOHCTBA depTesKa.
YToGEI He 3arpy:KaThk TEKCT PasbopoM PasAMyHEX BADHAHTOB, M OTpa-
HIUHAMCA TOALKO AOKA3aTeALCTBOM TOTO CIYYafd, KOTOPEL1 ABHO cdop-
MynpoBaH. PazGop OCTANBHEIX BADMAHTOE MEI OCTABJIAEM UHTATEIO
B KA4YeCTBe YIPaOKHEHAA,

HdokazaTenbcTBO yTBepiKaAeHHa 2. YToOH MOKA3aTh, YTO TOYKH K,
L, M 1 N nomajaioT Ha OAHY OKPY:KHOCTE, ZOCTATOYHO MPUMEHHTE K Ye-
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TEIpEXYTOABHUKY KLMN kpuTepuii BIMCaHHOCTH A1 YeTEIPEXYTOIBHH-
koB. HanmpnmMep, Ha puc. 1 unMeeM

ZKNM = /BNC = 1 — ZCBN — ZBCN = 1 — 2 (VAB+CD),

ZKLM = £DLA = 11— DAL~ LADL = 11 — 2(uAB+ (D),
rae wAB, «CD — IyTH, BEICEKAeMEIC H3 JAHHBIX OKPYKHOCTeH TTpAMOi.
ME BOCTIONBIOBAMNCE TEM, YTC VTOA MEXAY KacaTelbHOE M XopaoH,
NPOXOAAIIEH Yepes TOUKY KacaHusd, PABEH IIOJIOBHHE COOTBETCTBYIOLIEH
Iy,

Taxum ofpazoM, LZKNM = ZKLM, H, 3HaUMT, TOYKH J€XKaT Ha OX-
HOI1 oKpyHOCTH. OZHAKO STOT PE3YABTAT He TOBOPHT HHYETO O TOM,
r/e PaCcIIONIONEH IEHTP JTOU OKPYKHOCTH. YTOGH 3TO YCTAHOBUTH, HAM
notpefyerca mopaboTaTh YyTh-4yTh NOGOABIIE. s 3TOTO HAWAEM OT-

BK
HOIICHHEC ﬁ: II0 TEOPCME CHHYCOB HME€CM

1
BK _ sinZkpB _ S (E”CD)

KD sin ZKBD sin (% uAB)
TouHo T: e 1l i\ ‘TH IIII-IPIHA_L ﬂ @ HEI TOH X
O'HO TaK K€ TOAYIAeM, ITO QTHOIIE ID’ MC’ NC PaB 0l ke

petvurHe, O603HAYNM 3Ty BEMHYHHY 6YKEOH X. [TycTh 04, O — LEHTPEH
JAHHEIX OKpy:KHOCTeH, Ry, R, —ux paguycel. Toraa mo Teopeme IMuda-
ropa HMeeM:
BK: O.K*-R}

T KD? T 0,K*-RZ’
OTKyAa CNeAyeT, 910 OlK2 - xZOZK 2= R% - szg. To e caMoe COOTHO-
HIeHWE BROIOAHAETCA A OCTANbHBX Touek L, M u N, Takum ofipasom,
BCe OHH NPHAHAANEKAT FeOMETPHYSCKOMY MeCTY To4eK X, A/ KOTOPHX
BBIIONEACTCA cooTHoWeHHe O X2 — x20,X?2 = const. CormacHo yTBep-
WEAeHHIO 1 3T0 MHOMKECTBO — OKPYIKHOCTE € IEHTPOM Ha npamoii 0,0,.
Coryaati, n300pa:KEHHBE HA PHUC. 2, TAK e KAK BCE OCTANBHEIE BO3MON-
Hble (JIyday B3aVMHOIQ PACIONMKeHWA JAHHBEIX OKPYHHOCTEH, HIIeM
He OTTHYaeTcA OT PacCMOTPEHHOTO, a

B gampHelimeM HaM TOHAAOOHTCA OAHO BAXKHOE, XOTA W MPOCTOE
C/IeZICTBHUE U3 YTBEPKACHUA 2; iobGan U3 oxpyxcocmeti, uzypupyrowux
8 Hetl, o0HOsHAUHO onpedenaemca dgymMsa Opyeumu U OaHHOIl 8 YCROBUU
npamotl (npamoil AB). A HMEHHO, OYEBHAHO, YTO MOMOKEHHE OKPYHHO-
CTH, CYIECTBOBAHKE KOTOPOI MHE AOKasbiBaMH (Ha3zoBEM e 1), onpefe-
JMAETCA 9TUMHM JAHHEIMH, HO BEPHO TAKMKe M TO, YTO MOAOKeHHe Jioboi

2
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M3 JByX JAHHBIX OKPYXKHOCTel Toxe onpejeidercd mpaMoii AB, BTopoi
JAHHOH OKPYKHOCTEIO H OKPY)KHOCTBIC y. B caMoM jene, TIpoBeA&M Ka-
caTe/bHBIE K JaHHOH OKPYXKHOCTH B TOYKaX ef IepecedeHMA ¢ MpaAMoi
AEB u Hatigém Touku K, L, M 1 N Kak TOYKH NMepecedcHiA NpoBeaEHHBIX
KaCaTeLHEX C Y. B oTHX Ke TodKax T AOCKHA nepecer{aTbca C Kacarenk-
HBIMH, HPOBeIEHHEIMA KO BTOPOH OKPYXKHOCTH B TOUKAX €€ IepecedeHHs
¢ AaHHOH npaMol. CneJoBaTebHO, 3TH KacaTeNbHEE COBIAJAOT C IIpA-
MuEIMH KL ® MN (Ha caMoM Zene 3TO 3aBHCHT €LIé OT B3aMHOTO PacIo-
JOKEHUA 9THX TOYEK — M. pHc. 1 1 2), a TOYKM MY KAacaHUd ¢ UCKOMORH
OKPYXHOCTBIO — € TOUKaMK nepecedenus KL u MN ¢ npamoit AB. Kpo-
Me TOTO, IIeHTPHl BCeX STUX OKPYKHOCTel NexaT Ha ofHOH IpaMoi —
HMHEIMH CIOBAaMH, MOXKHO YTBEPHKAATE U TO, 9TO IeHTP HCKOMOH (TOABKO
YTO BOCCTAHOBACHHOM) OKPYHHOCTH JSHUT Ha IpAMoi, coeauromeii
IEHTP OKPY:KHOCTH Y C IIeHTPOM BTOPOI AAHHOH OKPY:KHOCTH.

HdoxazaTenbcTBO YTBepxAennd 3. CATYaLlda, KOTOPYIO MEl GyfeM
paccMaTpuBaTh, B300pakeHa Ha puc. 3. MBI IpeAnaraeM IUTATEN0 Ca-
MOCTOSITEIBHO M3YIWTh CAydal, nzofpaxEHHLIL Ha pHC. 4, U IpouHe
BO3MOYKHEIE CY4aH B3aHMHOTO PacIoNO:KeHHs1 OKpyAKHOCTER Q H w.

Hrak, mycts C;, €3 — TOYKHM KacaHHA ¢ OTPe3KaMH A,A, 1 AyAj
COOTBETCTBCHHO; AaHAMOTHYHO NyeThk Dy, [y — TOYKH KacaHud w ¢ BB,
H ByBy (cM. puc.5). [Iycte P —TouKa nepecedeHus A8, u AyB,, K
H L — Touxu nepecegeHus npamMoit €D, ¢ npamemn A B, u AyB,; co-
OTBETCTBEHHO,

i Hadana saMeTHM, 4T0 £LA»A B = £A,B, B, KaK onHparIipecsi
Ha oguy ayry. C ApyToi cTOPOHEL,

ALDle = AB]_D]_K = %\JClD] = éAzC]L = AKClAl.

TawimM oOpazoM, ABa U3 TPEX YIAOR B TpeyromsHuKax KC A; u LD B,
PaBHEL, CI€JOBAaTeNbHO, PABHEI U yIInl LD LB, u ZCKA;. Ioaromy
Tpeyronbiuk KPL paBHOOeApeHHEH, KP = PL, V3 3Toro CAAYyET, ITO
CYIIeCTBYeT OKPYXHOCTE, KAcArINasdca IpaMoil A, B, B Toure K u mpa-
MO A,B,; B Touke L. C ApYroi CTOPOHEL, ME HaXOAWMCA B CUTYALIMH,
ofBcyiHAEHHON TToCIE ZOKA3ATENECTRA YTREPHACHUA 2 OKPYKHOCTD @ —
ofHa W3 JAHHEIX okpyxHocTelt, €[, —aaHHasa npswmad, a {2 vrpaer
POAb QKPY:KHOCTH ¥. CnefoBaTelbHO, OKPYKHOCTD, Kacaloniasaca A, B,
B Touke K 1 A,B; B TouKe L, UTpaeT ponb BTOPoil JaHHONH OKPY>XHOCTH
H3 YCIIOBHA YTBEpKAeHMA 2. B 4acTHOCTH, e€ LEeHTP JSKUT Ha IIPAMOH,
npoxofAe! Yyepes HeHTPH U . 3aMeTHM, YTO 3T0 YCAOBHE MO3BOIA-
eT OIPEACTUTE OKPYKHOCTE TONBKO TI0 OZHOMH 13 AByX Todek K 1 L.
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oy

P

Puc. 5

Yto0H! TEMEph [0KA3ATEH YTEEPHASHNUE 3 IIEMHUKOM, ZOCTATOUHG II0-
Ka3aTh, YTO TO9Ka L’ mepecedenna A,B, m C,D, coBnagaer ¢ L. B ca-
MOM Zefe, paccy:iAasd TOYHO TaK e, Kak M [Mpexie, MH MOKakKeM, YTO
CYIIECTBYET OKPYRHOCTD, Kacamasica A,B, B Touke L' u A3B4 B Tou-
ke M, IpudéM OeHTp STOI OKPYKHOCTH JIeXKMT Ha NPAMOI, COeNHHAIO-
el HEeHTpPH OKPYKHOCTEH © M w. CaeaoBaTensHo, e L=L', To ara
OKPYKHOCTE COBIIAZAeT ¢ Impeaplaymiedl. Jnd ZoKasaTeAbCcTBA HaHWAEM

AL
OTHOIICHHNE 1B,
1 .
_ & _ Sae.m _ §C1A2'C1D1 sin (£A,C,D,) _ GiA

SBﬁClDl %D]_BZ - C1D1 Si.l‘l [échlBQ)

3aeck h, h’ — IepIeHAUKYISPHI, OMyMEHHbIE U3 TOYeK Ay ¥ By Ha €Dy,
H MEL BOCIIOMB3OBAJIHCH TEM, 9TO

Y

2L

&l

AAZCIDI == %\J C]_Dl, ZC]D]_BZ =mT— %UC]_D]_.
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Ho TO9HO TaK e MOXHO IOMYYHUTh PABCHCTRO

AL _ Chy _ G4

I'B,  D,B, DBy’
rfie MEL Ha TIOCAEHEM 3Talle BOCIIOAb30BAIHACE PABCHCTROM KacaTelNlb-
HBIX, IPOBEAEHHEIX K OZHOH H TOMH e OKPY:KHOCTH H3 oAHoil Touku. [

3aMeTHM, YTO N0 X0AY Ae/ia MBEL ZOKA3alH elié ofHO BamHoe CBOH-
CTBO paccMATPHBaeMOH KOHOUTYpaluu: mouku kacanust npsaimsx A:B;
C OKPYXMHOCMbBIO a Aexcam mexcdy mouxkamu A; u B;. Temeps ocramoch
TOABKO IIPIMEHUTE TIOMYIEHHEIE PE3YAbTATHL, JUIF TOTO 9TOOH A0Ka3aTh
OCHOBHYIO TEOPEMY.

Joxazatenectso TeopeMbl I[loHcene, [TycTh OKPYKHOCTE ¢ Je-
SKHUT UeJTHKOM BHYTPU OKPY:KHOCTH £2, U IIYCTh A As...A, — 3aMKHYTad
n-3BeHHad JIOMaHad, BCe BEPIIMHE KOTOpOi Aexar Ha () U Bce péb-
pa KOTOpoil KacamTes OKPYXHOCTH . [Iycte ByB,...B. B, —Apyraa
n-3BeHHAs JOMaHad, Bce BePIOMHEL KOTOpol JiexkaT Ha {1, a Bce pébpa
KacaroTca . [IpeJnonoxuM, YTo BTopasd JoMaHad He 3aMKHYTa, T.e.
B, # By. Bes orpaHnyeHns 0SMHOCTH MOXKHO CYHTATE, YTO TOUKa B,
JIEHCAT Ha TOH M3 AyT A; A, OKPYIKHOCTH §2, AN KOTOPO# COOTBETCTBYIO-
i CErMEHT He COAEPIKMT OKPY:KHOCTH ¢, H 9TO HallpaBAeHWA 00xoga
OKDYXHOCTH §1, 3a/laBa€MBIe TOUKAMH Ay, Ay, ... M TOUKaMH By, B,, ...,
coBnagawt. Toraa Touka B, AO/DKHA TIOTIACTE HA AYTY AsAj, TOUKA By —
Ha OYTY AzA4 U T.A., TaK 4YTQ TOYKA B,,, ONATE mollajaeT Ha JAYTY
AjA,. CormacHo yTBEDKAEHMIO 3 OTpeskH A;B; KacamTcsd HEKOoTOpoi#
OKPYXHOCTH a Anf Beex i=1, 2, ..., n. Bonee Toro, Tak Kak A, = A,
OTpezoK A; B, TOXe KacaeTCH OKPYXXHOCTH . C Apyrol CTOPOHEL, OT-
pesoK A, A, 06A3aH nepeceKaTk OKPYRHOCTB ¢ (BeAb Ha Hel eCTh TOYKH,
JMexarye no ofe CTOPOHE OT AjA,, — TOUKH e€ KacaHUA ¢ OTpe3KaMU
A;B;). Tagum 00pazoM, TTOAYIHIOCh, 9TO U3 TOUKH A; MOKHO IIPOBECTH
JBe KacaTe/lbHble K 0AHOMN OKPY)KHOCTH, JAeKanlye II0 OJHY CTOPOHY OT
ofHoH H Toll Xe ceKylliell. 3TO HEBO3MOXKHO, 3HaYHT, B, =B,. |

3apepIInM JeKIHK 00CyHIcHHEM BO3MOXHEEX 0000IneHHH U yToY-
HeHHH JokasaHHOP Teopemul. [Ipexie Bcero 3aMeTHM, WTO ITOHATHA
BHHCAHHOCTH H KaCcaHHA COXpaHHIOTCH lTpPI 601]])]1]2PIHCTBE I'EOMETPH'—IE-
CKUX IpeofpazopaHuil, Hanpumep, eq/ MBI nepeHecéM BCHO KOHQH-
rypaimi NapaileAbHO Ha TOT WIH HHOHM BeKTOp WIM IOBEpHEM BO-
KpPYT HEKOTOPOrO LEHTPa HA HEKOTOPEIHM Yrod, TO HAYETO HE H3MEHHT-
cd. Ipapaa, HUYEro HOBOTO MEI IIPH 3TOM HE ITOMYYHM — OKPYKHOCTH
nepeiiayT B OKPYHHOCTH, NMPAMEIE —B NPAMEIE, TaK YTO STOT CIocob
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0GODIEHHS HU K YeMy He TpHBOANT, To xe camoe Mpou3olaséT, eciu
MBI 6yZeM HCTIOIB30BATE FTOMOTETHIO.

QOapako He Beé Tak IMoxo. Beab ecTh emé ¥ HHElE Ipeobpasoba-
HHUA WwrockocTd. HampuMep — unBepensa! Bo Bropoit YacTH KHMIH MBI
wiaHupyeM moApodHo oOcyziuTe €€ cBolicTRa, a cetidac He Oyaem Ha
HUX OCTAaHABAWBATHCA (3Kealoniye MOrYT H3YIHTh HMX CAMOCTOATEABHO
no kHwkke M. M. fArmoma «[eoMeTpHdeckue npeodpasopanus» (T. 2. M.:
TMHTI, 1956), nau no sagavHuky Y. ©. HlaprryuHa «3aja4qd no reoMeT-
pul. [InanuMerpus» (M.: Hayka, 1980), uan nogoxaaTe BTOpoil 4acTu
HANIMX AEKIHE), CKAXKEM TONBKO, ITO OKPYKHOCTH OHa 0GEMHO TIepeBo-
JAUT B OKPY’KHOCTH, a IIPAMBIE — TOXE B OKPY:KHOCTH, HO IIPOXOAALIE
gepes BRASIeHHYH TOYKY — IeHTp WHBepcHH. U HaobOpOT: OKPY)MHO-
CTH, TMPOXOAALIHE Heped LEHTP MHBEpPCHH, MPH HWHBEPCHH MEePeXOAT
B mpambie. Takum ofpasoM, Mel €3 0cOGHIX YCUMME TOMYIHAN CIEy-
OIee YTEepXAeHHE,

Yreep:xaenue 4. Ilvemo danwt 0se okpyxncrocmu £ u o u mouxa M.
Paccmompum mouky A, Ha oxpyscHocmu £ u npogedém uepes Heé u uepes
mouky M oxkpymcnocmo, Kacaouyiocs w. Iyemu A, —smopas mouka
nepeceuenus § 1 npogedéuHoill oxpyxcrocmu. [losmopun smy npoyedypy
ons A,, nomyyum A, u m. 0. Ipednonoscim, wmo HQ KAKOM-MO 3mane
npoyece ayucumsca, m.e. A, = A; (cMm. puc. 6, Ha kKomopom n=4).
Toe0a dan mwboil dpyeoii mouku By xa € amom npoyece mowe 3auuk-
Aumca HA nT-M Wiae.

Puc. 6

Kax u Teopema TIoHCENE, 3TC YTBEPKACHUE CIIPABEIVEQ TIPH I0-
60M B3aHMHOM DACIOIONEHAH OKPYKHOCTEH £ M w. Hajo TOTBKO
HMETE B BHAY, YTO HEKOTOPEIE H3 MMOCTPOCHHBIX HAMH OKPYKHOCTEH MO-
I'YT BEIPOAUTECA B OKPYKHOCTH GeCKOHEYHOTO pagnuyca, T. €. B MpsMELe.
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Apyroii BaxXHEN K1ace IpeofpazoBaHmii INIOCKOCTH, K COXKANEHHIO,
BBIXOAAMMI JANeKO 32 PAMKH INKOWIBHOH NPOrpaMME], COCTABIAIOT TAK
HasbiBacMble adHHHEIE ¥ IPOSKTHBHEIE NpecOpasoBaHl (YHMTATEND,
SKEMAOINHA MoCKopee MOSHAKOMHUTECA ¢ HEMM, MOXET 3ar/IAHYTE B yKe
YIOMAHYTYIO BbOIIE KHUTY frnoma). B oTnuume ot ABWKEeHUN B UHBED-
CHH, 3TH IpeobpazoBaHn, IEPeBOAANIE NPSIMBIE Ha ITOCKOCTH CHO-
Ba B IpAMEIE, NEPEBOJAT OKPYKHOCTH He E OKPY?KHOCTH I PAMEIE
(3HAKOMEIE HaM IO [IKMIEHOMY KypCy TeOMeTpHH 00BEKTH ), a B Goaece
LIMPOKHIA KTace KPHEHX. A UMEHHO, MOXKHO JOKa3aTh, YTO MOAXOAAIIIM
MPOEKTHBHEIM IIPe0o6pa3oBaHieM OKPYKHOCTE MOMKHO IIEPEBECTH B /K-
Oy10 koHuicy, WM, TOBOps TOAPOOHEE, KOHUUECKOE CeUeHUe.

Puc. 7

Kax H3BE£CTHO, CYIIECTBYET TPH OCHOBHBIX THIIA KOHHMYECKHX CeYye-
HUti: sanunc (JacTHHIM CAYIaeM KOTOPOTO ABISETCA OKPYIKHOCTE), Nd-
paboaa 7 aunepbona. Bece 3T KpHBEE (M TOMBKO OHH, €C/H He Y4H-
TEIBATh BHIPOMKACHHEIE CAyYau) 3ajaloTcd Ha AeKapToBoH IIOCKOCTH
YPaBHEHUAMM CTEICHH 2 or X, ¥, IO3TOMY HX YaCTO Ha3bIBAKOT TaK-
e KpusbMU émopozo nopadka uan keadpuxami. Mul He 6yaeM 37ech
noApo6GHO ONHUCHBATE 3TH KPHBHE M HMX MHOTOUHC/IEHHEIE KPAacUBLIE
cBoHicTBa, XKemanyM MOXKHO DOPeKOMEHAOBATE NPEBOCKOAHYIO KHHTY
A.B. AkomsaiHa 1 A. A. 3acnaeckoro «[eoMeTpHYecKHe cBoiicTEa KPHBEIX
BTOpOTO opaaka» (M.: MITHMO, 2007).

PezynbTaTh! IIpEMeHEeHHS IIPOEKTUBHEX ITpeofpasoBaHmil K KOHQH-
rypanuy, GUrypHpymomei B TeopeMe IloHcene, u3oOpakeHH Ha pHuc. 7
H 8. B 000HX CNy4adx MB OOIYYHIH APy KOHHYCCKUX CedeHHA 1 Jo-
MaHyl0, KakAoe 3BeHO (To4yHee, KaKAas NPAMasd, cofepikallasd 3BeHo)
KOTOPO#l KacaeTcsa oAHOH U3 KPUBBIX, a KauAad BeplMHA — JKUT Ha
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Puc. 8

BTOpOH Kpupoil. C APyroil CTOPOHBI, HECIOHKHO IIPOBEPHUTE {peInad CooT-
BETCTBYIOIIYI) CUCTEMY, COCTARACHHYI0 U3 YpaBHeHUA IIpAMOH U ypas-
HeHMA KPHBOH BTOPOrO NOPAAKA), 9T0 JH06AA IpAMas, NepeceKaloman
TAKYIO KPUBYIO, HO He Kacaloasics eé, UMeeT ¢ Hell poBHO ARe obmpe
Toukn. Kpome Toro, ecnn yepes TOUKY BHe KOHMKH K HEH MOMHO IpoBe-
CTH KacaTelbHYH, TO TAKHX KacaTeABHBIX POBHO ABe, [103ToMy MOXHO
3aJaTk BOIIPOC; IPEATIGNMKIM, 9T0 HaM AaHEL IB€ KPUBEIE BTOPOTO Q-
PAAKA H MBI, Ha9HHAA ¢ TOMKH A; Ha OJHOH M3 HHUX, CTPOHM KacaTesb-
HYIO K APYyTO#, BepéM B KadecTBe TOYKH A, BTOPYIO TOUKY NMepeceucHns
NpPOBEAEHHOM IIPAMOIA ¢ TepBOH U3 AAHHBIX KOHUK U T. /., U B Pe3yAbTaTe
NOy4aeM TOIKH Ag, Ay, ... (3TY Npouenypy Ml 6yZeM Has3blBaTh RPO-
ueccom IoHcene); MyCTEb A/ HEKOTOPOTO R MBI IIOAYUM, UT0 A, 1 = A,
BEPHO JH, YTO TO XK€ caMoe OYIZeT BHIOOMHATECA B And moboi apyroit
TOYKHK B, Ha nepBo# KpuBoi?

OxastieaeTes, Ja! Ha camoM Zesie cripageiiBa caeAyiollas TeopeMa.
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Teopema 2, Hycme dawbl 08e HesbpoXCOEHHBIE U HE KOACAIOUUECA
dpyz Opyea woxuwu. Ecau dna kaxoli-mo mouku A, Ha o0HOU U3 HuX
npouecc Iloncene sameicaenica na n-m waze (M.e. App = Aq), mo on
3aMKHEMCA Ha mom e waze Oal woboll dpyzold mowxu By na smoi:
KOHUKE.

K coxxaneHmo, npEMeHeHMEM IIPOSKTUEHOrO IIpeopasoRaHna 3TOT
$aKT JoKa3EIBaTh HEMb3A — JaNeKO He JI6YI0 APy KOHHMK MOXKHO TOIY-
YHTE TAKUM TIpeofpasoBaHHeM U3 IAPH OKPYXHOCTell. B aToM Hecnok-
HO yOeAWThCA, PACCMOTPER TTAPY S/UTHIICOB, IEPECeKAIONMXCA B YETHIPEX
PAa3IMYHEIX TOUYKAX, [[03TOMY ZOKa3aTeLCTEO 3TOM 0000IMEHHOI Teope-
MBI TIoHCeIE TIPOBOAAT UCKIIOMHATSIBHO alrebpandeckMMH METOAAMH,
B ofleM 1 DesioM BOSMOMHYIO HACHD AOKA3aTeNbCTBA MOXKHO OMHCATE
TaK: Ha JOO0M KOHMYECKOM CedeHHMM MOXKHO BBECTH KOOPAHHATY t,
AHAJOTHYHYIO BEIHYHHE [EHTPAIBLHOTO YIVIA, 3aJalomero MOM0KeHre
TOUKH Ha OKPY>KHOCTH. C MOMOIIBI0 BEEAEHHOTO ITapaMeTpa MOXHO 3a-
MHCEIBATE YPABHEHNA KAaCATEABHEIX 1 HAXOAWTE TOYKH UX Iepecey e,
OxasblBaeTcs, BCe TOYKH TIEPECedeHHs KacaTebHEIX, MOMYYAIOLUIUXCS
npuMeneHreM nporecca [loHcene, OyayT nexaTh Ha KPHBOM, ypaBHe-
HHE KOTOPOii B KOODAWHATAX, CBA3AHHLIX ¢ TADAMETPOM &, OyAeT MMeTh
CTelleHb, MEHBIOYH), Y€M YHCIOQ 2THX TOYEK. BHa‘{PIT, 3TO YpaBHEHHE
BEIIQIHAETCH TOXAECTBEHHO, a CII0BATENBHO, HE 3aBUCHT OT BBIOO-
pa nepoil ToukH, IMogpoGHOCTH 3aNHTEpeCOBAHHEIN 9UTATSME MOMET
NMOYSPIIHYTE, HanpuMep, U3 cratel B. B.Ilpaconopa «JokazaTenbeTBo
teopemnl [loncene 1o Japby» (MatemaTtuieckoe npocsemeHue. 2001
Cep. 3, Bemr. 5. C.140—144),

3ajaqH AjA CAMOCTOATEARHOI( pPElIeHud

L IpoeepbTe, 4TO YTRepEAcHHE 2 OYACT BEIIOMHATECA B (Iy9ae, KOIAd
OKPY)KHOCTE ¢o JIEKUT BHe OKPYKHOCTH {2 (cM. puc. 4).

2. Ha ayre BC oXpy:HOCTH, OIMFACAHHOH OKOAO PABHOCTOPOHHETO TPEYTOIb-
auka ABC, Basta Touka P. Orpeaxn AP u BC nepeceraiorcd B Touke Q. Jloka-

1 1 1
pq =78 T FC"

3. KacaTe/TbHEIE K OKPYAHOCTH, OIIHCAHHOH OKO/IO TpeyroasHuKa ABC, ipo-
BeZIEHHEIC B TOUKAX A U B mepecerarores B Touke P, Jlorawwre, yro npamas PC
HepeceracT cropory AB B Touke K, gemmneii e B orHomenun AC? : BC?,

4, [Ipaman QA KACACTCT OKPY:KHOCTH B TOMKe A, a xopaa BC napannensHa
OA, Tlpamele OB 1 OC BTOpHYHO NepeceKaloT OKPY/XKHOCTh B Toukax K H L.
Joraxarre, 4yTo npamad KL gemut oTpesok OA momoaam.

SKUTE, YTO
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5. Jlee OKPY:KHOCTH pagHycoB 5 1 4 kacarTca BHemHMM o6pason. [IpaMan,
Kacawlasaca MeHbIIel OKPYKHOCTH B TOUKE A, MepecekaeT OOMBIIVIO OKPYX-
HOCTB B TO9Kax B u C Tak, yro AB=BC. Hasinure AC.

6. Ha miockocT JAHBI TPH NOIAPHO IEPECEKAOIHECT OKPYKHOCTH, 1IeH-
TPH KOTODHIX HE JISWAT HA OAHON npamoii. JIoK@®uTe, YTO MPAMEIE, COJepXa-
mue oOIHe XOPAE KUKACH Naphl 3THX OKPY)KHOCTeH, IiepeceKaloTcd B OBHOIT
TOIKE,

7. Ha mnockocTH ZaHel 4eTHIPE NPSAMBIE, HUKAKUE TPH M3 KOTOPHIX HE Te-
peceranTcd B OFHOH TOYKe W HHMKAKHe JBe M3 KOTOPEIX He Napa/iiefbHEL Jo-
KaKHTe, YTO NSHTPEL OKPYHHOCTEH, OTIMCAHHBIX OKOMO YETHIPEX 0Bpa3oBaHHEX
STHMH TIPAMEIMH TPEYTOMBHHEOB, ICKAT Ha OJHON OKPY:HHOCTH.

8. BHIYKJEOL 9eTHPEXYIONBHAK pasfefiéH AWaroHaAAMH Ha 4eTHIpe Tpe-
YTOAbHHUKA. JloKaXHTe, UTO IPAMAL, COSAHHAIONIAA TOUKY epecedeHIs Meuad
ABYX MPOTHBOTIONOKHEIX TPEYTOWIBHHKOB, MEePIeHUKYAAPHA IPAMOL, COEIHHNA-
el TOUKH NePeceueHHs BHCOT JBYX APYTUX TPEYTOMBHUKOB.

9. JoKaKHTe, YTO YeTHpe NpAMEE, KaXJad M3 KOTOPEX NPOXOZHT dYepes
OCHOBaHMA TIEPIEHAHKYIAPOB, OMYISHHBIX H3 BEPUIMHB BIIHCAHHOTY YeTRIPEX-
YTOJIEHIKA HA CTOPCHBL, He COASRKAIIHE DTOH BEDUIMHHL, TICPECEKAIGTC B OF-
HOIT TouKke,

10. JlokaxwTe, YTO TOUKY, CHMMETPUYHEIC IEHTPAM BHeBITHCAHHLIX OKPYX-
HOCTei! TPOM3BOIBHOTC TPEYTOAbHUKA OTHOCHTENLHO LEHTpPa ero :Ke OIHCAH-
HOU OKPYKHOCTH, JIEXAT HA OKPYKHOCTH, KOHIICHTPHIECKOHN BICAHHOH OKPYR-
HOCTH 3TOTO TPEYI'OJIbHHKA, C PAAHYCOM, PABHEIM JMaMeTpy OlMCaHHOH OKpykK-
HOCTH.



Jexkouga 10

OKpYKHOCTU U KaCaTe/IbHBIEC:
NPHU3HAKNA OMHCAHHBIX Y€ THIPEXYTOJbHUKOB

Ha npeapayinypx AeKIUAX MEL H3yYalH CBOHCTBA H IIPH3HAKH BITH-
CAHHHX YETHPEXYTOMBHHKOB, a TAKKe HpocTedmine (M He CTOMB VK
nmpocTeiie) cAeAcTERA 13 HUX. Telleph HacTaNla Mopa NOSHAKOMHTBCS
¢ aHANOTHYHBIME YTBEPHKACHUAMH I YeTHIPEXYTOABHHKOB, 00naato-
IMX CBOHCTBOM, B HEKOTOPOM CMEBICAE «ABOHCTBEHHEIM» K BIIMCAHHO-
CTH. A IMEHHO, MHL OyieM o6Cy)KIaTh onucaHKble 9eTHPEXYTONEHHKN:

Mot Gy0em 2080pUMb, UMO UEMBIPEXY2OALHIUK — ONUCAHHBIL, ec-
Al CYILECHIBYeN OKPYNCHOCIL, KACQIOWUACA GceX Uembpéx ezo
CMOPOH.

Kax Mbl BHAUM, onpejeieHHe ONUCAHHOTO YeTHIPEXYTONBHUKA M0-
JIydaeTcd W3 OIpefeNeHrs] BIMCAHHOTO 3aMeHOH CI0Ba «BEpUIMHA» Ha
C/IOBO «CTOPOHa», Jlake Imaros MeHATh He 00A3aTe/bHO — BeAb MOM-
HO CUHTaTEk, YT OKPYKHOCTE, IIPOX0JAIIas yepes TOUKY, KacaeTcsa 3Tol
TOYKA. MOXHO MpeanoIoKuTh, YTO U CBOHCTBA ONHCAHHBX YeTHIPEX-
YTOABHHUKOB MOTYT OHITH MOAYYCHE KaK MepedopMyIHPOBKa CBOHCTE
OIMMCAHHEX YETRIPEXYTOABHUKOB. JT0 HAGMIOAeHHe BO MHOTOM BEpHO,
HO B elé Hoapnrel creneHy — HeT, Ha caMoM Ziesie OTAMIAL NOABIISTIOTC
ropa3io paHbIle, YeM MOXKHO BELIO OB IPSAIONOXATE. B caMoM Aede,
B JAHHOM ONpeje/eHHN MBI FOBOPDHM O KacaHHH OKPYRHOCTH ¢ OTPes-
KaMH. OfHaKO 3T0 MOHATHE HE OYeHE X0POIIo CNpeAeneHo — HATIPHMED,
9TO ENATh, ECAN OKPYKHOCTE IIPOXOANT Yepe3 KoHel| oTpeska? MoxHO
JIA CUMTATh, 9TO OHA BCETAa B TaKOM caydae OyfieT KacaTbCcA OTpesKa,
€CJIN, KOHEYHO, ¥ HUX HeT GonbIe oBMKX TOYeK? 3TO BONPOC ACTOBO-
péuHocTel, a He MaTeMaTUky. C TOYKY 3PeHMA MaTeMaTHKH ropasjo
eCTecTBeHHee TOBOPHUTD O KACAHWH OKPYIKHOCTEH € npAMsiMi, 4 He C OT-
peskamu. Jagum moasToMy Gofiee TOIHOe H, KakeTcs, Gosee IIOJe3HOe
oIlpefienieHue,

Mpednonoscum, umo Hukakue npu mouxu uz mouek A, B,Cu D
He aexcam Ha odwotll npsmoii. Bydem 20eopums, wmo ABCD — oniu-
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Puc. 1 Puc. 2

COHHBIL YembIPEXCMOPOHHUK, eCAU CYUIECRB8Yem OKPYMCHOCME, Kacd-

1owascs xaxcdotl us npameix AB, BC, CD u DA,

Bot TyT-TO M HAYHHAIOTCA TIEPBHE TPYAHOCTH: U3 OTIPEASTIEHHA Cle-
AVET, 9T0 OKPYKHOCTb MOXeT KacaThCH KaK CTOPOH YeTHPEXYTOALHHKA,
TaK M WX IIPOAQIKEHUM, T, €, BO3MQXKHEL KaK CUTyallud, u3oOHpaxeéHHas
Ha pHc. ], Tak B cATyauusa ¢ puc. 2! 06a H3o6pauéHHEIX Ha HUX YeTH-
PEXCTOpOHHMKA oInicaHHHe, [lo3ToMy Bee AanpHelilinie HA TeQPEMEL
OfEIMHO OYAYT UMeTEk KaK MUHIMYM JBa BapHaHTa — JJIA cay4as, usob-
paEHHOro Ha puc.l, M AAa puc. 2 (MBI COBETYEM YUTATEMO 06AYMATE,
KakHe El[[é BapHaHTbI B3aHMHOTO pa(I[OJIO}l{EHPIH Opr){{HOCTH H YeTHI-
péxyronbHNKa ABCD CYIECTEYIOT; HONE€3HO GYAeT TAEoKe CAMOCTOATEE-
HO cGOpMYAHPOBATE B JOKA3ATE BCE YTBEPHKAECHH HACTOAMEHN JEKIINH
ANA OTUX cnydaeh). HayuéM ke cBoé 3HAKOMCTBO CO CBOMCTBAMU OTIH-
CAHHBIX 9eTHIPEXCTOPOHHMKOB MEL, KaK M paHee, ¢ UX IpusHakoB. Kak
M B CAyYA€ BIMCAHHOTO YETHPEXYTOJIBHUKA, 9TH NPU3HAKA MOTYT OHTE
HCIIOAb30BAHH HE TOABKO B €BKIHAOBOM IIOCKOCTH, HO ¥ Ha cdepe, 1 Ha
mwiockocTy JlobageBckoro. [ToaToOMY, Kak H [IperkAe, ME IPHUBEAEM JBa
JZOKAZATENBCTBA: OJHO Golee IKOIBHOE, A APYToe — ToXoKee Ha «abeo-
JHOTHOS» TOKA3ATENRCTEC I[pHBHaI{a BITACAHHOI'O ‘]ET])IPE'XYI‘OJI])HP]I{OB.

Teopema 1. Ifverns A, B, C u D —mouku na naockocmu, HUkaxue
MpU U3 KOMOPLIX HE AeHam Ha o0Holl npamotl. Tozda uemuipéxcmopon-
Hux ABCD asasemca ONUCOHHBIM, ECAU U IMOABKO €CAU 8bINOAHACHICA
OOHO U3 CREGYIOUUX DUBEHCME!

AB+CD = BC+DA, D
DA+ AB =BC+CD. (2)
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TIpu 3moM @ NepsoM Cayuae peanusyencs CUmyayus, usobpareHHas Ha
puc. 1 (m.e. OKPYyXCHOCTL REWUTN BHYMPU UHEMbIPEXY20RLHUKA), d 80
snopom — cuntyayus, usobpascénuas na puc. 2. (Ommermum, wmo Ha
camMom Oere GUPURHMOE PACROMOKEHUR OKPYXCHOCMU OMHOCUMERALHO
uemnsipéxyzonvtuxa ABCD bGoasue, uem npedcmasaeno 30ecs, 00HaxKo
OCMANLHBIE NPUSHAKY ROAYHAMCA U3 Yxe pasofpaHHbix UaMEHeHUeM
obozHaueHut] — cM. 3adaut O CAMOCMOANIEALHO PetieHUs.)

HoxazarenscTso. [Tokazats, a0 00a yenosud HeoOXOTHMEL, HEOOb-
qaiiHo mpocto, [locMoTpuTe Ha puc. 3 U 4. OTpesxd, 0G03HAYCHHEIE
Ha HHX OJUHAKCBHMHA OyxBamu (x, ¥, £ WM W), paBHEL, Kak OTPe3KH
KacaTeNbHEBX, TPOBEAEHHBIX H3 OFHON TONKU K HEKOTOPOH OKPYKHOCTH.
TMoaTOMY B NepBOM cay4ae ME OyAeM MMeTE

AB4+CD = (x+y)+(z+w) =(x+w)+(y+2) =BCH+DA,
a BO BTOPOM —
DA+AB=(y+x}+(w—x)=y+w=(w—3)+(y+2})=BCH+CD.

A AokasaTenbcTBa OOpaTHOrO YTBEPXAEHNA TIPSAMONOKNM, YTO
paBeHCTBO (1) BEIIOAHAESTCA, HO OKPYKHOCTH, Kacaiolleiica Bcex gaH-
HEIX MPAMELX, He cyllecTeYeT. [IpoBeséM Toraa OKpyKHOCTD, KACAIOIIY-
CA TPEX M3 YETHIPEX NIPAMEIX, Haupumep AB, BC 1 AD (Taxasd oKpy#-
HOCTB CYIIECTBYET IIC TPMBHANBLHEIM NIpHtMHaM), [IpoBeséM Teneps de-
pe3 BepuuHy C npsaMyie CDY (Touxa D' aexwur Ha npamoit AD), kacaio-
LIVIOCA OKPYKHOCTH {CM. pHC. 5).

Torza 4eTHPEXCTOPOHHKK ABCD’ oniMcaHHbIi (TIPUYEM OKPYKHOCTE
JIEXKUT BHYTPH ABCD’), cie0BATENbHO, A1 HETO BRIIOIHAETCS PABEH-

Pue. 3 Puc. 4
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c

D!

Puc. 5

crteo (1), 1. e,
AB+CD’ = BC + AD'.

Ho nmo yenosuto AB + CD = BC + AD. BerauTas 3TH paBeHCTBA IOWIEHHO
JApYyT M3 JpYyra, MoTydaeM

CD'—CD=DD, wm CD'=CD+DD,

910 MPOTHBOPEIHT HEPABEHCTBY TPEYTWIBHHKA (ana ACDDY),

TouHO TAK e MOXKHO OBUIC OB ZOKA3ATE M CYIIECTBOBAHME OKPYIK-
HOCTH B cAyYae, KoIja BMecTo paseHcrBa (1) BhINOIHAETCA DaBeH-
cTBo (2). OfHaKO MHI IPEATOYTEM BOCHOME3OBATECA JPYTUM pPacCyk-
JeHUeM, BO MHOT'OM aHAJIOIWYHEIM BTOPOMY JOKA3aTeAbCTRY IIPU3HAaKa
BITHCAHHOTO YeTHPEXYTOABHIKA.

HTak, pesmonokiM, YTO paBeHCTEO (2) BEIMOAHEHO AAS HeKOTO-
poro 4deTelpéxcTopoHHUKa ABCD. [lepermnieM 5TO PABEHCTEC B BHAE
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AB — BC =CD — DA, Bes orpaHudeHns o0I0HOCTH MOXHO CIMTaTh, ITO
BENIMYMHA, CTOAMAA B O0eHX YacTAX IOIYIEHHOrO YPAaBHEHHA, HEOT-
punaTenbHas. BoemonbayeMca 5THM 1 IPOBSAEM CleAyIOUIHe AOTIOMHH-
TeNbHEIC MOCTPOCHUA (CM. pHC.0): OTIOMHM OT TOYKHM B Ha myde BC
oTpesok BL, paeHELi AB, a oT Tousn D' Ha nyue DC — otpesok DK = AD.
¥ Hac ofipasoBajiock TpH paBHOOEApeHHBIX TpeyroAbHWUKA; ABL
(AB=BL), ADK (AD = DK no nocrpoenno) u CKL, B KOTOPOM

CK=CD—-DA=AB—-BC =C(L.

MpoBegéM GHCCEKTPUCH YIIOB MPH BEPIIHHAX 5THX paBHOOEIpeHHBIX
TpeyI‘OJIBHIII{OB. Kak H3IBE£CTHO, OHH COBI[E,ZI,'YT C BHICOTAMH H MeaaHa-
MH, IPOBEAEHHIMH B 3THX TPEYTOJLHHKAX K OCHOBAHHIO, H, TAKUM Qf-
pasoM, ¢ CepeIUHHEIMH TEPIEeHANKYLIpaMH, TTPOBEAEHHEIMHA K OTpe3-
kam AL, AK n KL cooreeTeTeenHo. Ho 3TH cepeUHHEIC TIePIeHANKY-
JMAPH MepeceKaloTeA B OZHOM TOYKe — EeHTPe OKPYKHOCTH, OMUcaHHOH
OKOMG TpeyroabHuKa AKL] Tak Kak 3Ta TOUKA JEXWAT Ha GHUCCERTPHUCAX
VIVIOB, OHa paBHOYAaneHa OT IpamMex AB u BC, DA n CD, a Ttaxke BC
H CD, T. e. OHa paBHOYJANEHa OT BCEX YETRIPEX NPSAMEX, COCTABIAIMNIINK
YeTHpEXCTOPOHHUK ABCD. A cnegoBaTefbHO, CYLIECTBYET OKPYKHOCTE
¢ HEeHTpOM B 5TOH TOYKe, Kacalollaaca BeeX YCTHPEX MPAMELX. a

Kax 1 B caydae BIHCAHHOTO YETRIPEXYTOABHUKA, MPUBSAEHHEINR Ha-
MM TIPU3HAK — JAJEKO HE eAMHCTBEHHEOA. [IpuBeséM enmé HECKOIbKO
NpHU3HAKOE, KOTOPEIE MOIYT OKA3aThCA BOKHBIMH IIPH pellleHHH 3aAad,

Q
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s 3TOro IOCMOTPHAM HA PUC, 7 U 8! IPOAGIKAM IIPOTHBOIIGIK-
HEI€ CTOPOHE! YeTHPEXYTOMEHHKA ABCD 10 mepecedeHns (TOYKH nepe-
ceveHHsa c6osHayens P U Q cOOTBETCTBEHHO). O603HAYNM, KaK M IPEk-
Jie, DABHEIE OTPEe3KW KacaTeNbHBIX QAMHAKOBEIMH OykBaMi. [lomyumm
(cu. puc. 7)

QC+PC=(—z)+(t+2) =5+t =
=(s+x)+(t—x)=QA+PA (3)

H aHATOTHYHO

PB+QD = (t+y)+(s—w) =
=(s+y)+(t—w)=QB+PD. (4)

TovHO TaK 2Ke U3 pHC. 8 TonyYaeM

QCH+CP=(z—w+ut+yI=z+y=
=(z+w)+(y—w)=QA+AP (5)

H, HAKOHEI],
QD+QB=GE—V)+x—28)=x—v=(—v)}+(x—y)=PD+PB. (6)

Hecaoxno npopepHTs (TIOGHM M3 TPUBEAEHHEIX BEILE CIIOCOBOB, CM.
3a4a4M A CaMOCTOATEABHOrO DEMIeHHd), YTO IPUBEAEHHBIE DaBeH-
CTBA HE TOABKO HEOOXOAMMEL, HO ¥ AOCTATOIHHI IS CYMIECTBOBAHHSA
OKPYXHOCTel, KacamIlUXcsa BCeX CTOPOH HeTHIpEXCTOpoHHUKA ABCD
(B crygae papeHCTB (3} 1 (4) OKPYKHOCTE OYAeT pacmoosKeHa BHYTPH,
a B cayvae (5) ¥ (6) — cHapY XM YeTRIpEXYTOMbHUKA ABCD).

TakuM 06pasoM, ME IOAYYaEM CASAYIONIee YTREpKAEHHE,
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Teopema 2, Iycms A, B, C u D — mouxu, Huxaxue mpu U3 KOmopovix
He nexcamt Ha odnoll npamodl. Ilpednononcum, unio npsamute AB u CD He
napanneavisl, Mak xee kax u npameie AD u BC. OGosnauum uepes P
mouxy nepeceuernun npamsix AB u CD, a uepes Q — mouky nepeceuenus
AD u BC max, umo D nexcum mexwdy C u P, a maxoxe mexwcdy A u Q.
Toz0a credyrowilie mpu PABEHCMEA IKGUEANEHIIHBL Mencdy coboll u ax-
BUBANEHIMHBL CYILECTIB08AHLIC OKPYXCHOCU, Nexcaulel srympu ABCD
u kacaroielica e2o cmopoH:

AB+CD = BC+ DA,

QC+PC = QA+PA,
QB+ PD = QD+PB.

Touro max e credyioujiie Mpu paeeHcmsed IKeUSReHMHbL Mexdy coboil
U IKBUBLACHMHBL CYWECMBOBUHUIY OKPYICHOCHIL, KACHrOWetic] cmopok
AD u CD, a makxce npodoaxncenuil cmopo AB 1 BC uembtpéxyzonsbhuxa

ABCD:
DA+ AB = BCHCD,

QC+CP = QA+ AP,
QD+ QB =PB+PD.

Ocmanstbie CAYYAU S3MIMHO20 PACNIOAONCEHUS OKPYHCHOCIU U Uernibi-
péxyzoneuuka ABCD mbt npednazaem usyuums camocmosmentsno (cm.
3(16(1'{!1 aﬂﬂ CAMOCMOAMEALHOZ20 peweuuﬂ}.

IIpuBegéHmtie B TeopeMe 2 paBeHCTBA HHOTAA OKA3HEAIOTCH BechMa
MOAe3HEIMH [IPDH PeIeHUH 3a4ad. [[pOM/ITIOCTPAPYEM 3TO HA IIPUMEpe
3aJa4M QAHOH M3 MEXAYHAPOAHBIX OAUMIIHAZ (BHI3BABIICH 3aMETHEHIE
TPYAHOCTH ¥ YUACTHIKOB).

3apadga 10, [Iycte Toukn A, B, C, D, E, F, G, H, I, X u Y pac-
NoNMOyKeHH Ha 6 TTPAMBIX, Kak N30fpakeHO Ha puc. 9. [Mpeamnomousm,
YTO CYLIECTBYIOT OKPYKHOCTH, BIMCAHHEIC B YeTHPEXYTONBHHUKI ABED
M EFIH (coOTBETCTBEHHO eBad BePXHAA U HUKHAA IIPABad OKPYKHOCTH
Ha puc. 9). JokaxuTte, 9T0 TOTAA CYNIECTBYET W OKPY:KHOCTE, BIIMCAH-
Has B YeTHPEXyrofbHUK ACIG (IyHKTHpHAA OKPYKHOCTE HAa PHCYHKe).
W HaobopoT, ecaH CYINECTBYIOT IMYHKTHPHAA OKPYKHOCTE H OZHA H3
OKPY)KHOCTEH, BIUCAHHBEIX B «YIVIOBEIe» YeTBIPEXYTOABHHUKH, TO CYIIe-
CTBYeT U APYTas «yII0BaA» OKPYKHOCTE.

PewreHne, J0oKazaTenbBCTEC YTBEPXKACHAA CBOFUTCA K IPAMEHEHHID
paBeHcTBa (4), ToYHee —SKBUBAJECHTHOrO eMy paBeHcTBa QB — PB =
= QD — PD, koTopoe B CHAY CKA3AHHOTC PAaBHOCWIBHO CYIIECTBOBA-
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Y

Puc. 9

HHIO OKPYKHOCTH, BIMCAHMOH B HYeTHIpEXYTONRHHK ABCD. B paccMar-
pHBaeMOM CiIydae CYIMIECTBOBAHHE 3TOM OKPYXKHOCTH 3KBHBAIEHTHO
paeeHCTBY XA — AY = XE — EY, CymIleCTBOBAHHME OKDPYXHOCTH, BIM-
caHHOH B EFIH — papeHcTBy XE — EY = XI — IY, HakoHell, CYLIECTBO-
BaHUe NMYHKTUPHOH BIOIUCAHHON OKPYKHOCTH PaBHOCIIBHO PaBeHCTBY
XA — AY = XJ — IY. BuHO, YTO U3 BEMIOTHEHHA AIOOBX ABYX U3 IIPHBE-
JEHHEIX PABEHCTB cAefyeT BBOIOAHEHHE OCTABLIIErOCH, g

TokoHYHM Ha 3TOM ¢ OO6CYKACHHEM NPH3HAKOB OMMCAHUOrC Ye-
TEIPEXYTOABHUKA, MAH, Gonee oOMAM 06pa3oM, 4eTHIPEXCTOPOHHUIKA,
M TepefiaéM K M3y9eHuio ero cBobicTB. HaunéMm, Kak u mpexge, ¢ o6-
cyaeHrsa GOpMyIL, BEIpPAKAINNX [JIOMAAb YETRPEXYIOALHIUKA Yepes
€ro CTOPOHEL U YIABEL. OKaseBaeTCA, KAK U B ¢Iy4ae BITHCAHHOTO YETHL-
PEXYTONBHKKA, AN OMHCAHHOTO YeTHPEXYTONBHHKA 5TY GOPMYAY TOXKE
MOWO0 IPUBECTH K JOBOJEHO H3AIHOH QopMme.

YreepsxaeHue 1. [fycme a, b, ¢ u d —Onunst cmopon onuUcaHHozo
uemnipéxyzonsruxe ABCD & nopadxe 06xoda, a ¢ + ¢ — cymma genuuun
NPOMUBONOAOHCHBIX Y2N06 3Mo20 dembipéxyzonsHukda. Tozda naowads
UEILIPEXY2ORBHUKE MONCHO Hatimu no dopmyne

g+
7

S = +/ abcd sin
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JoxazaTennscTso. KoHewno, xak U QGopmyry Bpaxmarynrn (nek-
U 7), 3ty GOPMYIy MOKHO JETKO BEIBECTH B3 0BLIEro yTBEPKACH:
IIOIAAR THO0ro YeTHPEXYTONBHIKA MOkeT OBITE HaligeHa o dopMyne

$ = (p-p-bp-A@p-d—-abdeos L3, @)

1 ..
raep=3 (a+b+c+d). Bcamom gene, eCH YeTHPEXYTOABHIK OITHCAH-
HEIi, TO BHIIGIHAETCA PaBeHCTBO d + ¢ = b + d, MosToMY 17 OITHCAHHEIX
YeTHIPEXYTONLHHUKOE HMEEeM

Sa+btctd)=p=atc=b+d,

M, 3HAYTUT,
(p—a)(p—b)p—c)p—d) = abed.

OCTanoch BOCTIONB3OBAThCA TOXASCTBOM sin? x + cos® x =1,

MoHO, OZHAKO, JOKA3aTh YTBEPKJAEHHEe B Bolee NPAMEIM METO-
JOM: MYCTh YINE YeTHPEXYTOABHUKA PaBHE (B mopsazake obxoa) 2a,
28, 2y 1 28 CODTBETCTBEHHO, 4 PAANYC BIMCAHHOH OKDYHOCTH PaBeH
r. Toraa 3ameTHM, YTO, IWIOIIAAE YETHIPEXYTOABHHKA MOXKHO HARTH 110
dopmyme

S=r*(tga+tgf+tgy+tgd). 8
B camoM gene, S =S4+ Spic + Scip + Spa (€M, puc. 10), npuuéM Imwio-
3/, HANPUMeED, TPEYTOIBHHKA AIB MOXHO HAUTH CAeAyrOmmpM 06-
pazoM (MEL BOCIIOME3OBANUCEH TEM, ITO PagUuyC, NPOBESAEHHELH B TOUKY
KacaHW, NepIeHAHKY/IApeH KacaTeNbHOH, a Taloke olpeieneHHeM TaH-
reHca yria):

Sam = %rAB = %r(rtga—l—rtgﬁ) = %rz(tga+tgﬁ).
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C Apyro¥i CTOPOHBL, M3 TeX e Coo0paKeHU HMeeM

sin(a+d
a=r(gattgd) = rﬁ.
AHANOIAYHO
b= sin{a-i—ﬁ), c— sin(B+71) u od— rsin{r+5),
cosacos 3 cosfcosy COSY Cos 5
a 3HAYHT,

Jabed = 2 y/sin{a+B) sin (8 +7v) sin (y + 8) sin (a+ 5)

cosacos fcosycosd ’
OTKYAA, YIMTEIBAA, ITO ¢ + S +y + § = 1, a CIeA0BaTeNbHo,

sin(a+B) =sin(y+8), sin(a+86)=sin(f+7v),
MOy YaeM

m= rzsin(a+,6)sin(ﬁ+y)

cosacosffeosycosd

+
Kpome Toro, . > L a -+, 0TKyJa IoAaydaeM

+/ abed sin gty _ psin(@+@sin{f+y)sin(aty)
2 cosacos B cosycosd

Hecaoxuo yOeanTECA, 9TO NOMY9eHHOS BEIpAKeHMe COBIAJAET, MIOCTe
TPUTCHOMETpHYECKIX TpeobpasoBatmii, ¢ BEIpakeHueM (8). |

CaenaeM gBa BaKHEIX 3aMevaHHA. Bo-TIepBEX, JoKa3aHHAA GOpMy-
jla COPaBeAAHBA He TOMBKO ANA YeTHIPEXYTONBHHKA, B KOTOPHH MOXEHO
BITHCATh OKPY:KHOCTb, HO, Oonee ofumm oOpazoM AJs MpOU3BONBHOTO
ONMCAHHOTO YeTHIPEXCTOPOHHHKA, B TOM SHCE M AJI8 caydad, usobpa-
#EHHOrO Ha pHc. 2. B camoMm zene, dopmyna (7) crmpapefinpa H AA
HEBEITYK/IHX YeTBPEXYTONIBHUKOB, BeAb NPH €€ JOKa3aTelbCTBe (CM,
JIEKIKIO 7) MBI TOAB30BANHCH TOIBKO TPHIOHOMETPHYCCKHMH $opMyna-
MH, CHPABEANHERIME JJI9 BCEX YIMOB. [IpH 3TOM B ciyuae, u3o0pakeéH-
HOM HA DHC. 2, BHIIONHAETCH PABeHCTBO @+ b=c+d, U no3ToMy

%(a+b+c+d) =p=a+b=c+d,
OTKYAa, KaK ¥ NPek/e, NOAYyIaeM
(p—a)(p—b)p—c)p—d) = abed.

To e caMoe paccyxAeHHe paboTaeT BO BeeX OCTANBHEIX CAydanX.
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Bo-BTOpPEIX, OTMETHM, 9UTO, B OTIMIHe OT $HOPMYIEl BpaxMarynTh,
NOMY4SHHOS PABEHCTBO BPAJ, JIH MOXKeT GHTE NCHOMB30BAHO B KAYECTBE
KpUTEpHA OTINCAHHOIO YeTEPEXCTOPOHHMEKA. B caMoM Jene, cpaBHNBAsA
oty dopmyay c (7), saMevqaeM, YTo e€ BHIIOHEHHE paBHOCHIBHO PaBeH-

erBy
abed = (p—a)(p—b)(p—c)(p—d),

KOTOpOe, HECOMHEHHO, BHIIOJIHEHO /I OIMCAHHOIO YeTHIPEXYTOJABIH-
Ka, HO He ToAbKe Ajd Hero. Hanpumep, ecnu ABCD — napannenorpamm,
TO p=Xx+ ¥, TAe X, ¥ — CTOPOHH [IapaiielorpaMMa, 1, 3Ha9HT,

(p—a)(p—b)(p—c)(p—d) = x*y* = abed,

XOTA, OYEBHAHO, B MapaineJorpaMM, OTAMYHENA OoT pomGa, BOHCATE
OKPYXKEHOCTE HEBOSMOXKHO (HH B CMEICHE PHC. 1, HU B ¢MEICHE PHC. 2, HH
B KAKOM-THGO elllé M3BECTHOM aBTOPY CMEICAE).

3ajaqH AjA CAMOCTOATEARHOI( pPElIeHud

1. JokaxmTe ZOCTaTOTHOCTE BEIIOTHEHHA paBeHCTs (1) U (2) 414 cylnecTso-
BaHHA OKPYKHOCTH, BIMCAHHOH B YeTBIPEXCTOPOHHUK, CTIOCOO0M, OTIMYHLIM OT
KMCIOAL30BAHHOTO B JIEKIUH, T. €. IPH TOMOIIM JOMOTHHTSIBHOTO TIOCTPOSHUA
B HEPBOM CIy44€, H «OT HIPOTHBHOTO» BO BTOPOM.

2. JokaXuTe ACCTATOYHOCTE BHEOIONHEHWA paBeHCTB (3)—{6) and cyme-
CTBOBaHHA OKPYXHOCTH, BITHCAHHOH B deTHIpEXCTOpoHHUK. HMemonbsyiiTe (co-
OTBETCTBYHITAM 0OPa3cM HNOANPABHE) MH0H0H H3 HABECTHRIX BaM crocoSoB. Bee
JIH QIy9ad B3AHMHOTO PACTIONGKEHHA OKPYRHOCTEH M IIPAMEIX, COCTAB/IAMINAX
YETHPEXCTOPOHHHK, OXBATHBAIOT 5TH JOPMYIIE?

3. B rpeyromeauke ABC nposegeHE Meguansl AA; H BB, IepeceKaonueca
B ToIKe M. MI3BeCTHO, 9TO B YETHPEXYTOARHMK CA; MB, MOXHO BINCATE OKPYIK-
HOCTP. JOKQKHUTE, IT0 TPEYTONFHHK ABC paBHOOeApeHHEIH.

4. llBe OXPYHHOCTH KACcAIOTCA BHEITHHM ofpazoM. K HUM TIpoBefleHa o611as
BHEIIHAA KACATENbHAA. Ha OTPE3Ke RACATEARHOM, 3AKIIOMEHHOM MEKAY TOYKA-
MH KacaHWd, KaK Ha JWaMeTpe, [IOCTPOeHa OKPYKHOCTh. JOKakHTe, YTQ OHA
KacaeTcs IMHUM HEHTPOB HCXOAHBIX OKPYKHOCTeH.

5. HJoxaxarre, IT0 €0 CYMECTEYIOT OKPYHHOCTE, KACAIOIIAACA BCEX CTO-
POH BEITYK/IOTO IETHIPEXYTO/IBHIKA, H OKPYKHOCTE, KACAIOMIATCT MPCAODKEHETH
BCEX €0 CTOPOH, TO AHArOHATH TAKOTC YeTHPEXYIOAbHHKA B3aUMHOC IeplleHiI-
KYJLAPHBL

6. Ilyete Touxu A, B, C, D, E, F, G, H, I, X u Y pacnoacxeHH HA me-
CTH NPAMBIX, KAK MOKA3aHO Ha pHC. 11. JokaxkiTe, YTO eclH CYIECTBYIOT IIpa-
Bad BEPXHAA W HIWKHAA JeBaAd OKPYKHOCTH, BITHCAHHEIE B YeTHIPEXYIOILHIKH
DEHG u BCFE COOTBeTCTBEHHO, TO CYIIECTBYET U MyHKTHPHAA OKPVHHOCT,
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Y

Puc. 11

BITMCAHHAA B YeTHPEXYTOMbHHUE ACIG. U HaoBopOT, eciH CYINECTBYIOT OJHA H3
«YIJIOBEIX» OKPYXHOCTEH M MYHKTHPHAA OKPYRHOCTB, TO CYMIECTBYET H BIODAs
«YTJIOBafA» BIHCAHHAA OKPYHHOCTS.

7. OKpy:KHOCTh KacaeTca JByX NapalTe/bHBIX NPAMEX M WX cexywmei. OT-
PE30K CeKyillel MexAy Napa/UTeMbHBIMHE MPAMBIMM ATHTCA TOUKOH KacaHua
B oTHOmeHWH 1 : 3. [log kaxuM yIfioM ceKylad NepecekaeT KakAyH H3 Iapan-
JeAILHEX NpAMBIX?

8. Ilycte CD —mMeamaHa TpeyroabHUKA ABC. OKPYKHOCTHM, BIMCAHHBIE
B TpeyromsHMEH ACD u BCD, wacawtea orpesra CD B Tourax M u N. Hadiaure
MN, ectn AC—BC=2.

9. OKpPY)XHOCTE BIIMCAHA B MATHYTOABHHK €O CTOPOHAMH JIMHH a, b, ¢, d
H e {B mopaaxe obxoaa). Haligure oTpeak, HA KOTOPHIE TOYKA KACAHUA JIEMAT
CTOPOHY JJIHHEI (.

10. B 4eTHpéxyronlbHAKe MNPQ pacnoNo:keHH JBe HellepeceKalonHecd
OKPYHOCTH TAK, YTO OfHA H3 HUX KacaeTcd cTopoH MN, NP, PQ, a apyrag—
cropoH MN, MQ, PQ. Tomu A ¥ B JeiaT COOTBETCTBEHHO HA CTOpoHax PQ
H MN, npuyéM oTpe3oK AB KacaeTcd 0feMx OKpyxHocTell. Haiiaure ammHY
CTOpOHHE MQ, ecnu NP = b W TiepUMeTp HeTHpPEXYToAbHUKA BAQM OGonbure
epHMETPa YeTHPEXYTONBHIKA ABNP Ha BeIUYHHY 2p.



Jekmua 11

CBOHCTBA ONHCAHHBIX YETBIPEXYTOJIbHUKOB

Ha sTo#l sekupy MH TIPOAMIKHM 3HAKOMCTBO €O CBOHCTBAMH OITH-
CAHHHX YETHIPEXYIOIEHUKOB (Win, Gonee o6mpM 06pasoM, YETHIPEX-
CTOPOHHHMKOR). A Havana AoKakeM OZHY TEOpeMY, aBTOPCTEO KOTO-
poil npunuceEaiT c3py Vicaaky HoioToHy.

Teopema 1. Iycmys ABCD — onucawnnuiil vemuipéxyzonvrux, K u L —
cepedunut Juazonanell AC u BD amozo uemsipéxyzonstuka. Tozda nps-
mas KL npoxodum uepesz yenmp I enucannoii oxpyxcnocmu ABCD. To sice
camoe cnpasedauso At NPOU3BOALHOZ0 ONUCAHROZO HeMLIPEXCINOPOHHL-
ka (cm. puc. 1-3).

Puc. 1

Puc. 2

AdoxasaTenncTBo. PaccMOTpUM A1 Hauana oaydali, KOrjaa oKpy#-
HOCTh PacloiOXeHA BHYTPH HeTHIPEXyrofbHUKA (em. puc.1). Jlas go-
Ka3aTelbCTBA TEOPEMEI HAM IIOHAZOOUTCH BAXKHOE BCIIOMOTATEIBHOE
YTBEPXKACHAE, KOTOPOe MOKHO PACCMATPHBATE KaK KPHTEPHN KOAUHE-
aprocmu TodeK (T. €. TOTO, YTO HeKHe TPH Wik Gojiee TOYECK MOIaAaioT

Ha OZHY MPAMYIO).
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Jlemma 1. ITycmo A, B, C u D — uemuslpe mouku Ha niockocmu, a S —
Hekomopoe 0aHHoe uucao. Toeda zeomempuueckum mecmom mouex M,
0J151 KOMOPbLX 8bINOJIHAEMCS PABEHCMB0

S = Sams+ Scmps

aeasiemest ompe3ok npsmotl auxuu (Wiu moukd, il nycmoe MHOxMce-
CMeo, WU 8¢S IOCKOCMD).

Boniee obwum obpazom: Ycnogumcsi cuumams Onsl NPOU3BOLHOZ0
mpeyzonvHuka XYZ €20 OPUEHMUPOBAHHYI0 NAOWAdb Syy, NOJONCU-
MeNbHOLU B8eUUUHOL, PABHOL e20 naowladu, ecau nopsidok obxoda ezo
2panuypl, 3adasaemsolil nociedosamenbHocmMuv0 mouek X—Y—Z, nono-
HCUMENbHOLIL, M. e. NPOMUE Uaco8oll cmpeaku. B npomugHom ciyuae mol
Gydem cuumams Syy,; OMPULAMENLHOU BeUUUHOLL, PABHOTL N0 MOJYILIO
niowadu mpeyeonvHukd. Toeda zeomempuueckum mecmom mouek M, ons
KOMOPbIX 8bINOJIHAEMCS. PABEHCMB0

S = Sams+Samcs
ABNALMCA NPAMAA AUHUSL, NYCMOe MHONCECMB0 UNU 8CS NAOCKOCb.

JlokaszaTeqbCcTBO JIeMMEI 1. ByzieM cuuTaTh, 4TO MHOXKECTBO TOYEK,
VZOBJIETBOPSAIONNX TpeOyeMBEIM YCIOBUAM, HelycTo (MHade pacCyxze-
HUA He HYXXHBI), U ITycTb M —ofHa U3 TakuxX ToueK. [IpoBezaém mps-
Mmble AB u CD. [IpeAnonoXum, 4To OHU MepeceKyTcs B Touke X (MBI
npejjiaraeM 4MTaTesIo MOAyMaTh, KaK U3MEHUTCA pacCyXJeHUe, eCIu
NIpAMBIE OKaXyTcA MapayieabHeIMU). OTIoxkuM oT X Ha IpaAMbIX AB
u CD otpe3ku XP=AB u XQ = CD cooTBeTcTBeHHO (cM. puc.4). Torza,
O4E€BUJIHO,

Sams = Spmx>  Scmp = SXMQ;

Puc. 4
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TaK KakK y 3TUX TPEYTOJIbHUKOB OOIIME BBICOTHI U PAaBHBIE OCHOBAHU.
CrnepoBaTesbHO, TOKA TOYKa M JeXUT MexAy npaAMbIMU AB u CD, BBI-
TIOTHAETCS PaBEHCTBO

Sams+Scmp = Spmx +Sxmq = Sxpq t Spmq-

Ho Sypg —HoCTOAHHAA BeIMYMHA, HMKaK He 3aBHCANIAs OT BeIOOpa
Touku M. CiepoBaTelbHO, NICKOMOE TeOMETpPHUYECKOe MeCTO COBIaja-
€T C MHOXECTBOM TO4YeK M, /i KOTOPBHIX IUIOWAaAb Spyo COBNAZaeT
C HEKOTOpPOUW (GUKCUPOBAHHOM BeMUYMHOH. [Ipu 3ToM TOouku P u Q
¢dUKCUPOBaHBL. DTO MHOXECTBO — IpsAMasi JUHUA, MapajuieilbHas PQ
U TIPOXOAsAlIas yepe3 y)Ke HaWZEeHHYI0 TOYKY, TOUYHee — OTPe30K 3TOH
TIPSMOM, MoNaZarIi Mexxay AB u CD".

B obumem ciy4yae, KorZa BMECTO OOBIYHOW IUIOIAJY HCIOJIb3yeT-
¢ OpPUEHTHUPOBaHHAadA, PACCy>KJeHUA aHaloru4yHele. [Ipy 5TOM HUKa-
KUX OI'PDaHUYEeHUN Ha IooXkeHue ToYKUu M He octaérca. B camom gene
(cM. puc.5, Ha KOTOpOM, TIpaBja, Mbl He M300paswiu Touek A, B, C
u D), Korza Touka M’ JeXUT BHE yriia, 06pa3soBaHHOIO TPSAMbIMU AB
u CD, opreHTHpOBaHHbIEe TIOIAAU TPEYTONbHUKOB AM’B u PM’X pas-
HBI ¥ OTPUIATEIbHEL, 4 OPUEHTHPOBaHHbIe Iiomazn CM’D u XM'Q pas-
HBI ¥ TIOJIOKUTEIBHBI, KPOME TOTO, OPUEHTUPOBaHHas Iwiomaabs PM’X
TOXKE OTpULATENbHA, CIeJ0BATENbHO, KAK U MPEXJeE,

Sams+Scwp = Spwrx +Sxmrq = Sxpq T Spmrg-
OKOHYaHUE pacCyKAeHUSI 0CTaéTcs 6e3 M3MEHEHUN. O

Puc. 5
MbI peKOMEH/IyeM YHUTATETI0 CAMOCTOSTENBHO pa3obpaThecst Co Bee-
MU CIy4asMU BO3MOXKHOT'O pacnoyokeHuda Todek A, B, C u D, B 4acT-
HOCTHY, IPUBECTU IIPUMEPHI, KOIZa MHOXXECTBO TOYeK M, yZAOBIETBOPA-
IOIIUX YCJIOBUIO JIEMMBI, IIYCTO WJIU COBIIQZAET CO BCEN IJIOCKOCTBIO.
[TpopomxuM Teneps JOKa3aTeIbCTBO TeopeMbl HeroToHa. B crity 1eMMBbl
JIOCTaTOYHO yOEAUTHCS, YTO BBIMOMHSETCS PABEHCTBO

Saks+Sckp = Sas+Scip = Sa+ Scw-

1 B pacCMOTPEHHOM Ci1ydae, O4€BUJHO, BCA IVIOCKOCTD B OTBETE IIOJIYIUTHCA HE MOXKET.
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Ho SAKB=%SACB, Tak Kak KB —wmepnaHa Tpey{'mm}mxa ACB, npo-
BeAéHHAd K cropoHe AC. AHANOTMYHO Scxp = 5Scps Sars = 55408
Scip= %SCBD. Crea0BaTeNBHO,

1 1
Saxs+Scxp = 58acs +Scap) = 5548c0 =

1
= 5(Saps+Scap) = Sas + Scip-
C Apyro# CTOPOHHI, B Ciiyuae, H3obpakEéHHOM Ha puc. 1, uMeem

Sascp = 37(AB+BC+CD+DA) = 3r(2AB+2(D) =
= 2(5rAB+37CD ) = 2(Spp+ Scn)-
3hech r —pajnyC BIMCAHHOIO Kpyra. Bo BTOPOM DAaBeHCTBE MBI BOC-
MOMB30BANMHCE TEM, UITO ¥ OIIHCAHHOI'O '-leTblpéX}'rOJleHKa C¥YMMEBI JNITH
NPOTHBOMONIOXKHBIX CTOPOH paBHBL TOYHO TaK e B cy4ae, H300pakeH-
HOM HAa pHC. 2, IMeeM

5 = 1
Saxst+Sckp = Sars t Scxp = 55ancps

o 1
Saa+Scwp = Saip—Scip = 5548cps
B TO BpeMA KaK

Sascp = 37(AB—BC—CD+DA) = 3r(2AB—2CD) =

=284 —Scp) = 2(Sa+ Scip)
34echk MBI BOCIONL3OBAAMCE paBeHCTBOM AB + BC = CD + DA, miH, 4T0
3KBHUBANEHTHO, AB — CD = DA — BC, BRHIIONHAKIONMCA ana KoHury-
panMy Ha pHc. 2, M. TIPCIBIAVILYIO JeKUuw. MH mpejnaracM YHMTAaTe-
JIHO CAMOCTOATENBHO pasoﬁpamca C OCTABOIAMHICA c:ryqamn B3aHUMHOT(
PACTIONOHEHUA YETHPEXYTONMBHUKA U OKPYHHOCTH. |

JdokazaHHEN HAMH KpUTepHi KOWLUTHHeaPHOCTH ToveK (eM. AeMMy 1)
MOKeT OKA3aThCA BechbMa NOJME3HEIM B CaMBIX PasHBIX CHTyanusAx. Pac-
CMOTPUM, HAIIPHMED, IPOU3BOALHELA YeTHIPEXYTONbHUK ABCD ¢ Hena-
panaeibHBIME NPOTHBOIOAOKHBIMHE CTOpOHaMu. [Iycte P u Q —To4-
KH TepecedeHI TPOAMDKEHHN ero NpoTHBONIOIOXKHBIX cTopoH. Torga
CTIPaBeAMUBO CACAYIONMee YTBEDHACHHE.

Cepedunni ompesxos AC, BD u PQ nexcam na odnol npamoil (cm.
puc. 6). Smy npamyo 8 PYCCKoasuidHol aumepamype wacmo nassteéd-
1om npamoii Faycea, moz20a KAK 6 AHZAOZOGOPANEM MUPE OH HACITLO
guzypupyem nod Hazsanuem npsmoli Heomoua.
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Jna aoxasatenscTBa 3TOTG (aKTa AOCTATOTHO BOCIONB30BATHCA
KPHUTEpHeM, TPUBEIEHHEIM B IeMMe. B caMoM Aefe, Kak H TIPEKE,

v 1
Saxs+Sckp = Sars+Scxp = 554ncps

Sas+Sap = Sas+Sap = %SABCD:

M AHAIOTMYHO

= = 1 1 1

Samp +Scup = 55408~ 55cap = 55 ascp-
MEHI BOCTIONB3OBATUCE TeM, YTO BHICOTEHI, ONYINEHHHE M3 TOYKH M Ha
AB m CD, B ABa pasa MeHBINE BHICOT, OIIIEHHLIX HA OTH NIPAMBIE M3
TOUKH (.

Ha caMoM Zenie ecTb ¥ ApYroi cnocoG AoKa3aTh TOABKO YTO paso-

6panHyio TeopeMy HuloToHa. HanpuMep, paceMOTpuM puc. 7.

Jemma 2. ITycms PQM — paenobedpennsiti mpeveonsiux, PQ=QM,
oxpyxcHocms ¢ yenmpom Q, aexcawgum na PM, kacaernca 6oxoasie cmo-
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pon mpeyzosbHuka, EF —xacamensnas x oxpyxcrocmy (E, F—mouku
Ha Bokoebx citoponax mpeyvzoavhuka). Toeda PE - MF = 41PM 2,

Ana gokazaTenbcTBPa TIPOBSAEM OTpPES- Q
¥k EO u FO —oHu seasioTea GHcceKTpHca-
MU COOTBETCTBeHHO yriioB PEF u EFM, obo-
3HaUMM YIAR £ZEPO = /FMO = a, £LPEO =
= ZFEQ0 =8, 4ZMFO = ZEFO =vy. Toraa
cymma vinoe a, B, y pasHa 180° (B camom
Jesle, A3 YeTHPEXyroacHuKa PEFM momyda-
eMm 2a + 28 + 2y = 360°). CnegoparensHo,
ZPOE =y, LEOF =a, LFOM = §, u Tpe-
yroaeaukn POE 1 MFO noaobuer. Cregopa-

PO MF

TNIBHO, pr = 175, WM

PE.MF = PO - MO = %PMZ.

OTMeTHM, 9YTO TO9KM E 1 F MOCYT JIe)KaTh He
TOMBKO Ha CTOPOHAX TPEYTOJBHMKA, HO M Ha
HX NpOJOLKEHHAX —HH GODPMYJIHPOBKA, HH
HCIONB3YEMEIE HAMH PACCYKACHUA MPU 3TOM
HEe U3MEHATCH. Puc. 8
Yrolbl Temephb AOKa3aTh TeopeMy Hbko-

TOHA, cAeIaeM CleAyoLpe BCIOMOraTe/IbHELE TTIOCTPOeHHA (CM. pHC. 8).
O6o3HaynM udepes B; u C; TOYKH, CHMMeTpPUYHEE COOTBETCTBEHHO B
H { OTHOCUTEABHO IIEHTpa I OKPYXHOCTH, BIUCAHHON B YeTEIPEXYTOME-
HuK ABCD, Tak kak KI || AC; uIL || B1D (kak cpeqHie TMHUM B TPEYTO/b-
HHuKax ACC; u B{BD coOTBETCTBEHHO), AN JOKA3aTeAbCTBA TEOPEMEL
JOCTATOMHO TIOKA3aTh, 910 AC, || B, D. [IpoBeaém uepes ToUKH B, 1 C;
KacaTeneHele C; P 11 By M K BIMcaHHOM oKpy:xHOCTH (Toukd P u M ie-
3KAT Ha npAMBIX AB 1 CD cootBeTcTBeHHO). Torga G, P ||CD n B{M || AB
B CIUTy IIEHTPATBHOM CHMMETPUIHOCTH Halnell KoHCTpykupm., OfozHa-
gyM depes @ (COOTBETCTBEHHO ;) TOUKY TepecedeHHA NpsAMEBEIX AB
U CD (cooteeTerRenno C P u BiM). Toraa Q; PQM — napannenorpamm,
ONMCAHHEL OKOJIO OKPYMKHOCTH, a CAeZ0BATENbHO, OH ABAAETCA DOM-
60M (IpUMEHHTE KPATEPHAH CYLIECTEOBAHMA BIMCAHHOH OKPYHOCTH).
[IpUMeHHE TOABKC YTO JOKA3AHHOE YIBEPHAEHUE K PABHOOEIDEHHEBIM
TpeyrofibHrkaM PQM u PQ M, noiyamm

1
)

PM?, PC,-MB, = ~PM2.

AP-MD = 7
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B mepBoM crydae MBI NpHMEHWIH YTBEPKAcHUE K KacaTelbHOH AD

(Toukn A H D Aexar Ha NpOAODKEHHAAX CTOPOH COOTBETCTBYIOLIErO

TPEYTOIbHHKA), 8 BO BTOPOM —K KacaTelbHOH B,C; (KoTOopas KacaeT-

¢ BITHCAHHOH OKPYKHOCTH Kak NMpAMas, CHMMeTPHYHAA KacaTeAbHOH

BC OTHOCHTEIRHO TIEHTPA OKPYKHOCTH). TakiM o0pazoM, mOmydaem
AP MB;

*PC,— MD"

PacemoTpumM TpeyronsHUKM APC; u ByMD. ¥ unx ZAPB, = ZB,MD
KaK YIVIBL MEXJAYy Hapa/IelbHbIMK IPAMBIME, CI€JCBATENbHO, B CHIY
JAOKA3aHHOTO PABEHCTBA STH TPEYTOIBHUKA NOA0OHE! (TIepBbI IPU3HAK
noAo6HA TPpeyroNbHUKOB), V3 Toro, 9T0 ZBe HX CTOPOHH NTOTIAPHO Ha-
pannenbHBl, MEL JeJlacM BBEIBOA, YTO W TPeThbA Iapa MX CTOPOH Hapan-
JIeNbHA MexAy coboil, T. e. AC || By D, ¥T0 u TpeboBanoch gokazare. [

JokakeM Tenepb emé HeCKOAbKO CBOMCTE OIMCAHHBIX YeTHIPEX-
YTOABHUKOB, HaunéMm co ceyloniero HecnoxHoro daxra,

Yreepaaenue 1. Iycme 8 uemuipéxyzoastux ABCD moomcno enucams
OKDYMHOCTD. [Iposedém NpoUs8OAbHYI0 OUd2OHAIL 3020 YEMbIPEXY 20716
rHuka. Toz0a OKpYXCHOCMU, BNUCAHHLIE 8 MPEYZOMLHUKU, HA KOMOpbie
nposedénmuiil ompezok denum wemuipéxyzonviux ABCD, kacaiomes dpye
dpyza. Bonee mozo, MoKk KQCcaHus amux oKpyscHocmeti co copoHamit
uernusipéxyzonshuka ABCD aexcam na 00nOU OKPYHHOCHIL, KOHUEHMPU-
uecKoil 8NUCOHHOL OKPYXCHOCMU Yembipéxyzonshuxa (em. puc. 9).

AP -MD=PC,-MB,, U1y, 4To SKBUBATCHTHO

Puc. 9

JoxazaTeascTBO. PaccMOTpHM TpeyrolbHHKM ABD u BCD. Jna ao-
KA3aTeNbCTRBA IEPBOTO YTREDKASHHA ZOCTATOYHO TIOKA3aTh, YTO PAaccTo-
AHHA OT TOYKH B A0 TOYKM KacaHWsa AHAroHaaH BD ¢ OKpYKHOCTAMH,
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BIIMCAHHBLIMK B 3TU TPEYTOABHUKH, PaBHH MeXAy coboii. Bocmonbzyem-
cs1 GopMYIOH, BEIpaKAIOIEH 3TH pacCTOSHUA 9€Pe3 CTOPOHEL TPEYTOMb-
HHKOB! LI TPEYTOALHHKA ABD nMeeM

BT, = 3(BD+AB—DA),
a anq TpeyroabHuKa BCD —

BT, = (BD +BC—CD).

Ho B cuay Toro uro y ABCD ecTb BOMcaHHAaA OKPYXKHOCTE, MMeceM
AB+CD=BC+DA, unu AB—DA=BC—CD. (egcpaTtensao, BT, =BT,.

YtolH Teneps JOKa3aTh, 9T0 JeTHIPEXYToAbHUK KLMN, cocTaBneH-
HBIH K3 TOYEK KacaHUA pacCMOTPEeHHEBIX OKPY)KHOCTEH CO CTOPOHAMH ve-
TEIpEXYTONBHMKA ABCD, BrpcaHHbll (cM. pHc. 9), 3aMeTHM, YTO CTOPO-
Hel KL 11 LM 5Toro YeTHIpEXYTOIBHUKA MapaIeAbHEl COOTBETCTRCHHO
oTpeskaM K IL; 1 L{M;, coeAHIAICNIAM TOUKH KACAHHUA COOTBETCTBYIO-
INAX CTOPOH YeTHIPEXYTOMbHEKA CO BIMCAHHON B HETO OKPYKHOCTBIO.
B camoM gene, cormacHo AokasaHHoMy BK = BTy = BT, = BL (kpaiiHne
paBeHCTBa CNSAYIOT U3 paBeHCTB OTPE3KOB KacaTeMbHBIX), a ¢ APyToH
croponsl, BK; = BL,, ciefoBarensHo, no Teopeme $aneca (Tounee, 06-
patHOil k Heli) umeem KU || K L;. Kpome Toro, CL = CM, CL; = CM,,
M 1o To# e mpwumHe LM || LM, 3uawir, ZKLM = ZK{L M. Tou-
HO TaK Ke JOKAsBIRAeTCd, YTO BOOOIIE BCe YIVIEL UeTHIPEXYTOJAbHIKA
KLMN paBHH COOTBETCTBYHOIIHM YIVIAM YETHPEXYTONBHHKA, o0pazo-
BAHHOTO TOYKAMH KacaHHA BIHCAHHON OKPYXKHOCTH CO CTOPOHAMH Ye-
TEIpEXYrosibHUKA ABCD. Ho »roT nmocaeanuii JeTHPEXYTOABHUK, OUe-
BIJHO, BIIICAH B OKPYKHOCTDb (BIMcaHHYI0 B ABCD), noaToMmy, cymma
€ro MPOTHECHOIOKHHKIX VIJIOB paBHA 180°. 3HauHUT, TO XKe caMoe BEPHO
H ana KLMN, cnepaoBatentHo, KLMN — BIUCAHHBEIH YeTHIPEXYTOMBHHK.
ToT ¢akT, YTO OKPYKHOCTh, OMHcanHan okono KLMN, KoHLeHTpUYHa
BIMCAHHOHN B ABCD, MOXHO A0Ka3aTh, HAPUMEp, Tak. TpeyrolsHUKH
KBL u LCM paBHOOeApeHHBIE, 3HAYUT, CEPEJUHHEIE M€ PICHANKY/APEL
k KL n LM coBnagaioT ¢ GuccekTprucaMy yroe ABC u BCD cooteer-
CTBEHHO. a

HaxkcHer, mof 3aHABEC JIEKIHMH, AOKAKEM elIé OJHO KPaCHBOe CBOil-
CTEQ OIIMCAHHOI'O 9eTHIPEXYTONbHIKA,

YrBepxaenue 2. Iycme npodonsiceHus cmopor AB u CD onucanno-
20 uemsipéxyeonsHuka ABCD nepecexaiomcs g mouxe S, @ npodonyceHus
ezo cmopon AD u BC nepecexaromca 8 mouke T. ITyems E, F u G—
nouxu nepecewenus npamotx AC, BD u 8T (em. puc. 10). Toz2da yeurnp
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O oxpyxnocmu, enucanHoll 8 ABCD, coenadaem ¢ mouxoil nepeceueHus
guicoim mpeyzoavruka EFG.

JoxazareabcTBo. Ham noTpeGyloTes ABa BCIIOMOraTeIbHBIX yTBED-
WIEHHA, KOTOPEIE H caMH Mo cefe A0CTATOYHO KPAcHBbl, ITOOH MpHU-
Ble4b BHIMAHHWe YUTaTeIA. Mu odopMHM X B BRJAE IEMM.

Jemma 3. [Iycme ABCD — onucaunsttl wvemtpéxyzonsruw, K, L, M
u N —mouku KacaHUs €20 CIMOPOH ¢ BNUCAHHOT okpyXcHocmeio. Tozda
ompeaxu AC, BD, KM u LN nepecexaiomcs g o0noil mouxe (cm. puc. 11).

Puc. 11

JoxazaTeascTso, JlocTaTOMHO MOKasaTh, 4TO OTpeskd KM u LN
AennT AC B OJMHaKOBOM OTHOLIEHHWH, a CAeA0OBaTeAEHO, NIEPECeKATCA
B OAHOH TouKe (MOTOM MEI CMOXEM ACKA3aTh aHAAOTUYHOE YTEepHae-
HHe npo oTpesku KM, LN u BD). Ilyctk AK=AN=au CL=CM=b,u
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mycTk E — 1ouka nepecedeHus AC u KM, Toraa
1 :

AE _ 8 saenr _ EAK-KMsmLp

EC  Sumc %KM—MCsin(ISO" -

_AK _a

MG B

3zech  ofozHadaeT yroa AKM, koTopuii paeeH yrny DMK, tak
KaK 3TC YIMIH MEXAY KacaTeNbHEIMH K OJHOHM OKPY)KHOCTH H XOPAOH,
COCIUHAIOMEH TOYKM KacaHMsa. TOYHO TaK e MBl MOMeM IMOKA3ATD,
gre oTpesok LN gemat AC B OTHONIEHHH %, a sHaumt, AC, KM u LN
nepeceKalnTesa B ofHoH Touke. TakuM ke 06pazoM MOXKHO NOKa3aTh,
q10 oTpe3ki BD, KM u LN TOXe NPOXOAAT 9epes oIHY TOUYKY, KoTopad,
cleJoBaTeNBHO, COBIAAET ¢ E. |

[lo aHanETHU ¢ YiKe AOKA3AaHHBIM YTBEPHKACHHEM MOXHO AOKA3aTh,
9Te B OZHOI TOuKe NepecekaroTcd npsmeie KL, MN, AC u ST (rge §
H T —TOYKH HepeceveHHA NPOAODKEHHH CTOPOH YETEIPEXYTOABHHKA
ABCD, cM. puc.12), a Tarcke npaMmele KN, LM, BD u 8T. TeM caMbIM,
AOKA3HBaeMOe HaMH YTBEDKAEHHUE CBOAHTCA K CIeAYIOIIEMY.

Puc. 12

Jlemma 4. [yemos KLMN — aniicannniil vemuipéxyzonshux, E —movu-
Ka nepecevenus €20 ouazouanetl, F u G —mouxu nepeceverus npodo-
aenuil e2zo cmopon. Tozda opmoyenmp mpeyzonshuka EFG cosnadaem
¢ UEHMPOM OKPYXCHOCMU, onucaHHol oxono KLMN.

B camom gene, ecan K, L, M 1 N —TouKu KacaHUA CTOPOH YeTEHI-
péxyroneumka ABCD ¢ pmucaHHON B HETO OKPYKHOCTBIO, TO YETEIPEX-
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Puc. 13

yroaeHuK KLMN BIOMCAH B 9TY OKPYKHOCTD, MPHYEM MPOAWDLKCHHSA Cro
CTOPOH nepecexanTca, COTIacHG AOKa3aHHOMY yTBEp}l{,E[EH]‘IIO B TOYKaX
F u G, a guarcHajaH — B TO4IKE F,

doxazaTenpcTBo. J0oCTaToYHO IOKA3aTe, YTo npaMele EF 1 GO (co-
oTBeTcTBeHHO FG 1 EO, GE u FO) nepoeHAUKYASAPHE. Boenonesyemcs
A 9TOrC USBECTHEIM HAM CO BTOPOH JICKUMK KPUTCPHEM TI€ PIICHAHKY-
nApHOoCTH: TipaAMEe XY u VW nepleHAUKYMAPHEBL, €CAH M TOABKC €ClTH
BEOIOWTHAETCA paBEHCTBO

XV —YV? = XW?—YWw?2.

YrobEl NPUMEHWTHh 3TOT KpUTepni K Hameli zajade, Halizém amm-
Hbl OoTpe3koB EG M GF npu yojIoBHH, 4T0 M3BeCTHHL J/HHBI OTpe3-
koB EO =a, FO=b u GO =¢, a Takxe JAHMHA paguyca OKPYXKHOCTH,
onHcadHHoH oxomo KLMN, R. HafiaéMm, Hanprmep, GE, [poeeaém aaa
9TOr0 OKPYKHOCTE, OIIUCAHHYIO OKONO TpeyronbHMKa GLN, 1 mycTe X —
TOUKA ef mepeceueHWd ¢ npsmoil EG (ommmHad oT G), eM. puc.13.
Torpga /NXG = /NLG = /NKM xax olmpaiiidecs Ha OAUHAKOBHIE
AYTH B COOTBETCTBYHOIIME OKPYXHOCTAX. CaeAOoBaTeNBHO, TOUKH E, N,
K u X nmexar Ha ogHOM OKPYXKHOCTH (JIeBas TMYHKTHpPHAA OKPY:HHOCTE
Ha puc.13). IMosTomy, ¢ ofHo# cTOpPOHEL, Tak kaK GX uW NL —xopau
OKPYHOCTH, OTTMCAHHOH oKkono GNIL, GE-EX =NE-EL=R?-d% ac
Apyrofi CTOPOHH, Tak kKak GX U GK — cekylie OKPY:KHOCTH, OIHCAHHON
oxono ENK, GE -GX =GN - GK = ¢* — R?, Toaromy

GE*> = GE(GX —EX) = GE-GX —GE-EX =
=(*—R)-(R°—a®) =a’+c*—2R%
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COBepIIEHHO aHAJOrMIHO MOXHO IIOKa3aTh, uTo FEZ = a2 + b% — 2R2.
Hakonen, ¥To6H HalTH JAHHY 0Tpe3Ka FG, HaZ0 3aMeTHTh, 9TO TOYKA
Mukens BITMCAHHOTO yeTHpEXyroarHuKa KLMN nonajgaeTr Ha OTPe30K
FG (cM. aagauy 9] na nekuun 6). Paceysaan aHaAoTHYHBEIM oBpasoM,
TOria OAyIUM paBeHcTBo FG? =b% +c% — 2R%
OcTasoch OOACTABUTH MOAYIEHHBIE BRIDAKEHHsA B KPHUTEPHIi Iep-

NEHAUKYIAPHOCTH:

EG* —FG? = (@®+c* —2R%) — (b* +* — 2R?) = a® —b* = EO* - FO?,
H COCTEETCTBEHHO

FE*> —GE? = (a®> 4+ b* — 2R?) — (a®*+* - 2R*) = b* — ¢ = FO* - GO?,
GF? —EF* = (b +¢* — 2R%) — (a®*+b* - 2R*) = ¢ —a® = GO* - EO*.
TakuM oGpaszoM, KPUTEPH NEPIEeHUKYIAPHOCTH BEIIQIHEH, ITO HAM
H TpebOBaIOCh AOKA3ATE. |

a

3aaa4dH 414 CAMOCTOATEABHOrO pPelIeHHA

L JlaH®l ABe KOHIIEHTpHUECKHEe OKPY)KHOCTH pajuycoB R ur (R>r) ¢ 0b-
UM TeHTpoM O. TpeThd OKPYXHOCTH Kacaercd uX obenx. Haifawre TaHreHe
VIVIA MEJKY KACATE/IBHEIMI K TPETBEH OKPYHHOCTH, BRIXOJAIIHMH U3 TOUKH O.

2. JokakuTe, YT0 YTBepKIeHHe Teopembl HElOToHA BEOIONHAETCA B Dosee
IIHPOKOM Kiacce TIPHMepoB: ectd ABCD — saMKHYyTad, MoxeT ORITh caMonepe-
CEKAOINAACH, TOMAHAA, BCE 3BEHBA KOTOPOH (MM MX MPOAODKEHHA) KACAKTCA
OfTHOH OKPYXHOCTH, TO TIEHT] 3TOH GKPYKHOCTH AEKUT HA TIPAMOH, COSTMHSIO-
miei cepefUHB OTpe3KoE AC 1 BD.

3. JloxasEHTe, YT €CAH B HETHPEXYTOIBHHK CO CTOPOHAMH 4, b, ¢ H d MOXHO
BIMCATE M OKOIQ HETQ MOMCHO OIHCATE OKPY/KHOCTh, TQ €r0 IUIOMAL MOMET
OLITH BEMHCTeHa 0 dopmyte S= v abed.

4. Vs Touxn M, nexaniait BHe OKPYHHOCTH, ITPOBEAEHEL K 3T0H OKPYKHOCTH
ABE KACATENBHEE. JIOKAKUTE, YTO €CAH PACCTOAHAA OT TOMKH C, JemaieH Ha
OKPYHHOCTH, AC KacaTeJAbHEIX PABHH @ H b, TO paccToAHWe oT Toukd C Ao
mpaMoit AB (A M B —TOYKM KACAHUA) PaBHO v ab.

5. OKpYRHOCTE H TIPAMAA KacarTed B Touxe M. M3 Touek A u B 3TOH ORPYR-
HOCTH CIIYINEHH NEPHICHARKY/IPE HA NPAMYI), PABHEIE d H b COOTBETCTBCHHO,
JOKaKHTe, 4TO TOrAA paccTodHe OT TOYKKM M Jo pamMol AB pasHO Vab.

6. BoucaHHAA OKPYKHOCTE KacaeTeda cTopoH AB u AC TpeyromsHuka ABC
B Tourax M u N. [Iycte P —Toura nepecevdernd npaMoii MN 1 BuccekTpHeH
ymia B (wm eé npoaomrenusn), Joxaxure, uro /BPC=90°,

7. Ha auaroHam AC BHIIYKIOTC YeTHpPEXYIOJIbHHKA ABCD Haxozwres
LIeHTP OKPY)KHOCTH pajHyca r, Kacawieiica ctopoH AB, AD u BC. Ha auaro-
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Ham BD HaXOAWTCI NEHTP OKPYKHOCTH TAKCTO JKE pajMyca r, Kacamomelica
cTopoH BC, CD u AD. HaliauTe miomaas YeTHIPEXYTONEHMKA ABCD, 3Has, uro
VKA3AHHEIE OKPYXHOCTH KACAIOTCA APYT APYTa BHEIHIM 00pasomM.

8. M3 TouKH A HPOBEASHB K OKPYAKHOCTH /Be RacarensHee AP u AQ (P
¥ () — TOYKM KACAHHWA) U CEKyINad, IepeceKamlan OKPYHOCTh B Toukax K u L
{Touxa K nexurT Mexgy A u L), Ilycte M — cepeayHa oTpeska KL. Jokaxure,
yto LAMP = /AMQG.

9. Cropona BC Tpeyronpauka ABC parHa g, pagHyc BIHMCAHHOIO KDyra
paseH r. HaliguTe IOMEAAE TpeyIOIbLHHKA, €CIH BIMCAHHENT Kpyr KacaeTcH
OKPY)KHOCTH, TIOCTPOCHHOH Ha BC Kak Ha AHaMeTpe.

10. B monykpyre M3 KOHIOB JHAMETPA NPOBSACHH JBE NEPCCEKAIONIHECA
XOpAEL. JOKQGKHTe, YTO CYMMa IPOH3EEJeHIH 0Tpe3ka KaKAOH XOpAbl, [IPHMBbI-
KaloIero K JHaMeTpy, Ha BCIO XOpAY paBHa KBaJpaTy JUaMeTpa.
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Jlemma ApxumMeza U CI€ACTBUA U3 HEE

OKPYHOCTE U €é CROICTEa — TeMa, TIo GOMBLIOMY CUETY, HEHCYED-
naeman. Mul 1 He CTaBUM CBOeH TIENBI0 Z0KA3ATh HIH XOTA Obl & pevHc-
JIATh BCE M3BECTHEHIE TEOPeMEl 3/IeMeHTapHOH reOMeTPHH, TaK WIH HHa-
ge CEA3AHHBIE C OKPYKHOCTEI. OAHAKO [peykie YeM NepelTH K 06CyK-
ACHUIO PAsANYHHY PeOMETPHYCSCKHX METOAOR H TEOPEM, He CEA3AHHEIX
HANPAMYIO C 3TOH 3aMedaTenbHOH KpHBOH (T.e. YTBEDKAESHUH, B KO-
TOPHEX OKPYXKHOCTE MOKET IQMBASTHCA CKOpee KaK BCIIOMOraTelbHOe
CPEACTRO, 9€M KAK LEHTpaNbHHN o0BeKT HallMX oOCy:KAeHMI), OIu-
LIeM €€ OAMH KpYyr BAcH, CBA3AHHEIX ¢ HEH.

IIpexge BCETO JOKAKeM HeCHOKHYIO (HO MMEIOIIYIO, KaK BOAWTCA,
MHOT'OYMHCIEHHEIE HEKHATAHHEE CJIC,E[CTBI/IF[) JIeM'_My, npnnncmaemylo
Apxumeny.

Teopema 1 (leMMa ApXUMeAa). B oKpYXCHOCMU ¢ UEHMPOM 8 mou-
ke O nposedena xopda AB. B o0pa3osasiuuiica cezMeHm anucaia OKpyH-
Hocme, kacarowascs 0vzu AB (ozpanuuusawwell cezmenm) 8 mouxe X,
a ompeaka AB g moyxe Y. Tozda npamaa XY nepeceicaem OQHHYI0 OKPYHC-
Hocme emopoll paz ¢ mouke Z, senstiowelica cepedunod dyzu, donoanu-
meavroit k AB (cm. puc. 1). Boaee mozo, mo xce camoe ymeepmoeriue
OCImaémcs cnpasedﬂusbm i d}m OprDFCHOCTHeﬁ., KAcdouuoxcd sHELLHUM
obpazom (em. puc. 2, mouka Z — cepeduna coomsemcmayoweli dyeu AB).

Puc. 1 Puc. 2
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Paziy NOTHOTEL M3I0KEHNA NPHUBEIEM JABa AOKAZATEARCTBA ITOTO 3a-
MedaTeabHOre GakTa, OgHe AN CTyIaa BHYTPEHHET O KacaHHA, Apyroe —
AN BHEWIHETO. PekoMeHAyeM YHTATENIO NMepPeHecTH PacCyXIeHHs H3
MEPBOTC AOKA3aTALCTBA Ha BTOPOH cnydaii U Hao6opoT.

TepBoe JokazaTeabeTBO. [TycTh O — LEeHTp MajJeHbKON OKPYIKHO-
CTH, a4 Z —BTOpasd TOYKA MepecedeHrA npaAMol XY ¢ OKpY:KHOCTBIO.
TlpoBeaém otpesku O'X, O'Y, 00" u OZ (cm. puc.1). B cuny Toro uro
PaccMaTpPUBAEMEIE OKPY:KHOCTH KAcalTes Mexay coboit, touxu O, O
M X Nexar Ha OfHOM NpAMOiA. A Tak kak o6a TpeyronbHMKa XO'Y u X0Z
papHOOGEeAPEeHHEIE H ¥ HHX HMeeTcs OOMHM yroa IpH BepliHHe X, 3TN
TPeYTroJABHUKH Mojo6Hb. ClefopaTesbHo, oTpesku O'Y M OZ mapan-
aensHE. Ho oTpesok Q'Y nepneHauKyaspeH AB KaK OTPE3OK, MpoBe-
JEHHEIN B TOUKY KacaHW4, CIeJ0OBATEAbHO, IpaAMan OZ Toxe NepleHan-
kymapHa AB. Ocraniock 3aMeTATh, YTO NepIeHANKYAAP, IPOBeAeHHEIH
K XOpZe Yepes HEHTP OKPY:KHOCTH, JEMUT 06e IYTH, Ha KOTOPHE XOPAa
JEMTAT OKPYKHOCTE, TIOIIOMAM. |

Bropoe pokasareabcTBO. [IpoBeaém yepes Touky X obmyio kaca-
TEILHYIO ABYX OKpyXHOCTel (cM. puc.2), a yepes TOUKy Z TPOBEIEM
KacaTeabHYIo K gyre AB. IlyeThk T — To4YKa NepeceyeHua nepeoi npoee-
AEHHOH KacaTeAbHOH C npamoil AB, a U —Touka nepecedeHHd NpoBe-
JAEHHEIX KacaTeabHEeX. Torga yoet TYX, YXT, ZXU u UZX paBHEL MeXAY
cobolt (LYXT u £ZXU BepTHKANBHEE, a4 OCTANBHEIE PaBHEL UM KaK YIJIEL
MeXAy KacaTeNMbHEIMH M Xopaoi). CnegopaTelbHO, OpAMEe AB u ZU
HapayeNbHbL (TaK KaK OHM 0ODA3YIOT DABHEE HAKPECT JEKAINNE YIIIH
npu cexymledi YZ), u nosToMy Z — cepeauHa AB. g

Kax BHAWTe, AOKASATE 5TO YTBEPHKIEHHE COBCEM HECIONKHO. TeMm
YAUBUTEALHEE, KaKie (OTaThie (JISACTBUA MOKHO U3 HETO BHIBeCTH, Jo-
KaeM A4 Hadaja Takoe KpacuBOe YIBepkJeHUe (MBI OrpaHHIMMC
AU CIy9aeM BHYTPEHHETC KACAHHS ABYX OKPYHKHOCTEH; HaCTOATENE-
HO PEKOMEeHAYEM YMTATEND CAMOCTOATENBHO cHOPMYIHPOBaATL H JO-
Ka3aTh AHAJIOTHUYHEIE CBOHCTBA OKDYXHOCTEH, KACAKIMXCA BHEINTHUM
ofipazoM),

Yreepixaenue 1. B yorosusx npeduidyuyedl nemmbt (Remmot Apxume-
0a) paccMmompum

1) 8ceBo3MOMCHbIE NAPBL KACARUIUXCA OKPYHCHOCTIEL, BNUCTHHBIX 8 (£2-
MeHm, onpedenénHuiil xopdoid AB;

2) 8ce80IMONCHBIE RAPBL NEPECEKIIOWUXCR OKPYHCHOCMELL, 6NUCTHNBIC
@ MOM Jee Ce2MeHI.
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Puc. 3

Tozda cnpasgeduant credyonilie YmaepyoeHua:

1) zeomempuueckuM Mecom MOUeK KACAHUS 3MUX OKPYWHOCmeil
ABAAENICA Oy2d OKPYXCHOCMU ¢ UeHmpom @ mouke Z — cepedine 0onoa-
HumeasHotl Oyzu — u paduycom ZA;

2) moura Z nexcum Ha npamoti, npoxodsuietl wepes mouku nepeceue-
HUS pdccmampuadembix okpydcuocmeti (em. puc. 3).

JoxazaTeabcTBo. PaccMOTPUM OKPYKHOCTE, KaCcalolyioca AVTH AB
B Touke U 1 orpeska AB B Touke V. [IpoBeaéM K Hell KacaTenbHyo ZW
m3 TouEH Z. YTOGH AoKa3aTh YTBEPKAEHUE, HaM moTpefyeTcs HaiiTu
AAWHY 3TOH KacarenpHoH. Ho, cormacHO ¢BOHCTBY KacaTeNbLHOH H ce-
Kylllell, TpuMeHEHHOMY K KacaTenbHoit ZW u cexyineil ZU (3meck MbI
BOCIIOAIB30BAINCH YTBEDHAeHHEM 4, JOKA3AHHBIM Ha AEKIWH 5), BBINOI-
HAETCA paBEHCTBO

IW? =2V -ZU = ZV(ZV+VU) = ZV2 4+ 2V -VU.
C Apyro¥ CTOPOHEH, [IC CBOMCTBY Xopaw (YTBepAcHHe 3, jgekupsa 5),
npuMenénHoMy K ZU, nMeeM
ZV-VU = R*—0V? = R2 — (OM* + MV?),
rfe R — paguyc HCXoaHOHR okpy:HocTH, O —eé 11eHTp, a M — npoexnya
[eHTpa Ha oTpe3oK AB (cepeauHa AB), Kpome Toro, no teopeme [Muda-
ropa IorydaeM
ZV: = ZM? + MV? = (R+ OM)? + MV2,
TlogcTarmaA Bee 9TH BEIPAKEHMA B BEIpAXKEHHE A5 ZW?2, Haxomum
ZW? = (R+OM)* + MV2 + (R%*— (OM2+MV?)) = 2R*+2R-OM.
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Ho no Teopeme [Mudaropa R = BM? + OM?, ciefoBaTenbHo,
ZW? = BM2 4+ OM?+R?*4+2R-OM =
= BM2+ (OM +R)? = BM?+ MZ? = ZB* = ZA2,

TaxuM ofpazoM, ANHHA KACATSABHOH, NPOoBSAEHHON K paccMaTpHBac-
MO OKPYKHOCTH M3 TOYKH Z, MOCcTOAHHA (UM paBHa ZA).

PaCCMOTpP]IM TEINEPh ABE KacaroliHecd OKDPYAHOCTH, BHHCAHHBLIE
B cerMeHT. Ecu mx ofmas KacaTe/qbHAd He MPOXOAWT Hepes TOUKY Z,
TO, CARAOBATENBHO, Yepe3 Z K 3THM OKPY)KHOCTAM MOMHO IPOBECTH
YeTHpe pasHBle KacaTelbHBIC. PaccMOTPUM KOHIEI 3THX OTPE3KOB Ha
OKPYKHOCTH € IIEHTPOM B Z H pagHycoM ZA. ByfleM HASHBATE KOHIILI
KacaTeNbHBX K IepBoil oKkpy:kHoCcTH I, I, a xo Bropoii —J,, J,. Toraa
eC/IM TOYKM UAYT B nopsaake Iy, I, Jy, Jo, TO pacCMaTpHUBAEMbBIE OKDYH-
HOCTH He MOTYT HMETh OOIINK TOYCK, a eI OHM HAYT B opagke Iy, Jy,
I, J,, TO Ha IepBoi OKPYKHOCTH £CTh TOYKY, AeKalllie BHYTPH BTOPOH,
H Ha00OpOT, T. €. OKPYKHOCTH IEPECeKANTCH. IT0 NPOTHBOPETIHT YCI0-
BUIO YTBepkeHuA. ClefoBaTelbHO, 00OIad KacaTelbHAS OKPYKHOCTeH
NpOXOANT 4Yepes Z.

HakcHell, €cAM ABe OKPYKHOCTH NEPeCeKAnTeI B TOYKAX 5 U T,
To TIpoBeAéM npamMyr ZT. Ilo cBOMCTBY KacaTeNBHBIX W CEKYIIMX MEL
3aiIoYaeM, 9TO 9Ta IpAMas Oyjer BTOpol pa3s mepeceKaTs 00e OKPYX-
HOCTH B OHOH B TOM ke TOUKe (Tak KaK B 0D0MX CIYYadX PACCTOAHUE
oT Touku T 10 BTOPOi TOYKH NepecedeHns IPAMOI 1 OKPYKHOCTH GyaeT

ZA®

ZT ). O
Bor npumep croxkHON 3a7a94 (e1€ oqHOHN 33144l MeXAYHAPOAHON

MaTeMaTHIeCKON (JIMMIIMAALL), KOTOpas HeKWIAHHO [IPOCTO penraeT-

€51 ¢ MOMOCLIBKY YKa3aHHBIX co0DpaKeHHH.

3aaa4A 11. OKpYKHOCTH ¢ H S KacaloTcd M3HYTPH OKPYKHOCTH ¢
B TO9KAx S U T COOTBETCTBEHHO, IPHIEM IeHTp O OKpY:RHOCTH § nexwr
HAa OKPYKHOCTH (. Yepes Touxu P u () nepecedeHHA OKPY>KHOCTEH
H £ poBeAeHa pAMa, IlepeceKaloan OKPYKHOCTE ¢ BToukax U n 'V,
TlyeTe X 1 Y — TOYKHU TTepecedcHUA OKPYIKHOCTH o ¢ npaMeiMu SU u SV
cooTBeTcTBeHHO (oTnmuHbIe OT §). Toraa npaMas XY KacaeTeHs OKDYH-
HOoCTH 8,

Pemenue, CuTyalus, ¢ KOTOPOH TOBOPHUTCA B 3agade, n3o0pakeHa
Ha puc. 3. UTo6H AokaszaTtek TpefyeMoe YTBEDKACHHE, IPOBEAEM obnme
kacaTenbHele AB 1 CD k okpymHocTAM a M § (Touknn A, B, C u D
JMeHAaT Ha w, cM. puc. 5). Toraa cornacHo yreepxaeHuio 1 touku U u V

PaBHO
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1'4
Puc. 4

OyayT cepeausaamMu Iyr AB 1 CD COOTBETCTBEHHO, a OSTOMY COMNTACHO
neMMe ApxuMezia, TOUKH X 1 Y OyAyT TOUKaMU KacaHWs OKPY>XHOCTH
C NpAMEIMH AB 1 CD COOTBETCTBEHHO!

Temepb AOKAsHIBaEMOe CBOHCTBO cleAyeT M3 TAKOTO IpocToro dakTa.

Yreepxaenue 2. B pagrobedpennom MpeyoabHuKe UEHIMPhL 8HL-
canHotl U eHesnucaHHOll okpyxcHocmel, xacawowelics oCHOBAHUS mipe-
V20MBHUKA, AEHCAM HA OKPYHCHOCTIU, Kacaotelics 60Ko8bIX CIOPOH Mo-
20 MPEYZONLHUKA 8 KOHUUX €20 ocHoBaHUA (CM. puc. 6).

JoxazarenserBo. Ilycts ABC — paBHOOEADEHHEBIN TPEYTOMBHHUK,
AB=AC, v nycThb [ ¥ J — IIeHTPEL BIUCAHHON M BHEBHUCAHHOH OKPYH-

K
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HOCTH, Kacalonieics oCHOBaHWA 3TOrQ TpeyrojibHuKa (cM. puc. 5). Pac-
CMOTPHM YeTHPEXYTONBHUK IBJC. ¥ron IBJ papeH 90°. B camoMm gene,

ZIBJ = %LABC+ %ACBK = %—180".

Touro TakmkM ke ofpazoM saknodaeM, 1To yroa ICJ Toxe npamoi. Cre-
JZOBaTeNbHO, 9€THPEXYToNbHHK IBJC BIHCcaHHRN. OcTanock A0Ka3aTk,
YyTO OpAMEIe AB 1 AC KacaloTesd ero oNMHCAHHOH OKpYKHOCTH. CpaBHHUM
s aToro yoasl ABC u BJC. Eom ZABC =, 10

ZKBC = ZLCB = 180° — .
CiegoBaTenbHO,
£BJC =180° - 2 /KBC - 3 /1B = 180° - 22 (180° — ¢) = o,

T. €. paccMaTpHBaeMble YI/Ibl paBHbl. Ho, Kak M3BecTHO (CM. JEKIMIo 5),
oA, OIMHApalonMiica Ha XOpAy HeKOTOpPOH OKPYKHOCTH, PaBeH Iy
MEXAY 3TOH XOpAoH U KacaTelbHOM, IPOXoAAnIell Jepe3 KOHEl XOPABL.
CreaoBaTeNbHO, NpaMan AB KacaeTca OKPYKHOCTH, OMHCAaHHOH OKOMO
yeThpéxyroneimka IBJC. ToyHo Tak ke AoKasblBaeTesd, uTo AC Toxe
KacaeTcA 3TOH OKPY>KHOCTH. a

Jd saBepIIeHNA AOKASATENLCTBA YTBEPHKACHHA 33444 JOCTAaTOd-
HQ Tenepb nepedOpMyIMPOBATE TOABKQ UTOQ IOKA3aHHBIL (akT cie-
ZVIONIUM 0DpasOM: ecal OKPYWCHOCHIs (f 8RUCAHA 8 HeKOomopuitl y2on,
a YEeHMP OKPYM¥CHOCMU B, MoXe snUCaHHOU 8 3mom Y201, Jexcum Ha
oxpyxcHocmu &, mo S kacaemcs npamot, npoxodsuetl uepes mouxu
KACAHUA OKPYHCHOCMU @ CO0 CIMOPOHAMU y2ad. B camom Jene, ecnH
OKPYXHOCTb 8 BINCAHA B TOT Ke YLOJA, 9T0 U &, TO eé IeHTp JeXKUT
Ha IlepeceveHNH ¢ ¢ OHCCEKTPHCOH aTOro yInia, a CaeJ0BaTeNbHO, COB-
MAJAET ¢ LeHTPOM BIMCAHHOMN WIKM BHEBMHUCAHHON OKPY:KHOCTH PAaBHO-
GeApPEeHHOr0 TPEYTOABHUKA, MOAYJIAOIErOC, eCiH [IPOBECTH OTPE3OK,
COEAVHAIONIMI TOUKH KacaHWA CTOPOH yIVIa C OKPYKHOCTBIO Q. g

lpexae gyem MBI OOHAEM Aajblle, ACKaXeM eINé OAWH MPOCTOH
BCTIOMOTaTeABHEIH GaKT, KOTOPHIH MOMXKHO pacCMaTpHEATE KakK IIpe-
AeNbHBIH cayvyail AeMMEI ApXuUMeAa AMA ABYX KacalollMXcsa BHEIIHHUM
06pazoM OKpPYKHOCTEI.

Vreepxaenne 3. Ecau dee OkpyxcHocmu Kacarwomes mexcdy coboli
(sHewnum oGpasom) @ mouxe T u kacawmea odHoll npamoil 8 mouxax
A u B coomgemcmaenro, mo npamote AT 1 BT nepecexarom amopoi pas
COOMBEMCMBYIOWUE OKPYHHOCHIU 6 MOuKax, JuaMemparsio RPomuso-
noaoxcHbx moukam A u B (cm. puc. 7).
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Puc. 7

JoxazaTenecTBo. Kak 1 IpH A0Ka2aTelbCTES JEeMME ApXHMeaa,
PaccMOTPUM TPeyTonbHUKH AOT 1 TO'C, Tie C — ToYKa MepeceyeHus
AT ¢o BTOPOH OKPY:KHOCTBIO. JTH TPEYTONbHHKW OA00HBI, Clef0Ba-
TensHo, O'C || AO, u nostomy O'C L AB. 0

OTMeTHM KCTAaTH, 9TO TIpAMEle AC M BD) Ha caMOM Jene MeplieH-
JUKYIAPHE (TaK KaK COOTBETCTBYIOLIME YIBL OMMUPAIOTCA Ha AUAMETPEL
HAOMX OKpy:kHocTel). IIpaBaa, 3To yTBepK/eHHE HAM HIDKE He ITOHA-
AoOuTCH.

Tereps MBI MOXEM TIPHBECTH OPUIMHANBHOE, IPHHAIEKAINEE CAMO-
My ApxEMely, J0Ka3aTelbCTEO TeopeMbl 06 apbenoce. Hanomuum, uTo Ha
NEePBOH JEKIMH MBI YKe AOKAZHIBATH 3TY TEOPEMY ¢ NOMOIIBI TEOPEMEL
TMudaropa 1 anreGpandeckux mpeobpasoBaduil. OIHAKO COBpeMEHHAA
anreGparaeckas TEXHUKA OBUIA COBEPINEHHO HEW3BECTHA JPeBHErpede-
CKMM MaTeMaTHKaM. [IpHBeAEHHOe HIDKe paccy:kacHue Boee-MeHee Co-
OTBETCTBYET TOMY, KOTOPOE UCIONB30BAIOCH APXHMEAOM,

HTak, HAMOMHAM YCIAOBHA 3ajaqu: apbenocom HA3HBAXOT GUTYDY,
COCTABJNSHHYIO U3 TPEX NOMYOKPYKHOCTel, NOCTPOSHHBIX Ha OTpe3Kax
AB, BC u CD xak Ha ayaMeTpax (To9Ka B IIPH 3TOM JI€XUT Ha OTPE3Ke
AC) ¥ Jexanux o ofHy CTOpoHy oT npamol AC. Ilposeném depes B
npaMye BD, nepneHankymipHyo AC. HaMm Hafo 40Ka3aThk CASAYIOLIVI)
TeOPEMY: padiycel OKPYXcHOCMEl, @nUCaHHbBIX 8 Kpuegoaunelinue mpe-
V2OMBGHUKU, HA Komopsie apberoc denum npaman BD, pashbt.

Ha puc. 8 nzofpaxés apbenoc, 06pasoBaHHEIN TOIYOKPYKHOCTAMI
paauycoB R u r (¢ meHTpaMu B Toukax Oy 11 O,) ¥ 60IBINOI NOTYyOKPYX-
HOCTBIO paguyca R +r. B caMoM KOHIe MepBoif IEKIMA MEl TIOKA3aJH,

9T0 PaZNyCH OKPYKHOCTEH, BIHMCAHHEIX B KPHBOJIHHEHHBIE TPEYIOMb-
Rr " "
HuKy ABD u BCD, paBHE e Ceflyac MBI MOMYYUM TOT Ke CaMEBIid

PE3YIETAT, MOAbL3YACE BMECTO anarcBpandecknx mpeobpasoBaHHi Teo-
METPHYECKUMY YTBEPKACHIAMH, IIPEXAe BCETO — TeMMOi ApxuMeaa.
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PaccMoTpHM OKPYHHOCTD, BIMCAHHYIO B KPUBOAHHEIHEE TPeyIoib-
HUK ABD, u nycth E, F U (G — TQUKHM KacaHWA 3TOH OKPYKHOCTH C €ro

ctopoHaMi AB, BD 1 AD cOoOTBETCTECHHO, a TOYKa H JpaMeTpalbHO
NPOTHBONOIOKHA TouKe F (cM. puc. 8). 3aMeTHM, YTO COMMacHO JeMMEI
ApxumMmena ToMKH G, F 1 C sieXaT Ha OAHOH IIPAMOH, a COIMIacHO YTBEp-
HAeHMO 3 Ha oJHY NpPAMYIO IOMAaJarT Tawke Tpoliku Ttodek B, E, H
u A, E, F. Kpome Toro, Tak Kak Touka H ApAAeTcA TOUKOH KacaHusd Ma-
JIEHbKOH OKPYKHOCTH ¢ XOPAOH, mapanieibHoi BD (TyHKTHpHan HUs
Ha puc. 8}, o aemMe ApxuMeaa ToOUKH A, H 11 G Toxe JiexaT Ha ofHoH
npsaMoit.

Iycrs L — Touka nepeceuenud npamerx AG u BD. PaccMoTpuM Tpe-
yroneHUK ALC. OTpeskt LB u CG —ero BBICOTH (COOTBETCTBYIOIIHE
YIVIBL OCIIMPAIOTCHd Ha AUAMETPEL), CIEA0BaTeMRH, ToUka F — ero opro-
neHTp. [ToaroMy npaMan AF nepleHANKY/AApHa LC, H, 3HAYUT, ToYKa K
nepeceveHHs 5THX NPAMBX AOMKHA AeKATE Ha MOAYOKPYKHOCTH ¢ AHa-
MmeTpoM AC.

3ameTtrM, uro FH | AC (06e 3TH npAMble neplIeHAUKYAIpHH BD).
CreaoBaTeNbHO, TpeyTOABHAK HLF nogo6eH TpeyroneHUKY ALB, OTKyAa

nmoaydyacM
7 HF _ HL

AB AL
Harouern, BH 1 AE, cnepoBatemsHo, BH || CL. [Toatomy no Teopeme da-

meca HL BC

AL — AC”
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OTcroaa noaydaeM
HL _ AB-BC
HE=AB ="%¢ >

a Tak Kak HF — guaMeTp BIHCAHHOH OKPYXKHOCTH, A4 pajHyca 2ToH
OKPY)KHOCTH MBI TIOMYYWIH TO JKe CAMOe BhIpaKeHWe, YTO M paHbllle,
Ha NepPBeH NeKIWH. TO9HO Tak e MOKHOe HAWTH Ppajuyc BTOPOH OKPYX-
HOCTH.

Kax BHAHO, 3T0 paccykAeHHE He JUITEHO MEAECTBA, XOTA H TPYAHO
He COTIACHUTRCA € TeM, 9TO ero Topasje ClodHee HAWTH, YeM TPHBEAEH-
HOe B MEPBOI JIGKIMM BRYHCIEHNE, OCHOBAHHOE Ha airedpandeckix
npeoOpa3oBaHHAK.

B zaxmoueHme JIeKIMH 3aMETHM, ITO M3IOMKEHHBI MaTepHarn, Tak
e KaK MHOrme ApyrHe akTH, PacCKa3aHHEE HAMH, TeCHO CBA3AH ¢ Ta-
KMMH NOHATHAMH, KaK CTeNeHb TOYKH OTHOCUTENBHO OKPYXHOCTH, pa-
JUKANBHAA OCh ABYX OKDY:KHOCTERH, MHBEpCHA, IOAAPHOE NpecbpasoBa-
HHE U T.II. Bce 3T TEMBI Ype3BEMANHO KPACHBEIL, BAYKHBL M 3ACNyXHBA-
0T [0 KpaiiHell Mepe OTASNBHOH JMeKnuy Kaxkgad, MEI paccaMThHIBaeM
BKpAaTIie paccKa3aTh ¢ HHX B CJEAYIOMMX 9acTAX HAaMIero Kypcea.

3apaun AAA CAMOCTOATEABHOTO PelIeHHs]

1. M3 Touxku D OKPY#HOCTH @ ONyINcH nepneHaukyaap DC Ha auamerp
AB. Jpyrasd oKpy)KHOCTE KacaeTcd oTpeska CA B Touke E, a Taoke oTpeaka CD
U OKPYKHOCTH . JIoKakuTe, uTo DE — BUCCEKTpHCA TpeyTONbHHKA ADC.

2. QXpPY¥HOCTE, Racaromanca cTopoH AC 1 BC tpeyromeHuEa ABC B TOMKAX
M u N, xacaeTcd TaloKe €T0 OIMMCAHHOH OKPYIKHOCTH {BHYTpEHHHM 00pazomM).
JoKaKHTe, 9To cepeiHa oTpe3ka MN coBlagaeT ¢ [EHTPOM BITMCAHHOH OKPY-
HOCTH TpeyroapHuka ABC.

3. Haiiapre TeOMeTPHYSCKOE MECTO TOUEK YeHINPOa OKPYIRHOCTEL, BIHcaH-
HEIX B CEIMeHT (B TOM JHC/IE «BHEITHHM» 00pa30M, CM. pHC. 2). ¥KazaHme, JTy
3aziady yno6Ho (HO He o0A3aTeNbHG) PelliaTh ¢ TOMOIHE) KOOPAHHATHOTO METOAA.

4. B nOIYKPYTE H3 KCHIOB JUAMETPA IPOBEICHH ABE MEPECCKAITIHECT XO0D-
Abl. JOKQKWATE, 4TO CyMMa IPOH3BEAeHHH OTPesKa KKACH XOPALl, TPHMEIKAI0-
Mero K AMaMeTpy, Ha BCIO XOPJY PAaBHA KBaJpaTy AMaAMETpA.

5. lyete a, b, ¢ 1 d —AAMHE CTOPOH BIHCAHHOTO YeTHPEXYTOXBHHEA
{a 11 ¢ —NIpOTHBOIOMQKHLIE CTOPOHEL), N, Ny, i, 1 h; — paccroAHma oT nexTpa
OIMMCAHHOI'O Kpyra AC COOTBETCTBYIOIIHX CTOPOH. JOKaKHTe, YTo eCIH LeHTp
KPYTa JICHHUT BHYTPH 9eTHPEXYTOABHEKA, TO ah,+ch, =bh, 1+ dh,,.

6. NaHs ABe KOHIEHTPHYECKHE OKPYRHOCTH paguycoB r 1 R {r < R). Uepea
HEKOTOPYIO TOYKY P MeHBIIeH OKPYIXHOCTH IIDOBEAEHA IIPAMAas, [IePeceKarnman
OOIBIIYIO OKPYAKHOCTE B TOUKAxX B H C. [TlepneHauKynap K BC B TouKe P nepece-
KaeT MeHLIIYIO OKPYKHOCTL B Touke A. Haiizure PAZ + PB® + PC2,
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7. OKQI0 IpAMOYTOMBLHOrO TpeyraibHura ABC (€= 90°) omicana OKpyx-
HOCTE. [TycTs CD — BhICOTa TpeyToAbHHKA, QKPYKHOCTE € TIeHTpoM B D mpoxo-
JWIT 9epes CepefHHy AyTH AB u nepeceraer AB B Touxe M. Haiigure CM, ecmn
AB=c.

8. Ha auamerpe AB OkpyxHOCTH S BaATa Touka K, W M3 Heé BOCCTABACH
NepleHANKYILAp, NlepeceKalolyi S B Toake L. OKpyKHOCTH S, ¥ 5, KacawoTcd
OKDPYIKHOCTH S, orpeska LK 1 quaMerpa AB, a HIMeHHO, S, KacaeTea oTpesra AK
B TouKe A, S, Kacaerca orpeska BK B Toaxe B,. lloxaxwre, 910 £A,LB, =45°.

9, Jlpe OKPY:KHOCTH ¢ K § niepecekarorcd ¢ npamoii [. ToIkn nepeceduenns [
€ OKPYXHOCTBIO @ —A; H A, 2 C OKPY:KHOCTRIO § — By U B,. M3BecTHo, 4TO
NpAMAN, KACAIOINAACH OKPYKHOCTH & B TOIKE A;, TAPALISILHA IPAMOLH, KACAKO-
mweficA OKpY)KHOCTH 5 B Touke B,. JIOKaKHTe, YTO TOIAA IIpAMad, KacarejabHad
K @ B TOUKe A,, Tapa/ienbHa NpAMOH, Kacatomietica § B Touke B,.

10. Jansa oxpyxHOCTE paauyca R ¢ nerrpom O. [lpe apyrie OKPyXRHOCTH
KAcalTcs JAHHOH M3HYTPH M NepeceKaroTcd B Toukax A u B. Haiimwre cymmy
pagMycoB ABYE NOCASAHAX OKPY’KHOCTE], ec/I H3BECTHO, IT0 LOAB=90°.



Jlexkuna 13

Teopema ®eirepbaxa

B npeAAyIMx AEKIHALX MBL PACCKAZANH 0 HEKOTOPHIX 00I0MX HAEAX
H METOAAX, [IPHMEHAEMEIX B 3eMeHTapHOH reoMeTpuu. KoHeuHo, To,
9T0 MBbl 34eCh PACCKA3aIH, JaNeKo He HCUEpIBBAET CYNIeCTBYIOIHE
NpUEMEL M BeH. CYIIecTByeT OTPOMHOE KOMTUYECTBO METOROB, KOTOPHE
OKA3ATHUCEH LIeTMKOM HIH TIOYTH HEAUKOM 33 PAMKAMH H3TOXEHHOTO Ma-
tepuana. OfHAKO MBI He OyZeM ceifyac 0 HUX FOBOPHTE: € OfHOH CTOPO-
HBI, HEKOTOPHIE U3 3THX WASH CIUIIKOM O6IIHeE, UX TPYAHO CHOpMY/IHpO-
BaTh B BIAe 60Mee-MeHee KOHKPETHOIO pellelrra (Kak, HallpHMep, Baes
MOJO6H, WK HAeS TOIAZEH, XOTS HHOTAA U TOBOPAT O «METOAe TUIO-
mageii»). C Apyroi cTOPOHEBI, MHOTHE METOABL, TAKNE KAK BEKTOPHEIE,
KOODAMHATHHIE METOAbl, KOMIUIEKCHEIE UHACIA U OapHIEHTPAIECKIE
KOODAMHATHI, HCIIOAL30BAHUE JIBYXKEHMIT, TOMOTETHII WM MHBEPCHH,
a TAKKE METO/bI PENIEHHS T€OMETPHIECKHX HEPABEHCTE U SKCTPEMATh-
HHIX TeOMEeTpPHYeCKMX 3aJad, 3acJAyAKHBAaOT AOCTATOMHO NOApOGHOro
MBM0KEeHHA, ¥ MBI IPeANOYTEM MOCBATHTE UM OTASABHEIN WHKT JeKIUH,
9EM pACCKA3BIBATH BCE 3TO BTOPOIAX Celdac. BMECTO STOro MBI MOCESA-
THM GCTABNIMECH HECKOIBKO JCKITHIH OTASNbHEIM KPACHBEIM T€OMETPH-
gecKHM TeopeMaM, TaKHMM Kak TeopeMBl Mopnes, Buktopa Te6o 1 T. 1.

Hauném MEL Halll paccKas co 3HaMeHuToi Teopemer Kapuia Buarrens-
Ma Deifepbaxa (ero He cAeAyeT IMyTaTk ¢ M3BecTHEIM umocodom Jio-
aeurom detiepbaxom, goBogusinpmMca Kapmy poauemM Opatom). Hrak,
3TA TEOPEMA 3BYUHT CICAYIOIIHM O0pazoMm,

Teopema 1 (Teopema Deitepbaxa). Oxpymcnocms inepa mobozo
MpEY20AbHUKI KacaemcH BHUCQHHOﬁ il 8Cex mpex BHESNUCAHHBIX QKDY M-
HOcmetl 3mozo mpey2QibHUKA,

IIpexxze 9eM MBI JOKAXKEM 5TO YTBEPXKALHWE, HAJL0 HATIOMHHTD CIIy-
HIaTeNAM, UTO TaKoe QKPY:KHOCTE Diinepa: oxkpysicHocmusi Jibnepa mpe-
YyeoneHuka ABC HO3bISAEMCA OKPYJICHOCMb, ONUCAHHAR OKORO €20 cepe-
OUHHOZO Mpey2oabHUKA A1 B, Cq, M. e. OKORO MPEY2ORBHUKA, BePLUUHAMU
KOMopo20 AsASIOMCA cepedunst cmopon mpeyveoaskuka ABC. Ha pue.l
H3o0pakeHa Kak pas Takad OKPYKHOCTE Diifepa TpeyroabHuka ABC.
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Y OKpYXHOCTH Diilepa TPeyTOMbPHHEA HMeeTcA BEMHKOE MHOKECTBO
BAMEYATENHHBIX CBOMCTB. HaM B HAMMX paccy X AeHUAX noTpedyeTcs o-
HO M3 HUX, KOTOPOE MBI CeHYac U JOKAKEM,

Yreepaxgenue 1. Ocuosanus avtcom mpeyeoavhurka ABC nexam na
OKPYHCHOCTIL DLEpa 3020 MPey0abHuKa.

JoxazaTeascTBo. PaccMorpuM puc, 1 (caydali TYIIOyTOAbHOTO Tpe-
YTOABHUKA MOXKHO pa3QfpaTh aHANOTHYIHBEIM 0(pazoM): HaM Hajo Jc-
Ka3aTh, YTO YETBIPEXYTOMBHUK A, B, C,Cs, rae C; — OCHOBAHHE BBICOTEH
CC,, MOXKHO BIMCATh B OKPY)KHOCTE (TOrZa 5TAa OKPYXHOCTE ABTOMA-
THYECKH COBNAAET C OKPY:KHOCTBIO Jitnepa}. Mbl BocnoabsyeMcd IIpH-
BHAKOM BIIMCAHHOTQ YETHIPEXYTOALHMKA (CM, JIEKIMIO 5); AOKaKeM, ITO
BRIIQAHAETCH PABEHCTBO

AA]_B]_C]_ + AA]_C;).C]_ = 1800.

Tak kak A;B; n B,C; — cpeauue AUHHU TpeyTOABHUKA, yToa A B, C
paBeH yIIy B McXofHOTO TpeyrosibHUKA. C Apyroil CTOPOHS],

AA]_CQ_Cl = AA]_C‘_)_C"‘ 900 == ABCCQ_ + 900 == (900 - LB) + 900,

TaK kak A,C, —MeJHaHa, IPOBeAEHHAA K THIMOTEHY3¢, B IPAMOYTO/Ib-
HOM TpeyroibHHKe BCC,. CKIaRBas 3TH pABEHCTBA, OMYYaeM Tpeby-
eMoe yTeepkAcHUe. To, YTO TOUKH A, U B, Toke MOTaJAloT HA OKPYH-
HOCTH Jiinepa, A0KA3SHBAEM AHAJIOTHYHO. |

Ham Hago AokaszaTb, YTO OKPY)KHOCTh DHAepa KacaeTcd BIIHCAH-
HOH M BHEBIIMCAHHHIX OKPYXKHOCTEH (T.e., HApHMeEp, YTO To4Ka F Ha
puc. 2 —B caMOM Aefe ToYKa KacaHusa). CYIeCcTBYeT MHOMKECTBO CIIoCo-
60B 2T0 chenath. HexoTopele 13 HUX BIOOAHE aMeMEHTapHEL, HEKOTOPHE
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c C

B ~__ 70 A B H TKM A

Puc. 2 Puc. 3

TpebyoT ZOTOAHHTENRHEX 3HAHHH. MH 37eck INpHBEAEM ABa CIIOCO-
6a: oZUH MIPOCTOH, AOCTYIIHEIA N0GOMY LIKOTBHUKY, APYTOH — OCHOBAH-
HBIIl HA UCNOMB30BAHWH BECbMa KPacHBOH M CIIOXHOH reOMeTPHYECKOH
TEOPEMEI, TAK HABRIBAEMOI meopemst Kesu, unu 000GénHoll meopemut
ITmonemen (KOTOPYIO MEL NpUBEAEM 63 JOKA3aTENBCTBA, TOYHEE — C Ya-
CTUYHEIM AokazaTeNbcTBoM). Hauném ¢ mpocroro cmocofa. Mer mpu-
BEAEM TOABKO PACCYHIeHHE, OTHOCAUIeeCd K BIHCAHHOH OKPY:KHOCTH,
OCTAMBHBIE CIY9al MBI PEKOMEHAYEM YHTATEN0 pasodpaTh caMoCTOA-
TEIbHO.

Jna goxazaTenbCTBa HAM TIOTPEBYITCA HECKOIBKG MPOCTHX BCIIO-
MOTaTENBHHX YTEEpHAcHHNA. UTo6k UX npolle cdopMyInpoBaTh, BBE-
JéM creayiolpe o6osHadeHHa (cM. pHC. 3): B TpeyTonbHUKe ABC MBI
npoeeém Beicoty CH, Guccextpucy CK u meguany CM, a TAKKe 0TMe-
THM TOUKY T KacaHWA CTOPOHB! AB ¢ BIHCaHHOHN OKpPYXHOCTBIO, Kpo-
M€ TOTO, MBI §YAEM [IGAB30BATHCA CTAHAAPTHHIMH 0003HAYEHHUAME /I
JJHH CTOPOH H BeTHYHH YIJIOB TpeyToAbHHKA: AB=¢, BC=a, AC=b;
ZA=a, ZB=§, ZC =y. [leppoe, ¥To HAM TeNeps NOHAZOOUTCA, — ITO
CIEeAYIOINUN pes3yAbTaT.

Yreepaaenue 2, BoiloAHALHICA PABEHCMEO MT2=MK -MH.

doxazaTenescTBo. CaMEIH NpOCTOH CIocof AOKA3aTh 3TO YTBEemKe-
HHE — BRIMHCAHTE JAHHEL BCEX BXOAAIINX B PABEHCTBO OTPESKOB Yepes
CTOPOHEL TPEYTOALHHAKA. 3TO MBI H CALNAEM.

Haumém ¢ MK:

clb—q|
~ 2(@+by

be ¢
at+b 2

MK = |AK — AM| =

MEI BOCTIONB3OBATHCE TEM, UTO 6HCCERT]JHC& ¥raa TpEYTOAbHHIKa ACTHT
MNPOTHUBOTIONONHYIO CTOPOHY B OTHOLICHHW, pAaBHOM OTHOIICHHIO CTO-
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AK ¢
POH, MEXKAY KOTOPBIMH IIPDOXOAMT, T. €. XC-a TogHO Tak ke, TAK Kak
MEL 3HAEM, 1My PABHEL OTPE3KH CTOPOH, Ha KOTOPhBIE MOCHEAHIE JeAAT-
Cf TOUKaMH KacaHWA ¢ BIIMCAHHOHN OKPYKHOCTRI), MEL IOJTydaeM

_ _|—a+b+c ¢| |b—al
MT = |AT — AM| = — 3=

HakoHell, H3 TEOPEMEL KOCHHYCOE TIOMY4aeM

2_ 22 2
AH = |beosa| = Iaz—cl,
C
la® =5
OTKYAA cleayeT, yro MH = 5 - Tloatomy
_clp—al |a*=¥*  clb—allp—ada+b)|  (a=B)> . .o
MK-MH =507 =3 = 4(a+b)c ==z =MI.Q

Yreepaxaenue 3, KacamenbHas, Npo8e0éHHAS K NUCAHHOU OKpYMHc-
Hocmu mpeyonsHUKa Hepe3 mouky K, omauuxasa om cmopowst mpe-
V20bHUKA, NAPUAACAbH KACAMEAbHOLU, Nposedéunol K OKpysmHOCMU
3iinepa uepez mouxy M.

JoxazaTenbcTB0. HaM JOCTATOMHO MOKas3aTh, YTC YIWAEL KOTOPHIE
3TH KacaTelbHEE 06pasyioT co CTOpOHOH AB, paBHB Mexny coboii. s
9TOTO MBI BHIPa3HM BEAHMHHY STHX YIVIOB Yepe3 YINIH TpeyTonbHUKA ABC.

Hauném ¢ nepeoro caydad (cM. puc.4). [Iycts L — Touka, B KOTOpOE
KacaTeNbHad, NpoBeféHHAaN yepes TouKy K K BHHUCAHHON OKPYXKHOCTH,
nepecekaeT cropoHy AC. Torza yron CKL paseH yrry CKB (Tak kax
OKPYKHOCTE OKaskIBaeTed BIUcanHoi B ZLKB), KOTOPRI MOMXKHO HANTH
M3 TpeyroaeHuka BKC:

ZCKB =rn— /KBC —ZKCB=n—f— 3.
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c

Tloatomy

ZLKA = |m—2/CKB| = |n — (2n — 28 —7)| =
=28+y—n|=126+y—(a+B+7)| =18 —al.

Bo BTOpOM Cciyuae 06o3HATHM KacaTelbHYI0 K OKPYKHOCTH Jitfepa,
NpOXOAAILYIC Yepea TOUKY M, 6ykeoll m {(cM. pHc. 5). Torga yron Mexay
Hell U AB papeH MOAVIK PasHOCTH yIa MexAy Hell m oTpeakoM MP
M yraa PMB (Touka P — cepeauna BC). Ho mocaeanuil yron papeH yr-
Iy A TpeyroabHuka ABC, Tak kak MP — cpeAHAd JIHMHMA, a4 YIOl MEXAY
m ¥ MP, kak yro/ Mexy kacaTebHOH U XOpAoH, pakeH yry MNP (N —
cepearHa AC), KOTOPEIA, B CBOK O9epelk, PaBeH [, T. e, HCKOMBIH YTOI
OINATE paBeH |f — al. 3aMeTHM KCTaTH, ITO MEL, TIO CYLIECTBY, TOKA3a/H,
YTO BIOMCAHHBEIA B OKPYKHOCTE Dinepa yroi, onupatcluuiica Ha AyTy
HM (H — ocHOBaHHE BEICOTHL, OIMyHIeHHOH U3 Touku ), paseH |8 — al.
Hirxe HaM noHagoeOWUTCs 3T0 HabMOIEHUE, O

HOCJIE,Z[HEC BCIIOMOTATENBHOE yTBEp}l{,E[EH]‘IE, KOTO]JOE HaM ITOHaJg0-
OuTca I I0KA3aTENBCTBA TEQPEMEL — CASAYIOIIEE,

YreepxaenHe 4, Eciu 0ge 0kpyscHOCMU Nepecexa-
romea ¢ o0Hotl u motl se npamoti 8 moukax A, As u By,
B, coomsemcemeenno, npuuém KacamensHas, Rposedén-
HOA K nepeotl OKPYHCHOCMU 8 modke A,, NAPUARETbHA
xacamenvHotll, npoeedénHoll K0 emopoll OKpyMCHOCTIU
8 mouxe By, mo u kKacamenbHaR, NPOGedEHHAA K nepaotl
OKPYHCHOCTL 8 MOUKE A, MAPAANESLHA KACAINEAbHOL,
npoeedEnnoil Ko anopoit oxpyxcrocnu 8 mouke By (cm.
puc. 6). Puc. 6

B,
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JlokazaTeaBCTBO, YTBEPKACHHE COBCEM IIPOCTOE M NPEANaraerca
QHTATETIO B KAUeCTBE YIpakHeHUA (CM. 33439y 9 AJA CaMOCTOATEABHO-
I pelicHHA H3 NIPeABIAVIIEeHA JeKLUH). |

Tenepb MBI MOMEM AOKA34TE OCHOPHOC YTBCDPXKACHHC. HanoMHuM
€T0.

Teopema (Teopema Peitepbaxa). OxpyycHocme Jilnepa npou3eons-
HO20 MPEY2ONBHUKA KACACNMCA SNUCARHOT OKPYHCHOCTIU IRO20 He Camo2o
mpey2onbHuUKa (@ maKoKe 8ceX MPEX €20 SHEBNUCAHHBIX OKPYICHOCITIEN).

HJoxazaTenbcTpo. [TyeTh @ — TOYKA KacaHHA OKPY:KHOCTH, BITMCAH-
Hoii B TpeyrosmsHUK ABC, ¢ npaMofi, mpoxogdaineii yepes Touxy K. Ilpo-
BeAEM NpaMylo MQ, B mycTk ¥ — BTOpas TOUKA eé IepecedeHHs C BIIH-
CAHHOH OKPYHHOCTEIO TpeyronbHuKa ABC (cM. puc. 7). Torga, no Teope-
Me O KacaTeNbHOM U cekyiuel (cM. JEKUMIO 5, yTBepKIcHWEe 4), HMeeM

MT? = MQ-MF.

Ho, cornacho yreepixacHuo 2 iMeeM M T2=MK-MH, OTKYAA CICIYET,

qTQ
MQ _ MH

MK = MF’
¥ rpeyronpunkce MQK u MHF ecThk 061 yTOT M, a MX CTOPOHEL, TPH-
JETAKIOHE K ITOMY ¥IJIY, COOTBETCTEEHH( HpO]'IOp]J,HOHaJIbHBI, ceaoesa-
TEBHO, 3TH TPEYTOABHUKH MOAQGHEI (BHIIOMHAETCA TIPHU3HAK T0A00HS
TPEYTOALHHKOR), 3HAYHT,

ZMFH = /MKQ = |8 — a| = ZMNH,

rae N —cepeanHa cTopoHEL AC (MBI BOCHONB3OBAINCE PE3YABTATAMU
BHIMMCAEHHH, TIPOM3BEAEHHEIX MPH AOKA3aTelbCTBE YTBEPKACHMA 3,
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a TarxKe 3aMedaHieM, CAeaHHEIM B KOHIIE 3TOr0 yTRepxacHNg) . Takim
ofpazomM, yriel MNH 1 MFH, onupaionpiecs Ha OZFH 1 TOT XKE OTpe-
sok MH, paBHEL, 1, cleAOBaTeNBHO, TOUKH M, N, H u F nexaT Ha ofHoit
oxkpyxHocTH. Ho M3 yTBepAceHUA 1 ciedyeT, 4TO 3Ta OKPYKHOCTh —
OKPYHHOCTE DHnepa.

Hrak, Touka F JeXUT Ha OKPYHOCTH Jitepa. OcTanochk BOCIIONb30-
BaThLCA YTBEPKAeHHEM 4: A1 AEVX OKPYKHOCTeH (BITHCAHHOH OKPY)KHO-
CTH TpeYroMEHHKA ABC H ero e OKpY:KHOCTH Jiiiepa) MH pacCMOTPHM
obwyie cekyuyio MF. CornmacHo YTBEpRKICHHWIO 3 KacaTeNbHEIE K 9THM
OKPYMHOCTAM, [IPOXOAAINHE COOTBETCTBCHHO Yepes Q u M, napasiens-
Hbl, CeAoBaTe/bHO, U KacaTeIbHEIE K 3THM OKPYKHOCTAM, [IPOBeAEH-
HE€ Yepes Touky F (o01oyio A1 cekymel H o6enx OKpy»KHOCTeH), ToMwe
JZOMKHEL OHITE MapasnenbHel. CrefoBaTeNbHO, 9TH KaCATENBHHE COBMA-
Aa10T. 3HA9HT, OKPY;KHOCTH KacaroTed B TOIKe F. |

Bropoe AoKasaTedbCTBO, KOTOpoe MBI coOUpaeMcsa IPABECTH, OCHO-
BAHO, KAK MBI Y)K& YIIOMUHANH, Ha HCIONB30BAHHU BaKHON M KpacH-
BOI1 TeopeMEL, HazbBaeMOH meopemoii Keau vnu o6o6iénnotl meopemoii
IImonemes. CHopMyIHpyeM 3Ty TEOPEMY.

Teopema 2. [Tycme a, f, v u 6 —uembipe NPOU3BOALHBIE OKPYHCHO-
cmit. O603HAYUM CUMBOAOM L,pg (COOMBEMCMEEHHO tg,, L5 1 T. 0.} ORLt-
Hy ofujeil sHewinell xacamensHOll, nposedénHoll Kk oxkpyIcHOCmAM & U
(coomeemcmeenmo B u v, y u 8§ um. d.}. Tozda pasexcreo

taptys ttpytse = taytps 4}

GLINOAHACMNCA, ECAU U HOALKO el CYWECEYent OKPYXCHOMb ), Kacd-
HWAsACca 8CeX UembIpEX OUHHBIX OKPYHCHOCEl sHeluHum 00pazom (cM.
puc. 8).

JymaeTcda, HeT HeoOXOIUMOCTH 0OBACHATD, NOIEMY ITO YIBEDIKIe-
HHE HAsBEBaKT 0006mERHCH Teopemodi IITonemMes. QTMETHM TOALKO,
9T CYMIECTBYIOT M BapHUAHTHL 3TOH TEOPEMBL, apaHTUPYIOLIKE CYIIE-
CTBOBaHWE OKPYKHOCTH, KOTOPOH AaHHEIE OKPYKHOCTH KAaCcalTCHd H3-
HYTDH WIHM YacTh U3 HUX KacaeTed WSHYTPH, 4acTk — cHapy:ku. Ham
NOTPefyeTcH TOMBKO 3HATh, YTO B CAYYAE, KOTAA BCE YETHIPE OKPYIKHO-
CTH KacawTcAd MCKOMOH H3HyTpH, GOPMyAHpPOBKA TEOPeMBl U3MEHHUTCH
CIEYIOIIMM 00pA30M: BMECTO 3HAKA «+» B JIEBOM YACTH IOABKTCA 3HAK
«—», TIPAYEM [IPHPABHUBATECA OYAYT MOAYIN BEIPAKEHHH.

Mu He 6yAeM JOKAasHBATE TeopeMy KesM IeNWKOM — H3BECTHEHIE
HAM PpacCyJeHUA BeCBMA CJIOKHEL U 4YacTO HCTIONB3YIOT CBEAEeHUA
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tug

Puc. 8

H MeTOJBL, JeKANHe 33 paMKaMHu 3TOT0 Kypca, o kpaliHel Mepe ero
nepeoci JacTH. MH JHIE NOKQKEM, 4TO YTBEDKACHHE TeOPeMHl BEL-
NOJHAETCA B OAHY CTOPOHY': ecau okpyxcrocmu @, f, Y u § xacarom-
c2 Hekomopoti obuell OKPYHCHOCIMU @, MO BBINOAHALMCA PAGEHCMB0
taplys + Lpylsy =Ly lgs (CM. ZOTIONHUTENBHYIO 3319y 4, TEKIUA 7).
JokasaTeabcTBO. MEL IPOCTO BEIPA3HM JAMHY KacaTe/bHBIX Yepes
CeAYIOLUINE BE/IMMVHEL paguyc R OKPYKHOCTH ), PAZUYCH Ty, T, Ty, Ts
OKpy:HOCTel «, B, v, § U paccTOAHMS MexAy ToukaMH A, B, Cu D —
TOUKAMH KACAHHA 3THX OKPY:KHOCTEH C OKPYKHOCTBIO .
INocMoTpuM Ha pHc. 9: nycTe ZAOB = ¢ (3feck O —IEHTP OKPYE-
HOCTH ). Toraa mmo TeopeMe KOCHHYCOB
2R? — AR?

cosy = =rg

1 Kenarompe noGHCTpee y3HATS, KAK JOKA3aTh TEOPEMY B IIOAHOM 00BEME, MOTYT 00-
paTuThea K KHUram M. @, IllapriruHa «3a1398 00 reoMeTpiH, [InaHMeTpus. 7—9 knac-
i (M.: Jpoda, 2000), man M. M. fArnoma «[eomeTputeckne npeofpazopama» (M.:
TUTTA, 1956).



Jextus 13. Teopema QPeiiepbaxa 157

(oT0 KaK pas TOT peAKHil cay4aii, KOrga BHTOZHO TIPHMEHUTD TeopeMy
KOCHHYCOE K paBHOOEADEHHOMY TPEYTOIBHUKY), OTKYZAA TOIydaeM

0,0} = R+7,)*+ (R+75)* — 2(R+r) (R+1g) cos p =
ABZ
= (e~ 1)’ + R+ )R +71p) 0.

3aeck Oy, Op — UEHTPHL OKPYXHOCTEH & U § cOOTBeTCTBEeHHO. Hako-
HeLl, IpoBeAst uepes Og NpsAMYIO, IAPALIENBHYIO 06WEeN KacaTebHON
9TUXK OKPY:KHOCTeH M mpuMeHnasn TeopeMy [Tudaropa k obpasopapiLeMy-
€A NPAMOYTOIBHOMY TPEYTOMBHHMKY, HAXOAHAM

tp = 22/ R+T) R+T5).

TouHO Tak Ke noay4dacTca, 9To

tpy = %W’
tsa = %\/m,
tes = %W—



158 Jextus 13. Teopema QPeiiepbaxa

Puc. 10

Temepb Jerko YGEAUTHCA B TOM, YTO pabeHeTBo (1) IpeBpalljaeTca B

COOTHOIICHHE

Vv BRI RA1IR+1)(R+135)
R2

(AB-CD+BC-DA) =

R+1)(R+71)R+1IR+15)
_Y S ——AC-BD,
SKBUBANCHTHOE paBeHcTBY AB-CD + BC - DA= AC - BD, T.e. TeopeMe
ITonemesn A8 BOMCAHHOTO YeTHPEXYTONMbHUKA ABCD. |

TpuMeHuM Tenepr obobuieHHyI0 TeopeMy [IToneMes Ana Aokaza-
renpeTBa Teopembl Qeliepbaxa: GyleEM paccMaTpHUBATh TOUKH A, By
H (; — cepe/Hbl CTOPOH TPeyroAbHuKA ABC — Kak OKPYXHOCTH @, f§
H Y COOTBETCTBEHHO (OKPY)KHOCTH HyJeBore paguyca). [lycte & — BoH-
caHHasA OKPY/KHOCTb TpeyTonAbHUKA. [IpyMeHHM K YeTBEpke o, 8, ¥, &
Teopemy Kesu. JIiA 5TOr0 BHIPA3SAM OTPESKH Lyg, Lg, U T. /. 1€PE3 CTOPO-
HBI TPEYTOABHUKA ABC (MBI MCTIOMB3YEM TE Ke CTAHAZAPTHEE 0003HaYE-
HUSA, YTO U Npexie), 3aMeTHB, UTC NpAMAad WIH OKPYRKHOCTb KacaeTcs
TOYKH, €CIH H TOMBKO €GN OHA Yepe3 Heé MPOXOAHUT:

tap = A1BL = %,
tgy = B1Cy = %,
tay = A1C1 = %,
TAK KAaK 3TH OTPE3KH — CPe/IHHE AMHWAH TpeyroabHuKa ABC. llanee,
tsa = A Ay = |BA| —BA,| = %— a_ngC = |b;C|-
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3aech A, —TOUKA KACaHWA CTOPOHBL BC €O BIMCAHHON OKPY:KHOCTBH)
(MBI BOCTIOAB3CBANNCE USBECTHEIMI GOpPMyNIaMH A AJAUHE OTPE3KOB
KacaTeAbHBX). TOUHO TaK e
la—cl
tps = BB, = 5
la—b|
t],5 = C]_Cz = 2 .
Qcranock NpOBCPUTE BHIMOMHEHUE YCIOBKHN TeopeMel Kean (crydail, Ko-
I7a BCE OKPYKHOCTH KAaCalTCA ¢ H3HYTpH): mycTbh (kak Ha puc.10)

b>c>a, Torga

_lc |(1—b| a |b—C| _
ltaptys +tpytoel = |3 —3 —3° "3 | =
lc—al

1 b
= 4—|bc—ac—ab+ac| =55 = taytgs

(refoBaTeNbHO, CYIIECTBYET OKPY:KHOCTE, KAcAOINAACH BCEX YETEIPEX
JaHHbx. Ho a, f ¥ ¥ — OKPY:KHOCTH HYJIEBOTO PaJHyCa, SHAYMT, OKPYIK-
HOCTh, KOTOpad HX KacaeTcsd, COBIAAAET C OKPYKHOCTBK) Diinepa Tpe-
yroasHuKa ABC. d

3ajaqH AjA CAMOCTOATEARHOI( pPElIeHud

1. JoxaxuTe, YTC cepeJWHE OTPEe3KOE, COSIHHAIOIINX BepPIIMHEL TPEYTOMb-
HHUKA ¢ TOYKOH MepecedeHMs €TC BHICOT, TOXe JekKaT Ha OKPYKHOCTH Jiinepa
{oTcioma eé BTOpoe HASBAHHE — OKPYICHOCB 0C8ATIL THOMEK).

2. Boconb3yifTech MIEPBEIM M3 NPEAAIMKCHHBX B JEKIHH CIOCOG0B YTOGH
ZAoKa3aTk, 4TO OKPYKHOCTE Jiiepa KacaeTcA BHEBITHCAHHBIX OKPY:KHOCTeH Tpe-
VTOABHHAKA (HATIOMHHM, YTO 8HESMUCAHHOT HA3PBAETCA OKPYRHOCTD, KACAOIA-
ACA OAHOH U3 CTOPOH M NPOAGIKEHHE ABYX APYTHX CTOPOH TPEYTQIBHHKA.

3. JlokakHTe, ITC B TIOHOM TPEyrOAbHHKE OPTOLEHTD, TOUKA IlepecedeHHA
MeJHaH, 1eHTP CITHCAHHOH OKPYXHOCTH M LIEHTP OKPY:RHOCTH Jilflepa nemar
HA OHOH NpAMOH, NPHYEM TOUKA TEPECeYeHHA MEAUAH JEKUT HA OTPE3Ke,
COeNIHAIOIIEM OPTOUEHTP M UEHTP ONMCAHHCH OKPY)KHOCTH, H ZeMHT ero B oT-
HOIISHKMH 2: 1, cYUTad OT OPTOIEHTPA, a IeHTP OKPYXHOCTH Jiliepa AeMHUT TOT
FKE CAMBIH OTPE3OK MOTIOAAM.

4. JaHH ABe HeTePeceKAarolHeca OKPYKHOCTH, HA O71HA M3 KOTODHX He Je-
YKUT BHYTPH APYTOH, K KOTOPHIM NPOBeAEHE Bce BO3MOXKHEE 0DIIHe KacaTelb-
HbIe. JIOKaKHTE a) IT0 JITHE BHYTPEHHHX 0OUIMX RAcaTe/bHEX PABHE THHAM
OOIITX BHEIMHHUX KACATEABHEIX, §) YTO YETHIPE TOMKH NEPECEYEHHA BHYTPEHAUX
H BHEITHHX KACATEMBHBIX STHX OKPYXHOCTEH JIeKaT Ha OZHOH OKPYKHOCTH.

5. TIpo TpeyroAbHAE ABC H3BeCTHO, 910 LB = 120°, [IpoBeAeHE GHCCEKTPH-
cHl AA,, BB,, CC,. Ha#iaure yron A,B,C;.
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6. JlBe OKPYHOCTH KacaiTcA B Touke A. K HiM npoeefena ofnas (BHem-
HAA) KacaTenbHad, Kacawmaacsa OKpyxHocTed B Toukax C # D. JlokaxuTe, YTo
LCAD =290,

7. JlBe xacaromyeca OKPYKHOCTH ¢ OeHTpamu O, B O, KacaroTca BHyTPeH-
HHM 00pa30M CKPY:HOCTH paguyca R ¢ merrpom (. Hafigure nepmmerp Tpe-
yroasHuKa 00,0,.

8. JlaHH 9eTEIPe OKPYKHOCTH 81, 53, 83 B 5,4, IPU4EM OEPYIRHOCTH 5; B 5; 4
KACAKTCH BHEITHHM 0fpasoM A i=1, 2, 3, 4 (§;=25,). Jokarre, IT0 TOUKH
KacaHHA 3THX OKPYKHOCTeH 00pa3yioT BIMCAHHED YeTHPEXYTOIBHHK.

9. OKPYKHOCTH S, M 5, KacakTcd OKPYHHOCTH S BHYTPEHHMM o6pasoM
B TOMKAX A U B, mpuuéM OHA M3 TOMEK MEPECedeHHA OKPYRHOCTEH S, H S,
JIEXKUT Ha oTpe3ke AB. JoKaXWTe, YTo CyMMa paiiycoB OKpPY:KHOCTeH S; H 5;

PaBHA PajMyCy OKPYHHOCTH 5.
10. Pasiaychl OKPYRHOCTEH S H §,, KACAKIUXCH B TOMKe A, PaBHH R U 1
(R > r). Haiigprre JAMHY K4CATEABHOMH, IPOBEAEHHOM K OKPYHHOCTH S, U3 TOY-

KII B OKpY#HOCTH S, €CIM H3BECTHO, 4To AB=q. (Pasbepure c/y4ald BHYTpeH-
HETO H BHEITHEeTO KacaHw.)



Jexkoua 14

Teopema Mopiues
Caeaymwoman TeopeMa, ¢ KOTOPOH MEL CUMTaEM HeOOX0AMMEIM MO3Ha-

KOMUTE YHTATENA, — 9TO He MeHee 3HAMeHHTaA, YeM TeopeMa Pefiepba-
xa, meopema Mopnes.

Puc. 1

A HMeHHO, pacCMOTPHUM NPOUIBOIBHEIN TpeyTronbHUK ABC. Pasze-
JIAM ero BHYTPEHHUE YIVIBL HA TP PABHEIE YACTH — NPOBEJEM TaK HABE-
BaeMble mpucekmpucs! (BHyTPeHHHX) YIVIOB TpeyroiabHuKa. [Iycts E, F
H (G — TOYKH II€peCceYeHWs TPHCEKTPHC, IPHACTalouX K CTOpOoHamM AB,
BC u AC cooteeTcTBeHHO (cM. pHc.l). Torza yTBep)KAEHNE TEOPEMEL
Mopnes COCTOHMT B TOM, YTO

mpeyzonvrux EFG pasnocmoporHUiL.

KameTca yANBATEABHEIM, 9TO CTOAE KpacHBEM dakT (M npu aToM

He CJHIIKOM CAOKHEIN B AOKA3ATENBCTBE) GBI «MPOIMYILEH» APeBHErPe-
YECKUMH TEOMETPAMN — TEOpeMa ObIIA AOKA3AHA JHIH B CAMOM KOHIE
XIX Beka, B 1899 rogy, aHITMO-aMepUKaHCKAM MaTeMaTHKOM $psHKOM
Mopnu'. BupoueM, 3T0, HABEPHOE OGBACHAETCA TEM, ITO IOCTPOEHHE
1 g-aurmmicku ero famumra muoercs kak Morley, orcioga npeobaagaomee go cux

nop B pycckoil urepaType HasBaHue meopesa Mopaes, KoTopbiM GyAeM TONE30BATHCA
M MEL



162 Jexmua 14, Teopema Mopres

TPUCEKTPUC [IPH IOMOINH ITUPKYAA U NTUHEHKH HEBO3MOXHO, a CIejo-
BaTe/NBHO, TaKHe OOBEKTH B APeBHEM MHUpPE TIOTPOCTY He H3y4aaHch.
OTMeTHM elg, YTo HA CaMOM JeJIe BMECTO BHYTPCHHIX YIVIOB TPEYTOMb-
HUKA MOKHO Ae/IUTE Ha TPY YaCTH €rQ BHEIIHWE YIVIBL HIH AAKEe YIIIHL,
JOTIONMHATONIAE €70 BHYTPEHHHE YOI A0 360°. VTBEpHAEeHHE TEOPEMEL
NpY 3TOM OCTAHETCH BEPHBIM: Ml KaxcObili pas Oydem noxyuams pas-
HOCTMOPOHHUE mpeyzonvruky. Bolee Tore, MOXHO J0KA3aTh, 4TO BCE CO-
OTBETCTBYIOIIUE CTOPOHEL 3THX PaBHOCTOPOHHUX TPEYTOABHIKOB OYAYT
DapaIeAbHEL Mexy cofoii! M1, koHewHo, He OyeM AOKA3BIBATE DTY
TEOPEMY E CTONB OONBOIOH OOMHOCTH: METOAH, KOTOPHIE IPH 3TOM IPH-
JETCA UCTIONB30BATh, HECKONBKQ BHIXOJAT 3a PAMKH IPOTPAMMEL HACTO-
Amero Kypca. BMecTo aToro B KoHLe AEKIPH MEI NPHBEAEM PHCYHOK,
H306paKalomui Bee 9T TPEYTOIBHHKY (4 3a0AHO — M aKKypaTHO cdop-
My/IHpPYEM TEODEMY B MAKCHMAABHO 0010eM BHAE).

Mb1 npuBeAEM TPH PasAMYHBX J0Ka3aTeAbCTBa TeopeMbl Mopres,
PasHOTO YPOBHA CIGKHOCTH U OCHOBAHHEIX HA pasHBIX UAeAX (emé oguH
crioco6 JOKaseIBATE TeopeMy Mopriea MBI BHHECAH B 3aja4y AJA ca-
MOCTOATEABHOTO pellleHnA). HauHéM ¢ caMoro IpocToro, YTo MOMKeT
NPUITA B TONOBY: BEIDA3UM JUIMHBL CTOPOH TpeyroabHuKa EFG gyepes
JWHEL CTOpoH ABC W ero yIibl U CpaBHEM Mexay coboil. Kak u B
NPeAEIAYIOIX ASKIHAX, ME IOAbL3YeMCA CTAHAAPTHEIMY 0G03HAYCHIIMH
JAAS 3THX BeNMMVYHH: BC=a, CA=b, AB=c¢, LA=qa, £ZB=f, ZC =Y.
Tpexze 4eM MEI TPACTYIIUM K AOKA3ATENbCTBY, OTMETHM ellé, 9T Tpe-
yroneHuK EFG, KoTopeii QUTYPUPYET B YTBEPKACHNH TEOPEMEL, YACTO
HAIHIBAIOT mpeyzonsruxom Mopaes.

IlepBoe goxkazaTenscTBo. Bee 06o3HaYeHNs OBUTH PAZBACHEHEL BEI-
mre {cm. puc. 1), IIpuMeHHB TeopeMy CHHYCOR K TpeyroabHUKY ABE, mo-
TyaHM

sin/EBA _ sing _ csing

3
T = .
sin Z/AEB ] a B . fa B
S“‘(”'E'E S“‘(§+§)

AE = AB

TouHO TaK e K3 TPeYTONbHUKA AGC HAXOAHM

.
bsm3

= —‘ g T .

sttt (3 + 5)
Mpexge YeM NpUMEHHTE TeMephk TEOPEMY KOCHHYCOB K TPEYTOIBHUKY
EAG ¥ noAy4MTh BHIpaXeHUe I kBagpaTta EG, peobpasyeM noAy4eH-

AG
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HBIE BEIP@KEHHS C TIOMOINBEK) M3BECTHRIX NIKQIBHEX TPUIOHOMETPHYE-
CKUX TOXZAECTB. A HIMEHHO, BEIPA3HM CHHYC TPOHHOIO YIVIA Yepes CHHYC
HCXOZHOTO!

sin 3x = sin x cos 2x + cosx sin 2x = sinx (1 — 2sin? x) + 2cos® xsinx =
= sinx— 2sin® x4+ 2(1 —sin? x) sinx = 3sinx —4sin® x =

= 4sinx(%—sinzx) = 4sinx(si112%—sinzx).

3aMeTHM TEeIepk, ITO A4 JKGHX YITIOB i U V BHOIOAHACTCA PABEHCTBO

sin®u—sin?v = 1—c§s2u_ 1—(:2052v _ cos2v;cos2u —

zsm(ZuEZvJ Sm(zu;b)

- 5 = sin (1 —v) sin (u +v).

CJIE,E[OBEITEJI])HO, MEI MOZKEM ]'IpOﬂ,OJDRI/ITb l'[OJIy‘IEHHOE BBEIONE paBeHCTBOZ
2 7T . T
sin3x = 4sinx| sin g—sm x|} = 4sinxsin ——x sin §+x .
BCmoMHEM Temnepek, YTO TI0 TEOpeMe CHHYCOB AJA TpeyroAbHUKa ABC
HMeeM
a=2Rsina, b=2Rsinfl, c¢=2Rsiny,

rae R — paguyc onucaHHo# oxpy:xHOCTH. CIea0BaTeNbHO,

csin% sm}’smE

AE =
sm(3+ﬁ) sm(3 )
45111—5111(———) sin(%—i-g) smg

— 2R P -
sin(5+75)
_ B Y. (m, Y
—8Rsm§sm§sm(§+§),
n_Y_a B
NOTOMY 9T0 3 — 3 =3 + 3 ToyHO TaK JKe Moay4aem

— grsinLsinLsn(Z+E
AG—8R5m35m3sm(3+3).
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A

IlogcTaBHM, HaKOHeI], NIOJIYYEHHBIE PABEHCTBA B TEOpeMy KOCHHYCOB
AT TPEYTONBHUKA EAG:

EG* = AE® + AG* — 2AE - AG cos% =

—eap2ain2 B a2l o (T Yy 2 E E)_
= 64R"sin 5 sin 3(5111 (3+3)+sm ( +3

3
—25i11(%+§) sin(%-i—%) cos%)

3aMeTUM TENEpPh, 9TC CYyMMa YIAOB %, % + g H % + % paBHa T (Bedb
a , B v_=
3tz 3= 5), CIef0BATEABHO, CYMIECTBYET TPEYTOMBHHK € TAKAMH
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yame, W3 TeopeM CUHYCOB M KOCHHYCOB A/ TAKOTQ TPeYrOJbHHKA
3aKMIOYacM, 970 CYMMA, CTOAMAA B CKOOKaxX, paBHa NOIPOCTY sin® %.
B urore nonydaeM

EG = 8Rsin%sin§sin%.
9TO BHIpAKEHIE CHMMETPHUIHO IO &, § 1 ¥, TaK 9TO HET HHUIETO YAUBH-
TEALHOTO B TOM, YTO TOUHO TaKHe XKe pacCy:KAeHNUA, TPUMeHEHHEIEe J1
BEIMHUC/ICHNA JAHH 0TpeaKoB FG 1 GE, Jal0T TOT XKe pe3yibTatT. a

DTO AOKA3ATENBCTBO HEABb3S HA3BaTh B NONHOH Mepe reoMeTpude-
CKHUM, — OHO CKOpee TPUroHOMETPHYeCKOe, —HO OHO, HaBepHOe, Hau-
Gonee «4eCTHOE» M3 BCeX, KOTOPEIE MOXHO MpHUAyMaTe. Mel He mEITaeM-
CH YyTaaTh OTBET, He NPHUBOJMM KAKHE-TO HEMKUIAHHBIE JOTIOIHATEb-
Hble MOCTPOSHMA, A POCTO YeCTHO IpeofpasyeM BoIpaskeHws, IIpuBe-
AEM Teneph OHO M3 CYMIECTEYINNX TeOMETPHUIeCKHUX AOKA3ATENbCTE,
O6paTuTe BHAMAHHE Ha HECKOJIBKO HEOXKUAAHHOE HabNIZeHHe, KOTO-
poe MO3BOAACT AOKA3ATE TCOPEMY.

Bropoe Z0KasaTeAbCTBO. [IPpeATONoKUM, 9T0 A — CaMBIA MaJeHb-
kuit yrom TpeyroavHuxa ABC. [Iyere Torga H —Touka nepecedyeHMs
«BTOPBIX» TPUCEKTPUC YIVIOB B 1 € TpeyronbHUKA. 3aMeTuM, 4TO ToU-
Ka F ABAgeTCA NEHTPOM OKDY:KHOCTH, BIMCAHHOH B TpeyronbHuK BCH.
IlpoBeséM Tenmeps AOMOAHUATEABHEIE NOCTPoeHUA. OTpasuM F OoTHOCH-
TenbHO CH, nomyauM Todky Fp Ha cTOpoHe AC: NpoBeAEM depe3 TOY-
ky F; KacateneHyio Fi T K OKPY)KHOCTH, BIINCAaHHOH B TpeyroabHHK BCH
(Ty M3 HHUX, KOTOpad MPOXOAUT «CBEPXY» OT OKPYKHOCTH), U MycTh P —
TOUKA [EpecedeHrd TOM KacaTeNbHOW ¢ npamol BH. AHalIOrM4HEIM
ofipasoM MEL OTpazuM Touky F oTHocuTensHO BH W depes monydwe-
LIVIOCA TOYKY F, MpOBeIEM «BepXHIOK» KAcaTeABHYIO K TOH Xe caMoi
OKpyHoCTH. O603HaYMM depes  TOYKY MepeceveHHs NMpoBeAEHHOH
KacaTenbHOH ¢ nydom CH.

JokaxeM npexie BCETO, ITO TPEYTOMEHUK PF() paBHOCTOPOHHUIA.
JlAg 3TOT0 HaM NPUAETCH HEMHOTQ «IQCIUTATD YIVIED», T. &, IOBEIPAXATH
00pasoBaBIINECA YIMIE Yepe3 VIV TpeyronbHuKa ABC. ME nipH aToM
c/lerka NoANpaBHM o6o3HadyeHUA: 6yaeM CUHMTaTh, YTo o, § 1 ¥ oboaHa-
q9arT HEe caMu yinbl LA, ZB u ZC, a uxX TpeTH; B 9aCTHOCTH, TENEDh
a+p+y= % 310 nepeofo3HAYCHKE HEMHOTO CHepeXET HaM CHILL TIpH
BEMUCIEHHAAX.

Hrtak, Ana Havana 3aMeTHM, 9TQ YIUEL TpeyrodbHUKAa FINT pagHE
%, % g COCTEETCTEEHHO (B YKA3aHHOM MOPAAKE); B CAMOM Jefie, OH
npaMoyroabHeiil (FT — paguyc, IpoBeAEHHEIH B TOYKY KacaHUA), ¥ €ro
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runoTeHyza FF] mo moCcTpoeHuIo B ABa pasa fonboie karera FT, C apy-
ro¥i cTopoHH, eciar S H U — TOUKHM KacaHHs OKPYKHOCTH, BIIICAHHOH
B TpeyronsHHK BHC, co cropoHaMu BH o CH coOTBEeTCTBEeHHO, TO MBI
Jnerko Hatigém yroa SFLU:

LSFU = 27— /FSH - /FUH — /BHC =
=2n—2% —(x—26-2y) =26 +2r.
CregopaTenbHo, yroa TFS paBeH
™

LSFU - LTFF, = (2B +21)— § = T —2a,

TaKKak a+ B+ vy = % HaxoHer, B coy Toro 910 PT 1 PS — KacaTeNb-
HEIE, a F — LIeHTP COOTBeTCTRYICLICH OKPYKHOCTH, MOAy4aeM

/PFS = /PFT = %.m«'s =%-a

Ho Bece Te e caMpie BEMHC/ACHIA MOXHO IpOBeCTH M A yraa QFU:
yroa SFU 6yaeT TeM ke caMEM, H YI'oMl, KOTOPHI 0T HETo HaAo OTHATE,
T.€. SFV, Toxe 6yaeT papeH % CnegopaTenblo, LQFU = /ZPFT. Ho us
3TOTO CAEAYET, 9T0 IPAMOYTOABHEE TPEyToAbHUKHU QFU 1 PFT paBHH
Mexay cofoli (Begb y HIX yike ecTh paBHEIE KaTeThl FU = FT'), U, 3Ha9MT,
QF = PF. Haiigéum Teneps yroa PFQ;

/PFQ = /SFU — /PFS— /QFU = 2 +2y — 2(% - 2a) =
T
=2a+f+y)-5 =73,
TakKak a+ P +y= % CreaoBaTebHO, TPEYTOMLHHE PFQ) IpaBHALHEI
(oH paBHOGeAPeHHEL ¢ yOIoM 60°),

Teneprb oCcTaN0Ch JOKa3aTh, 9TC TOYKA P cOBNAjaeT Ha caMoM Jene
¢ TouKoH E mepecevyeHHsa TPHCEKTPHC YIVIOB TpeyroabHHMka ABC, mpH-
JIEramINuX K cTopoHe AB, a Touxa (@ — ¢ ocTaBIIekca BepiHoi G Tpe-
yronpuuka Mopnes, Mul pasfepéM TOABKO JOKA3aTEABCTRO [/ TOSKH P,
BTOpO€ YTBEPXKACHUE JOKaSEBACTCA AHANOTYHO.

Htak, gokaxeM A Hayana, o Touku A, Fp, F u F, nexat Ha ogHo#
oxpyxuocta. Hatigém ana aroro yron F,PF;. On pagen 2m — ZF,PS —
— Z8SPF — /TPF. Ho £SPF = ZTPF (Tak Kak F —IEeHTP OKDYKHOCTH,
BITCAHHOH B yroa SPT), a ¢ Apyroii CTOPOHD, B CHIY CHOCofa HOCTpoe-
HUA TOUKH F,, imeem /F,PS = /FP§. MosroMy

LF,PF, = 2 — 3/SPF = 27— 3(% - APFS) -

_ 3n T _ _E, —
—21‘T—2+3(6 a)—2+2 3a=m—-3a.
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Tak xak ZA = 3a, nonydaeM, uro LFyAF, + /F,PF, = i, T. e, UeTBIpéx-
yroavHUK F,PF; A BnucaHHBH. HaiiaéMm Tenepe yron PF,F, (cieBa Hajg
OKPY/KHOCTBIO Ha puc.2): £LPF,F, = ZFF,F; — £PF,8, IipH aTOM yroa
FF,F| ME MoxeM HaliTH W3 paBHOOeIpeHHOro TpeyronbHUKa FoFF,
Yo/l [IDH BepINHHE F KOTOPOTO MBI 3HAEM:

T — /B FF,  n—(28+2y) _E_(“

LFFR,F) = p) = o) 2 g—a) = %+a.

A yron PF,5, Kak Mbl yKe 3aMedaii, pageH yray PFS, a 3Ha9uT,

LPRFy = E+a-(F-a) =2a.

CrneaopaTtento, ZPAF, = ZPF,F; = 2a (kak onupalolpieca Ha OgHY AY-
ry), u £BAP = a, T.e. AP — TpuceKTpuca yIfa A TpeyroabHuka ABC, H
Toukra P coBuazaeT ¢ E. To4HO TaK e Mbl HOKaKeM, UTo () =F. Taxkum
ofipasoM, TpeyrofkHUK EFG COBIafaeT ¢ IPABMILHBIM TPeyTOAbHHKOM
PFQ, 4T0 ¥ Tpeb0Banock A0Ka3aTk. a

Henbasa ckazaTh, 4TO 2TO AOKA3aTEABCTBO OUCHB HBAIIHO — PACCYK-
AEeHHMA 3aHHMAKT IIO4YTH ABE CTpaHI/I]J,])I. Henk3d ero HazgaTh W COBCEM
HeCTHEIM COBEP]]IEHHO HENMOHATHO, KaKHuM 06]_33301\'[ MO¥HO J0Ta1aTh-
¢, 9T¢ To9kHM E K P coBnafyT, QAHAKO Mbl IOMTYIHAH K3 3TOTQ PACCYH-
JeHUSI MHOTQ IIQJIe3HBIX JONOMHUTEABHEX CBeAeHuid, Hanpumep, Mu
MOZKEM HaHTH Ece YIVIH TpeyronbHuKa EHG: nocMoTpHM Ha pHc. 3. Kak
MBI 3HACM W3 TOMBKO 4YTO MPHBEAEHHOTO AOKA3aTENbCTRA, TPEYTOABHH-
ku SFE, TFE, VFG u UFG Bce paBHBR Mexiy coDoH, #, CreaoBaTeis-
HO, SE =ET = VG = GU., Ho HS = HU Kak OTpe3KH KacaTeAbHBIX, Ipo-
BEAEHHBEIX K OZHOH H TOH e OKPYKHOCTH H3 OZHOH TOUKH, TIOITOMY

Puc. 3
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HE = HS — SE = HU — UG = HG, T.e. Tpeyronpuuk FHG paBHOGeIpeH-
HHH ¢ yIIOM npH BepuipHe H, paBHHM 7T — 28 — 2y = % + 2a (MHE
MOE3YEMCH TEMU Ke OD0O3HATYEHHAMM, 9TO U B MPUBEAEHHOM TOIBKO
97O ZOKA3ATENBCTBE).

CAenaHHOe TOMBKO YTO HecAokHOe HabMogeHue ABAAETCA, B HEKO-
TOpOM poae, o0BRACHEHHEM TOrO TPETHETo AOKAATENbCTBA TEOPEMEI
Mopnes, koTopoe MH cofupaeMcs Aatb, OHO caMoe IIPOCTOE M3 BCEX
NpHBeAEHHEX HAMH, HO TIPH 3TOM H CaMoe «XHTpoe». BnipoueM, cyauTe
CcaMH: HaM NoTpebyeTea emé oguH mpocToit dakT.

Yreepwaenune 1. Ecau mouka J sexycum na Buccexmpuce yeag A

mpeyzonbHuxa ABC u npu amom yzon BJC pagen 90° + %, mo J as-
AREMCA YEHMPOM OKPYICHOCMU, BRUCAHHOI 8
mpevaonsuux ABC.

JoKasaTeNbcTBO. YTBEPKACHHUE CBOAWUTCH
K CAENAaHHOMY HaMH HECKONBKOQ JeKIMI Haszaz
HabarogeHHIo, ITo yroa BIC, rae I — ueHTp BITH-
CaHHON OKPYKHOCTH TpeyroipHuka ABC, pa-

BeH 90° + Zz—A. [TosToMy Touka J monagaeTr Ha
oy Ayry ¢ Touxoii I (cm. puc.4). Ho ata ayra
nepeceKaeT OUCCEKTPHUCY YIVIa A B eIMHCTBEH-
HOH TOYKe, CACAOBATENBHO, J =1, a Puc. 4

TpeThe AoKa3aTEABCTBO. BMECTO TOre 9To0H CTPOUTE TPEYIOIE-
HuK EFG no TpeyronbHUKY ABC, a MOTOM AOKA3HBATE, YTO TPEYTOABHHK
EFG NpaBUILHBIH, MBI BOCCTAHOBUM ABC IO NpaswasHOMY TPEYTOMb-
HUKY EF(, IpUYéM cAelaeM 3TO BIOAHE KAHCHWYECKH, AHHCTEEHHBIM
BO3MOXHEIM CIIOCOD0M.

HUrak, mycte ABC —AaHHEIA TpeyYTOAbHUK, VIVIEI KOTOPOro, Kak
¥ upexge, paBHH 3a, 38 u 3y cootBercrBeHHO. Kak MEI 3Haem u3
3aMEeYAHUS, CASAAHHOTO [QCAe BTOPOre NPHBEAEHHOTO HAMM AOKAza-
TENBCTBA, TPEYTOABHUKH, 00PA30BAHHBIE TPHCEKTPHCAMH €I¢ YIIOB
H CTOpPOHAMHM TpeyroabHEKAa EFG, papHOoOeApeHHbIE ¢ YIIAMH IIPH OC-
HOBaHWH, paBHEIMH £ =8+ vy, n =7+ o u { = a + f. [lonpobyem no
3THM AAHHBIM BOCCTAHOBHTL ABC.

BozbMEM [POWUZBONBHEIA MPABWABHKHINA TpeyronsHuk E'F/G’ u mo-
CTPOMM Ha €r0 CTOPOHAX KaK HA OCHOBAHHMSX paBHOOEADEHHEIE Tpe-
yronpHUKM HE'G', IF'E' u JG'F’ ¢ yriaMu npyt ocHOBaHUH &, 1) U { CO-
oTBeTcTBeHHO. [TyeTs A’, B’ u €/ — Touxu nepecevyenus ayyeil IE' u JG',
JF’u HE', IF' u HG’ cooTBeTeTBeHHO (CM. pHc. 5). Ceildac MEI JoKaKeM,



Jexnua 14. Teopema Mopres 169

Puc. 5

BO-TIEPBHIX, 9T0 TpeyronbHuK A’'B’C’ noaoben Tpeyronsauky ABC, a Bo-
BTOPHIX, YTO TpeyronbHUK E'F'G’ nomydaeTcsa u3 TpeyronpHuka A'B'C/
NpH [IOMOIY IPOLEAYPH, OTHCAHHOM B TeopeMe Mopres.

Jlna sToro HaiaéM yron B'F/C’:

LB'F'C' =2n—LB'FE - LC'FG - % =

= F-(mt-5) - (m-n-9) -
=ZHn+{=5+0+D+@+p) =

=Z+@+pip+a=L+a

C Apyroii CTOpOHEL, yToul B'HC’ paBeH YIVIy IIpH BEepLIMHE PaBHOBSAPEH-
Horo TpeyronbHuka E'HG' v papet T — 28 = — 26 — 2y. [loaTOMy

m, 1 tygnt B L _
§+§£BHC—2+(2 B r)_
=n—f-y=2F+a=LBFC.

Ho Tax kak TpeyronbHuk E'HG' paBHOOEApEHHBI, a TPEyroNbHUK
E'F'G’ npaswibuedi, ayd HF' — 6uccektpuca yma B'HC'. Crnenosa-
TEJBHO, COTAACHO AOKA3aHHOMY HAMM BCIIOMOrATETRHOMY YTBEPXKIE-
HHIO TOYKa F’ ABAAETCA LEHTPOM OKDPYKHOCTH, BIMCAHHON B TpPeyrob-
Huk B'HC', T.e. B'F/ — 6uccextpuca yra HB'C’, u, suauur, ZHB'F' =
= ZF'B'C’. Tlo Toit xe mpuumue ZHC'F' = ZF'C’B’. AnanmoruyneiM
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06pazoM Mbl JOKaXeM, 9TO ToUKa E' — HEeHTp OKPYXHOCTH, BIMCAHHOM
B TPEYTOMBHHUK A'JB’ (COOTBETCTBEHHO G’ — IIEHTP BIMCAHHON OKPYHK-
HOCTH TpeyronbHMKa C'IA"), M, snaunt, ZJA'E' = ZE'A'B’, u, Kpome
toro LJB'E' = ZE'B'A’ (cootBeTeTReHHO ZIC'G = LG'C/A', ZIANG =
= /G A'C"). Ho 210 03HAYAET, 4TO

/B'AE =/F'A'G = LGAC,

ZC'BF = /FBE = ZE'BA,

LA'CG = £G'C'F = LF C'H,
T, e, uT0 ToukH E', F' u G’ nonydeHn us Tpeyromssuka A'B'C’ MeTomom,
NpeANUCHBAEMEIM TeopeMoii Mopnea. HaliaéM YIVIBI 2TOrO TpeyrOAbHH-
xa. HanpuMep, Haiigém yron E'A'G;

LEAG = n—LGEA - /E'GA =

o (e-F-)-(=-5-1)-

—F N+ =-F++D+@+p) =

=-F+@+B+N+a=a

TaxumM ofipazom, /B'A'C' =3/E'A’'G’ = 3a. Touno TakuM xe ob6pazoMm
noiay4aeM LC'B'A’=38, ZA'C'B' =3y.

HWtak, TpeyroapHuk A'B'C’ mogofeH TpeyronsHuKy ABC. Cap WM
PAacTAHYE €ro B HeCKOABKO pas, ero MOMKHO HaaoKHTE Ha ABC. Tpe-
yroasauk E'F'G’ npu sTom nepeiaér B Tpeyroasauk Mopnes ABC. Io-
BTOMY TPEYIONbHHAK Mopaes MCXOAHOIO TPeyroAbHMKA TOXKE [IPaBUIb-
HBII. a

BuaHo, 4T0 paccyxAeHHe MOAYYHIOCE COBCEM MPOCTHIM. [IpH aTOM,
npasja, B HEM NPUCYTCTBYET HEYTO 3arafloqHOE: KAaKMM 00pasoM MEL
yraganu 6bL, 910 Tpeyroabauku EHG, FIE u GJF paBHoGeApeHHHIE, €CTH
051 He paszofpany A0 3Toro noApolHO BTOpoe J0Ka3aTesCTEO? Boobme,
CYIIECTBYET BEIMKOE MHOMECTBO PasiHYHEIX AOKA3aTeNBCTE TEOPEMEL
MopAaes, OCHOBaHHHX Ha TaKMX PasHBIX HACAX, KAK ABWXKCHHA, TPH-
POHOMETPHUYECKHE BHIYHCIEHWA, IIPUMEHEHE KOOPAHUHAT U BEKTODOB,
KOMILIEKCHEIX YHCEA H JaXKe KBaTepHUOHOB. [IpaBAa, HU OfHO H3 H3-
BECTHEIX MHE PacCy:XJ€HWH 4 He MOrY HaseaTh B IIOMHOH Mepe VAo-
BJIETECPHTEIBHEIM: BCE OHH WIH ONNPANTCA Ha AJMHHBE, 3aHYAHHE
BHIYHC/IEHHA, HIH Ke B TOH WIH MHOH Mepe «0OMAHBIBAIOT» YHTATENA,
MCIONB3YA HEM3BECTHBEIM 0OpasoM MOMyYeHHEE SBPHCTHYeCKHe Co0b-
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paxerma. OueBMZHO, JeN0 TYT B 0co0OO0H IPHUPOAE TPHUCEKTPHC, IUIO-
X0 HoAAaolNeiica YHCTO FeOMeTpHIecKOMy aHammzy. Hesapom 3azada
O TPHCEKI[MH YINia He MOKeT OEITh pellieHa TeOMeTPHIeCKH.,
CyIECTBYET TAaKKe HECKOABKO 0bo6imeHmit TeopeMel Mopaea. Bo-
MEPBEX, KPOME TPHCEKTPUC €70 BHYTPEHHHX YIJIOB ME MOXMEM pac-
CMAaTPHUBATH TPUCEKTPUCH €ro BHEIOHUX VIZIOB, T.€. YIVIOB, CMEXKHBIX
C €ro BHYTPeHHUMH YriaMu. Takwx yIVIOB ¥ TpeyroAbHuka ABC Bcero
niecTk (IO ABA M3 HUX NPHUMEIKAIOT K KOKAOMY BHYTpeHHEMY YIAY}, IIPH
3TOM TPHCEKTPHCHL BHEIIHNAX YIMIOB, IPUMEIKAIOIINK K OFHOM 1 TOH ke
BEPIINHE TPEYTOJABHUKA, COCTARAIIT OFHY NpaMyo. Mel 6yaeM Hashl-
BaThH TAKYIO IPAMYIO TPUCEKTPHCOH BHEIIHUX YIVIOB IIPH COOTBETCTBY-
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Puc. 7

10mel BepmuEe. Beero y Hac 6yaeT, TaxuM obpasoM, POBHO IIECTh Ta-
KMX TPHUCEKTPHC-TIPAMHX. [Tepece4éM Te M3 HUX, KOTOPEIE IPUMEIKAIOT
K OZ[HOH CTOpPOHE TPeyroabHUEKA ABC. OKasbIBAETCH, Mbl CHOBA NOAYUUM
npasuneHelilt mpeyzonsHuk! bonee mozo, CMOPOHLL 3MO20 MPeEy20abHU-
ka Gydym napanaeasiel cmoporam mpeyzoasrukd Mopaes. Mel MoxeM
Talcke Nepecedb TPUCEKTPHUCH BHENIHHX M BHYTPEHHHX YIVIOB TPEYTOMb-
HHUKA ABC, ecim 0HH NPHUMEBIKAIOT K OZHOH ero cTopoHe. MBI NomysiM
emé IMecTh TOUEK, 10 OAHON Ha KaXAOH TPUCEKTpHUCE BHENIHEro yIaa.
3TH TOYKU €CTECTBEHHEIM 00pa3oM IpyIIUpPYIOTCA B Iaphl: mapy GyayT
COCTABJLITE TOYKH, JIEKAIOHE Ha TPHCEKTPHCAX BHYTPEHHHX YIVIOB, IPO-
XOAAIKX Yepes obUyo BepliHHy. Kak U c/eJ0BaN0 OKUAATE, ROLYHEH-
HOA MAaxum 06pA3oM NApa Moyuex eMecme ¢ NPUMbIKAIOUell K npomu-
BONONONCHOL! CMOPOHE MPey2oaALHUKA MOUKOLl nepeceueHua MpuceKmpuc
aHeWHUX y2nos obpasyiom npasunsHbdl mpeyeossHuk! Ipuuém cmopo-
Hbl AMI020 MPEY2OABHUKA NOXce NAPAANEAbHBL CIOPOHAM MPEY2ORbHLL-
xa Mopres. TakuM o6pasoM, MB MOIYYIUIH YETHPE HOBBIX IIPABHAB-
HBIX TPEYTOABHHKA, TPUYEM BEpPIIMHEL 5TUX TPEYTOABHUKOB JIOKAT HA
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TPEX MepeceKarIUXcsa IPSAMBIX, Napa/IebHBX CTOPOHAM Tpeyroik-
HHuKa Mopaesa, — o 4 WITyKH Ha Kaxgod npaMoii. PaccMarpnpaemas
CUTYALIM HaoOpaxkeHa Ha pHc. 6. Ha HéM H300paskeHH NpoBeAEHHEBIE
HaMH TPUCEKTPHCEH BHELIHUX YTAOB; «:KHPHBIE» MPaBUABHEIR TPEYTONb-
HHKH — T£, YTQ MBI TOABKO YTO MOCTpONUIHA, MaTEHbKHHA HpaBHJI])Hbe/i
TPeYTOJbHHK BHYTpH ABC — TpeyroneHuK Mopaea.

OKaspIBaeTCA, ¥ 3TO €IIé He OKOHYATESABHEIHA BUA, KOTOPEIH MOMXHO
NpHAATE Halllel TeopeMe. A IMeHHO, pacCMOTPIM YIVIEL, JOTIQIHAKIONE
BHYTPeHHHe YTIEI TPEYTONRHUKA A0 277, MEI MOXeM TTPOBECTH U UX TPH-
cexTpuchl. Htoro, Mel IpoBeiéM INeCTE TPHUCEKTPHUC BHYTPEHHHX YIVIOB,
LIECTE TPUCEKTPUC BHENMHWUX YIVIOB M MIECTE TPHUCEKTPUC YIIOB, A0ION-
HAKIIMX YIVEL TPEYTOABHEKA A0 29T, — Beero 18 npaMex. OKaseBaeTco,
cpedit MOUEK NEPeceHeHitss GCeX MK MPUCEKIMPUC MONCHO 8bIOEALIL 27
AEHAWUX N0 6 WMYK HA 0e82MU NPAMBIX, KOMopsie pa3tusaomes Ha
2pynnst N0 3 NAPAARENLHbIX n%*mux, RPUYEM YeRsl Mexcdy NPSMbIMU U3
PA3HBLIX 2pyRn COCMABAAION §! 3ra cuTyanus usofpaxeHa Ha puUc. 7,
DoOaBneHHEe (10 CPABHEHHIO C PHC. 6) «TOHKHE» IPAMEIE — TPHCEKTPH-
CBl, IPOBEAEHHBIE HAMH B NOCISAHIOK 09epesb,

M=l He GyieM 3Aeck ACKA3HIBATE 3TO obmiee yTBepkAcHMe. XKena-
I0IMe Y3HAaTh, KaK AOKAsEBAeTCA Takas ofloas TeopeMa MOTYT HaMTH
HYKHEIC paceyidennsa B kuure M. @. [lapeiruba «3ajaqyu 1o reoMeT-
pun. IiammmMerpud. 7—9 xnacce» (M.: ipoda, 2000).

3aaa4dH 414 CAMOCTOATEABHOrO pPelIeHHA

1. CKOMBKO BCEro NPABWIFHEX TPEYTWIBHHKOE 00Pa3cEaNock HA PHC. 77

2, Joxaxgrre Teopemy Mopaes AMA TOYSK MEPECEIEeHUA TPUCEKTPUC BHEI-
HHX VIIOBE TPEYrOAbHMKA (T, €. JOKAKUTE, ITQ TPEYTOJABHHK, 06DA3ZQBAHHELA
TOIKaMII NlepecedeHHA TPHCEKTPHUC THX YIVIOB, NPHIETAIOINX K ofIel cTo-
POHEe TPEYTONbHHKA, MPAaBHABHEH).

3. Bayrpu kBaapaTta ABCD pagra toixa M Takas, wto AM:BM:CM=1:2:3.,
Hatigre yror AMB.

4. Ha cTopoHax TpeyroidbHUKa ABC BO BHIIHIOW CTOPOHY MOCTPOSHEI ITpa-
BIILHEIC TPEYTOMRHUKH ABP, BCQ u CAR. JoxkamuTe, 4TO TPEYTOIEHHK ¢ Bep-
OHHAMH B HEHTPAX IIOCTPOSHHEX [PABWALHAX TPEYTO/IEHHKOE TOMXE INARHIb-
HEL {TeopeMa Hallo/eoHa).

5. JloxkamuTe, ITO OIMCAHHAA OKPYHHOCTE TPEYTOABHHKA ABJIACTCH OKPYM-
HOCTBH} JEBATH TOYEK JAA TPEYTOIBHIKA, 00PA3OBAHHOIO NEHTPAMI BHEBIH-
CAHHBIX OKPYXKHQCTEH DTOr0 TPeyTOMIbLHHKA.

6. Ecym ueTHpe TOIKH ¥/, Z, ¥, U Z’ TAKOBH, YTO BHIG/HAIOTCH PABEHCTEA
YZ=ZY=YZ'n LYZY =/Z2'YZ=180"—2a > 60°, To OHM JeXaT Ha OJHOI
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QKpYRHOCTH. Bomee Toro, ecm Touxa A, ASXAWAA TI0 PA3HBIE CTOPOHE 0T Y'Z’
¢ Toukolt ¥, Takopa, uTo LY'AZ' = 3a, To 3Ta TouKa A TORE AEKUT Ha 5Tl
ORPYXHOCTH.
7. Joramrre Teopemy Mopses, HCIOMB3YA PE3YILTAT NPSABAYIICH 3a4349H.
8. OxpyxHOCTL pazMyca u, BINCAHA B YToX A TpeyronsHuKd ABC, oKpyx-
HOCTE pajuyca iy BIHMCcAHA B YTod B; 3TH OKPY:KHOCTH Kacalorcd ApYTr Apyra
BHEIIHHM 06pazoM. JORaKATE, IT0 PAJHYC OIHCAHHOR OKPYKHOCTH TPEYTOIh-

HUKa €O CTOPOHAMM @, = +/ U, ctg {a/2), b, = /1, ctg (8/2) mc, = /¢ panen Q,

Ige p—TMONYIepHMETP TpeyrombHHKA ABC. Kak u npexkae a, b, ¢ — CTOpOHH,
aa, B, y — yoiel TpeyroasHuka ABC.

9. WcnomeayiiTe peayAbTAT NPEABAYINCH 3aAaT, YTOOR AOKA3ATH CISAY-
ollee yreepkgende, OKpyKHOCTE S, BIIMcaHa B yrol A TpeyroibHHKA ABC;
OKPYXHOCTE S, BIIMCAHA B YTOI B H KacaeTed S, (BHEUIHUM oBpazoM); OKPyX-
HOCTB S3 BIHCAHA B yroa C M KacaeTea S,; OKPY)KHOCTD S, BIDICAHA B yron A
M KacaeTcA S; U T. 4. JIOKaXRMTe, YT OKPY:KHOCTh S, COBIIAZAET ¢ S;.

10, Jokaxire, 4YTQ TpAMad AeJHT NepHMETP H IVICLIAdE TPeyroAbHMKA
B PAPHEIX OTHOIISHWAX TOTAA H TOMBKC TOTAA, KOTAA GHA MPOXOAMT YepPes [eHTD
€T0 BIMCAHHOH OKPYXXHOCTHL.




Jlexkuna 15

Teopemsl Tebo 1 Coaan

BoT MEL ¥ AoSpannce Ao TocaeaHeH TeKIHH epBoH YacTH HAIIEro
Kypca. YUToOH YHUTATENO He DBELIO CKYYHO MPOILATECA ¢ HALIHMH 3AaTIH-
CAMH, MEL B S3AKAIOYHTENBLHONA JEKITHHA pacm{a}l{em 0 ABYX P]I-ITepECHbD(
H KpacWBEIX TEOPEMAax 3fIeMEHTapHOHN reoMeTpun XX Beka, CaeayeT oT1-
MEeTHTE, YTQ BHIOpATH 3TH TeopeMH OBLIO He OMeHB NPOCTC — Kak HH
cTpadHo, XX BeK OKazadca HHYYTE He MeHee BOraT Ha HeOXHAAHHEE
reoMeTpUYeCKHe PesyAbTATE, YeM Go/ee paHHHE CTOAETHA, HECMOT-
ps Aake Ha TO, YTO DAEMEHTapHad e€BKIHZAOBA MeOMETpHs celfuac Je-
JKUT JAAJIEKO OT TOT'O, 9TC MOYKHO HazBaTk «MeHHCTPUMOM» MaTeMaTHYe-
CKOH HayKH, H pacCMaTpHBAETCA MHOTHMH CKOpee KaK poj MaTeMaTH-
YecKHX paseAcYeHNH, Hanogo0ue pasrajbiBaHMA TOMOBOIOMOK. B Kpati-
HEM CIydae e€ IPH3HAIT BAKHEIM PasAeioM LIIKOIBHOH M OJIHMMITHAJ-
HOlt MaTeMaTHKHA. TeM He MeHee KOIMYeCTBO KPAacHUBLIX PesylbTATOB
B 3Tol o6nacTH BeckMa BefHko. Cpeiu YTBepXKAeHUH, MeXAy KOTo-
PEIMH HaM IIPHXOJHIOCE BEIOMPATh, MOJKHO YIIOMIHYTE TeopeMy Jpoa-
PapHN, HEKOTOPHE KpacHBHE peayarTaTel BukTopa Tebo (0 HEM MEL
HaMHWIeM HWX¥E), YTECPKACHHA, A0KA3aHHEHE HALIHMH COOTEYeCTBEH-
mkamMu E. Kysmanwneiv, J1. 1 T. Emensanospivy, B. IIpoTacoBeIM, B MHO-
roe gpyroe, K coxxaneHn0, MHOTO€ IPHIOUIOCH OTOPOCHTE — WAM IO IPH-
9HHE OTCYTCTEMSA B HACTOALIMH MOMEHT ¥ Pe3yNbTaTa A0KasaTe/NbCTRa,
KOTOpOe MOKHO OBLNO OB CUECTEH BIOAHE MeMEeHTAPHBIM (U3BECTHOTO
aBTOPY) — HEIEMEHTAPHBIE 1 HE COBCEM IEMeHTAapPHBIEe METOAHL A pac-
CUMTHIBAK) YACTWYHO UIIOKHUTE B CASAYIOMeH YacTH Kypca, WIH IO [IpU-
9HMHE TOTO, YTO NOAPCOHOE HANMKEHKUE PE3VAbTATOR CO BCEMH HEODXO-
JAFPMBIMH TIpeABAPHTENLHEIMH CBeeHHAMH 3aHaI0 OBl CIHOIKOM MHOTQ
MecTa. B uTore a1 0cTaHOBUA CBOH BEIOOP HA TOM, YTO BB YEHIWTE HIHKeE,
XO0TH, KOHEYHO, HABEATE £€I'0 HASAJILHEM HEelb3A.

Iepeas 13 BEIGpaHHBIX MHOH A8 HOCAeAHEH JeKIIH TeopeM MpH-
HAAAEHUT MalOU3BEeCTHOMY HECIennaaucTaM $paHIly3cKoMy MaTeMa-
Taky-moburento Bukropy TeGo (Victor Thébault). Jaxe Bceanaiomian
Bukuneans ynoMuHaeT moka (ocene 2009 roga) TOIBLKO TOAEI €T0 JKH3-
HH, 1882—1960. B 30—50-¢ rogn! MpolLIoro Beka ero YAUEUTeAbHEIS Teo-
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Puc. 1

PEMEI ¥ 334a4H TOARLA/IMCE Ha CTPAHHLIAX MHOTHX HAyTHO- ITOTTYAAPHELX
JKYPHaNOR, B OAHOM ToNeKo American Mathematical Monthly on omy6-
nukoBan Bonee 600 3agayu! A BeAb oH He GBUI, YTC HaskIBAETCA, Ipodec-
CHOHAMBHEIM MaTeMaTUKoM. OKOHYHE ¢ OTIHYMeM B 1902 rogy yuMuTenb-
ckvil KowteK B JlaBaze M mpopaGoTaR B pasHBIX yYeOHEX 32BEJeHMAX
0 1910 rofa, OH BRHYEIEH O OCTABHATE KAPBEPY MPEIOAABATEIA, TAK
KAK He MOT Ha CBO& »KANOBaHbe COAEKATE CBO0 BOMBIIYIO CEMBIO (¥ HETO
6RUIO IIecTepo AeTell, MATh chIHOBeil 1 oaHa gouk). C 1910 no 1940 ro-
JEL OH padoTan TO YIPaBAmomMM Ha GadpHKke, TO CTAPHIMM CTPAXOBEM
MHCTIEKTOPOM. M HEeCMOTpS Ha 3TO, OH HAXOAMA BpeMs U CHJBL ITyOIHKO-
BATh OTPOMHOE KOVIMYECTBO PE3yAETATOR 110 eMeHTapHOH TeOMeTpHH,
TEOPHH JHcel H ApyruM (IH3KHM K LIKO/IE OTPAa/LIM MaTeMaTHKH!

B aToll AeKIMH MEI paccKaskeM IMpo OAMH H3 HauOonee H3AMIHBIX
M 3HAMEHHTHX TEOMETPHYECKHX pesyarraToB Bukropa Tebo. Urtax,
chopMynUpyeM TeopeMmy.

Teopema 1. B mpevzoavttxe ABC gasnu npouzgonstyio mouxy D na
cmopote BC u npoeenu ompesok AD. Paccmompust oxpyxcHocmu oy (€o-
OMBeMCMEEHHO ¢, ), Kacarniyuecs ompeaxos AD u BD u dyau AB onucan-
Hoil oxpyscHocmu mpeyeonsuuxa ABC (coomsemcmaenHo ompesxoa AD
1 CD u dyeu AC onucarmoif okpyxcrocmu). Ifycems 04 u Q5 — ux yernmpest,
Tozda yenmp I oxpyrcnocmu, enucannoli ¢ mpeyzoasrux ABC, aexcum na
ompeske 0,0, (em. puc. 1). Bonree mozo, ecau 8 — geauuuna yena ADB,
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mo 8biNOAHACMCA PABEHCMB0

Ol _ (28
0,0 % 7

JTa TeopemMa BEITa OMyOAMKOBAHA B BH/IE 33/a1H B XyPHAJE «Ame-
rican Mathematical Monthly» (1938. N245), 1 gonroe BpeMa pelleHHE
eé He BBUIO U3BecTHO. [lepBoe N3BecTHOE pelleHHe (B KOTOPOM HCIOMb-
BYIOTCH KOOp,E[PIHaTHbIE METOALI 1 CAOKHEIE B])I“IPICJIEI{PIFI) MOABHIOCH
B 1983 rogy. € Tex mop 6pu10 06GHAPYIKEHO enlé HECKOABKO JOKA3aTENLCTB
3TO TeOpeMbl, OCHOBAHHHIX Ha PasHHIX HAEAX, TPUTOHOMETPHH, 0606-
wénHHoH Teopeme ITroneMen (Teopeme Kean) U T.1. MBI 34eCh TIpHEe-
AEM «YHUCTO reoMeTpHYCCKoe» paccykIcHMe, HalgeHuoe B 1988 roay
B. 10. [lporacoseiM. UTak, Ansa HAYaKa MBI AOKAKEM TAKOE TIJIESHOE HA-
6mo/ieHre, KOTOpoe B 3apy0eXHOM AMTepaType HASKBAKOT HHOT/A JIeM-
Mmoti Casasmut.

Yreepaxaenue 1 (;remMa CaBaamnl). Ifycms P — moyka kacaHus ox-
pysHocmu ¢4 ¢ ompeakom BD, a Q mouka eé xkacanus ¢ AD. Tozda
npaman PQ npoxodum wuepes uenmp I nucauroll OKpYMHOCMU 3MO20
mpey2o0bHUKd.

doxazaTenncTBo. [lycTe T —TouKa KacaHUA @, € OKPYXHOCTBIY,
OTTMCAHHOM OKOMO TpeyrofMbHUKa ABC. ITycTs Q' — oTIM4HAA oT P Touka
nepecevdeHus npaAMoi Pl ¢ OKPYKHOCTRIC w. JokakeM, yTo Touku T, I,
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Q' ¥ A iexar Ha O/HOU OKPYKHOCTH, 3aMETHM JJIsl 3TOT0, 9TO COTIACHO
neMMe ApxaMeza (cM. aekuuio 13) mpaMan TP IpoXOauT depes cepefn-
Hy J gyru BC. Ho 4epes Ty e TOYKY NPOXOZUT U 6HccekTpHca Al yria
A TpeyronbHuka ABC. TIpoBeaéM Teneps oTpesku TI u TQ' (eM. puc. 2).
Toraa, Bo-mepsuix, yroa PQ’'T pasen yriay BPT Kak yrol, OMUPAIONHANcT
Ha XOpAy, U YIoJL MeXAY KacaTeNbHOH, IPOBeAEHHOH B OAHOM W3 KOHIIOB
XOpAEL, B 3TOH XOpAOH.

Bo-BTopEIX, yron1 BPT paBeH nonycymme ayr BT 1 JC (cM. JTeKIHIO 5,
rie MEI OMUCHBAaAN cBOMCTBA YIVIOB, CBASAHHEIX ¢ OKpPYXHOCTEIO). Ho
Zyra JB pasHa gyre JC, noaroMmy yron JAT Toxe paseH yray BPT. Taxum
obpazom, ZIQ'T = /IAT, u, ¢lie/lOBaTEAbHO, YeTHPEXYTOIEHUK QAT
BIIHIcaHHRIM. Ho M3 3ToTO CitexyeT, 9ro yron AQ'T paseH yry AIT. Kpo-
Me TOTO, IO CBOHCTBY OKPYXKHOCTeH, BITMCAHHEIX B CETMEHT (CM. JeK-
om0 13}, AAMHEL KACATENBHEIX, NPOBeASHHBIX K HUM M3 CEPeHHBI TIPo-
THBOIIONIOKHOMN AyTH, paBHEL MEXIY co80ii 1 paBHEL PacCTOAHHIO OT Ce-
PeZHHbI 3TOMH AYyTM A0 KOHILA 3ToH e AyrH. Takum ofpazoM (IpuMeHas
3TO CBOHCTBO K ¢y a TAKKe TONB3YACEH TEM, YTO KBAAPAT KacaTeAbHOH
PaBEH MPOU3BEACHHIO CeKYLIeH Ha OTPe30K A0 OKPYKHOCTH), MOMyYaeM
JP - JT =JB?. Ho, KaKx usBecTHO (CM. 0KA3aTENBCTBO GOPMYIH Ditnepa
paccToAHMA MeXAy IEHTPAMM BIHMCAHHONW M ONMCAHHON OKPYXHOCTH
TpeyroiabHuKa), JB =.JI. CienoBaTenbHo,

JP _ JI

JI Jr-

Tostomy TpeyroabHuks JTT u JIP nogo6Hs! (110 YTy ¥ TPONOPHHOHAIE-
HBIM CTOpOHaM), U, 3HawuT, LJIT = ZJPI, [lepexofs ¥ CMEXHBIM YITIaM,

MOYIaeM

JPJT = JI2,

ZAIT = ZQ'PT, T.e. ZAQ'P = ZQ'PT,

W, CNeOBATENBHO, psiMan AQ’ Kacaerca ¢, B Touke Q' (Mbl ofpamaem
CBOMCTBO yI/ia MEXKAY KacaTeNbHOM M Xopfoi). [TosToMy mpaMasa AQ’
COBNAJAET C TIPAMOH AD M, 3HaumnT, Q=Q’. a

KoHedHQ, TO Ke CaMO€ YTBEPKACHHE BEPHO H B QTHOMICHHH OKPYHK-
HOCTH 5. Teleprk AOKa3aTeAbCTBO TEOpeMEl Bukropa Te6o cBoauTca
K AOKA3ATENBCTBY CAEAVIOIIETO YTBEPKICHHA.

YrBepxaeHue 2, IIyemb OKpYHCHOCTIL 0y ¢ yeHmpom O enucaHd
8 Yeon @enuuuHbl 8, 4 OKpYWHOCMb (o € UeHMpoM Og— 8 CMeNCHBIL
¢ Hum yeon. ITpoeedém npamyio 1, (coomaemcemaerno 1) uepea mouku
KACAHUSA OKPYIHOCTIU 1 (COOMBEMCMBEHHD Ws) CO CTROPOHAMU Y2ZAd
(coomeemcmaenno cymencnozo yeaa). Tozda mouka nepeceuentis npamoox
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O, Q, )
QAT
¢
P, D Py
Puc. 3

I u Iy nexcum na AunLL YeHMPOS SMLX OKPYIHOCTIEL U OesLm Ompesox
o
0,0, 8 omwuoweHu tg> 3> cuumas om Oy,

JoxasaTenscTso. PacemoTpuM pHc. 3: mycTh K — To4YKa Iepecede-
HUA npaMex [ u l,. Ham Hago Jokazats, 910 Toukn Oy, O, 1 K aexat Ha
ofHOI npaMoii. [IpoBeAéM HECAOHKHBIE AOTIQAHWUTEILHbIE IQCTPOEHN:
IyCTE P, () — TCUKH KacaHWA ) CO CTOPOHAMM YIa, a Py, Q; —TOUKH
KacaHHA ), CO CTOpoHaMmM yraa (torza i, —aro mpamas PyQq, a b —
P,(35). Tlyete S (cooTBeTcTBeHHO T) — TOYKA MepeceYeHUA MPAMEIX I,
u P, (coorBercrBenno 1) u P,0,). [IycTs, HakoHeT[, D — BepinuHa yr-
aa, Ilposeaém otpeskn DOy u DO, MEL AOKaXkeM, YTO TPEYTOAEHHKH
TO;K n PO, K nogobHl. OTcioaa 6yAeT caeioBaTk, 4yTo yron O.KT pa-
BeH yoy 01 KP,, a sHauuT, Touku O, O, ¥ K nexxat Ha ofHoi mpaMoit.

Hna poxazarenseTBa 3ametuM, aro L0 P K = £Z0,TK u Tpeyrons-
mmku P SK u TP,K nogobusr (tak xax POy || P,0O,). Kpome Toro, za-
MeTHM, YTo npaMasd [, napannemsHa DO,, a npamasn I, — DO, (Tak Kax,
o9eBHAHO, L 1 DO, u DO, 1 DO, kak OHCCEKTPUCH CMEXHEX VIJIOB).
Tloatomy

TK _ TP, _

_ TP2 P2P1 (_*) T02 Dp-l T02
PK PBS PP PBS DP, PO, DO

PaBeHcTBO (%) 3geck caeayeT H3 TeopeMH Paneca. TakuM o0pazoM,

TO
% = ﬁ, u Tpeyroaeuuk TO;K mogoben P0,K mo yray ¢ mponop-
1

11
MHOHATBHBEIMH CTOPOHAMH.
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13 3TOTO 3Ke pacCyXJeHUs Mbl HAX0JUM
0,K O,p, O, PD 9 DP, )

0
KO, _ O,T _ PD 0,7 82°po0, ® 2 =

OTa TeopeMa JOCTaTOYHO KpacHhBa M caMa Mo cebe, HO OHa TaKke
TIO3BOJIIET WHOT/A JOKA3bIBaTh ApyTrue yTBepXJeHusa. Hampumep, Mbl
MOYKEM BBIBECTU U3 HEE y)Ke M3BECTHOE HaM CBOMCTBO BITMCAHHBIX Ye-
THIPEXYTOJIBHUKOB (CM. JIEKIIVIO 7, TeopeMa 1).

Yrepxkaenue 3. I[Tycmbs ABCD — 8nucaHHblil uemblpéxy20bHUK.
Toz0a yeHmpbsl oKpyycHocmell, 8NUCAHHbIX 8 mpeyzoabHuku ABC, BCD,
CDA u DAB, sensitomcsl 6epuUHAMU NPAMOY201bHUKA.

Jloka3zaTeyIbCTBO I0Iy4YaeTca JOBOJIBHO IIPOCTO, €CJIA paCCMOTPETh
OKPY>KHOCTH, BIIMICAHHBIE B COOTBETCTBYIOLIVE KPUBOJIUHEUHBIE Tpe-
yronpHUKU (cM. puc.4); mycTb E —ToYka TepecedeHUsi AuaroHajen
YeTBIPEXYTOIbHUKA; PAaCCMOTPUM AJiA TpeyroiabHUka DAB oTpesok AE
U [OCTPOUM OKpPY>KHOCTH, Kacaroluecsa oTpe3koB AE, EB u ayru AB,
a taxxke AE, ED u gyru DA (3alITpuxoBaHHBIe KpyTu Ha puc.4). [lo
TeopeMe Te6GO LIEHTP OKPY:KHOCTH, BIMCAHHOUW B TpPeyroabHUK DAB,
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JISHUWT Ha OTpe3Ke, COSIWHAIONIEM IIEHTPEL STHX OKPYKHOCTeN, MpH-
9éM JEelHUT ero B OTHOMEHHH, PABEHOM KBaApaTy TAHTeHCA YIVIa MEXAY
AUarOHAAAMM YeTHPEXYTONMBHHUKA. HO TO e caMoe BEpHO AfiA BCeX
OCTAIHHBIX 3AIITPUXCBAHHBIX OKPY:KHOCTEH. ECm MBI TENEPE PACCMOT-
PHM YeTHIPEXYTOJIBHUK, 00pa30BAHHBIN IEHTPAMH BCIOMOTATENBEHEX
OKPYXHOCTEH, TO, BO-TIEPBEIX, €70 JHarOHAIM NepIeHANKYAAPHH (Kak
6HCCEKTPHCE CMEKHHIX VIVIOB), a BO-BTOPHX, LEHTPH VIIOMAHYTHIX
B YCAOBHH BITMCAHHEIX OKPYKHOCTEH JeaT Ha eTo CTOPOHAX H ACNAT
HX B OAHOM H TOM K€ OTHOINIEHHH, CIEAOBATENBHO, CTOpOHBI YJeThI-
PEXYTONbHMKA, Q0Pa30BaHHOTC IEHTPAMM OKPYXKHOCTEH, BIMCAHHBIX
B TpeyroabHHKH ABC, BCD, CDA u DAB, napajiieibHE AMaroHalaM
YeTHPEXYTONEHKKA, 00PASOBAHHOTO LEHTPaMH 3aKpalleHHBX KPYTOB,
T. €. 9TOT YeTHIPEXYTONLHUK — IPAMOYTOMBHUK, |

Crefylomas TeopeMa, ¢ KOTOPOM MBI XOTeNH OBl paccKazaTh, He
COBCEM, MOXET OBITh, 3aCIyKEHHO CUIMTAeTCs JoKasaHHOH B XX Beke.
Peyr paéT 0 3HAMEHMTOH meopeme Coddu. OHa 6plTa OmyOMMKOBaHA
HM3BECTHEIM AHTIHACKHM (HAMKO-XUMHKOM, IEPBOOTKPHBATENEM H30-
TONOB, AaypeaToM Hobemepckol nmpemuH no xumuu 1921 roga, dpe-
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Jepukom Coazu B 1936 rogy. Ha camom fene noao6Hoe yTBEpKACHUE
6LLTO M3BeCTHO elllé sHaMeHHTOMY PeHe Jekapty (oH ChOpMYyTHpPOBAT
ero B 1643 roay, B nuckMe BoreMmckoll npuHiecce Enxnzapete). Kpome
TOTQ, YTBEpXKICHUE GHUIO MOBTOPHO OTKPHTC B 1842 Toay aHTMHACKUM
MareMaTuroM-o0uTeneM Gumumom Buxpodrom. OaHaro ¢ Tex mop
OHO BUIO TIO CYHIECTBY 3a6uITo, M Cozay OHUL BIIOIHE YECTEH, CUMTas
ce6d NepBOOTKPHIBATEAEM 3TOT0 3aMedaTeIEHOTO CBOHCTEA. 3BYIUT 3TO
YTBEPHACHHNE TAKHM 05PasoM:

Teopema 2 (Jlekapr—Coamn). ITycme mpu okpyxcHocmu paduycos
1, Iy, I3 Kacarmes opye dpyza nonapHo aHewHuM obpasom. Paccmompum
Yemaépmy OKPYMCHOCHL, KACAIOUYIOCH 8cex MPEX OGHHBIX GHEMHUM
wau sHympeHHIM 00pasom (caman HoALLIAS U CAMAR MANEHLKASR OKPYHC-
Hocmu Ha puc. 5). Ecau ry— eé padiyc, mo ebiNOAHACIMCA COOTMHOULEHLE:

1
2
rl

1
z
3

1,1 161, 1,1, 132
tEtatE) = 2(r1+r2+r3+r4) .

Koraa Cogar OTKPHUI 3TY YAWBHTEARHYHY GopMyAy (4 OH 3a0aHO
cMor oGoBLINTE 3TO YTBEpXACHUE Ha cayvail kacalowuxca cdep), oH
HacToabKo o0pagoBancs, 4To onyOnuKoBan €€ B xypHane Nature B Co-

NPOBOXAEHHUH HeOOALIIOTD CTHXOTBOPEHKUA cODCTBEHHOrO COYMHEHNA.

«The kiss precise»

For pairs of lips to kiss maybe
Involves no trigonometry.

This not so when four circles kiss
Each one the other three.

To bring this off the four must be
As three in one or one in three.

If one in three, beyond a doubt
Each gets three kisses from without.
If three in one, then is that one
Thrice kissed internally.

Four circles to the kissing come.

The smaller are the benter.

The bend is just the inverse of

The distance from the center.

Though their intrigue left Euclid dumb
There’s now no need for rule of thumb.
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Since zero bend’s a dead straight line
And concave bends have minus sign,
The sum of the squares of all four bends
Is half the square of their sum.

To spy out spherical affairs

An oscular surveyor

Might find the task laborious,

The sphere is much the gayer,

And now besides the pair of pairs

A fifth sphere in the kissing shares.
Yet, signs and zero as before,

For each to kiss the other four

The square of the sum of all five bends
Is thrice the sum of their squares.

B mepesoag 3T0 3BYUHT NPUMEPHO TakK:

«TouHBIH noueyis»

YUTo6EI IOIeIORATE apy I'yh
TpHTOHOMETPHH, KaoKeTcd, He TpebyeTes.
Ho ecnt enyloTea YeTHpe OKPYKHOCTH,
Jeno obcToNT yixe He Tak NpocTo.
Hy:x#0, TTOOH TPH OKPYKAIN YeTBEPTYIO,
Hnn aToOH YeTBEpTas — OCTAILHLIE TPH.
EC/H TpH OKPy:KaloT YeTBEPTYIO,

To oHa LenyeT UX BeeX CHapyKH,

A ecsH 4eTBEPTAA OKPYXAEeT OCTANBHELE,
To oHH LEAYIOT €€ U3HYTPH.

Korga 4eTHpe OKPY>KHOCTH LeAyIoTCH,
Camas MafaeHbKas GOMbIIe BCETO THETCA.
Mzaru6 — 370 IpoCTO BeMYnHa,

OGpaTtHas uHe e€ paanyca,

XoTe 06 nx HHTpHrax Mosrdan Esxamza,
[papuna GypaBurka HaM He noTpebyeTes.
Bear Hynepoil H3rn6 — y CKy4YHON NpAMOI,
A ¥ BOTHYTHIX QUTYpP H3THO OTPHLATEIBHEIHA,
W moToMy CymMMa KBafpaToOB BCEX M3THOOR
PaBHa MOJIOBUHE KBAZPATA CYMMEI U3THOOE,
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A KOJIb BaM B TO/IOBY B3GpeAeT

Co chepaM CBA3ATLCA,

BaM 2T0 MO:KeT oYeHb TPYAHEIM NOKAa3aThCs,
Cdeprl Topasao XUTpee YCTPOSHH,

Teneps Bee y3Ke He ABAXKABI-ABA,

Henosarbca GyzeT emé ofHa, naTtas chepa.

V BCE ke, pasofpaBlInCk €O 3HAKAMH U HY/IAMH,
Kak npexxae, AT KaokAoi 13 LMeMyIOIOHXCA
[Mony4rM, 9To KBAZPAT CYMMEI IISITH H3THOOR
Brpoe Gonbine cyMMEL HX KBA/IpaTOB.

Iocae storo Teopemy Jlekapra—Coaay HEGAHOKPATHO IE€DEOTKDH-
pa/M ¥ ofobnianyu —cHadana B 1937 roay Topospa TocceT oGoGimin
eé Ha cayvait N 4+ 2 cdep nponzBonbHOH pasMepHOCTH N (JIeampx
B (N + 1)-MepHOM eBKAMIAOCBOM MPOCTPAHCTEE) M TOXE OMYOAMKOBAN
B Nature B CONPOBOX/AEHHH CTHXOB; YEPE3 HEKOTOPOE BpeMAa TeopeMa
Gouta ofiobmeHa Ha cnydaii chep B npocrpaHcTBe JloGauesckore (wan
B chepHIeCKOM IIPOCTPAHCTBE) MPOMSBOABHOH pasMepHocTH. Kpome
TOro, CYLIECTBYIOT (GOPMYAE, CEASHBAIOIOHE DPAJMYCH IIPOH3BOALHO-
ro KOJAMYEeCTBA KACAFOIIHXCA ONPSJeNS8HHHM 00pasoM OKpyAHOCTeH
H cdep. Bee oTH YTBepKIEHHSA, XOTA M 3aCNYUBAIOT CAMOTO MPHCTANE-
HOTO BHHMAHHA M MHTEPECa, He MOryT OHTh 3AeCh TPEACTABICHBI —
npexzie BCerg W3-3a He3AEMEHTAapPHOCTH WX J0Ka3arelbCeTB (OHO W3-
JOKeHHe OCHOBAHUN reoMeTpHH Jlo6adeBCKOTO 3aHANO O He MeHbILE
BCEX HAIMX JCKIH), TTOITOMY MB OrPAaHHYHMCS TONBKO AOKa3aTeslb-
CTEOM CaMOT0 MPOCTOTO CAYYasn, MpeAcTaRIeHHOTO Ha pHc. 5. [Tpueeén-
HOE HIDKE JOKA3ATENBCTEO (B UyTh USMEHEHHOM BH/E) B3ATO M3 KHHUTH
Koxcrepa «BBenerue B reomeTputo» (M.: Hayka, 1966),

AdoxasaTenncTBo Teopemn Jexapra—Coaau. 3aMeTUM /A HaYa-
Ja, 9To ecnd A, B H C —IeHTpHl TPEX NMOIApHO KacarmlqHXCa OKpPYX-
HOCTEH paguycoB 1y, Ty, 13 H @, b, ¢ CTOPOHEL, a P — NOIYIIEPUMETP
TpeyroibHUKa ABC, TO paguycHl ty, 1 W 13 PaBHEl COOTBETCTBEHHO
n=p—a,rn=p—>b, r;=p—c. ITH GOPMYTEI MO)KHO AOKA3ATE TOY-
HO TdK e, KK HAXOAAT AJTHHEL 0Tpe3KOB KacaTeJdbHEX OT BEIJ]IEPIH
TPEYroJAbHWKA A0 BIMCAHHQN B HETO OKPY:KHOCTH. BEIpasuM Tellephb
IVIOIIAAE TpeyronbHHKa ABC ¢ nomombio Gopmysasl Teposa (e goxa-
3aTENBCTBO eCTh B MIOG0M yueOHHKE [eOMeTPHH, MEL IPHABEAEM OJHO H3
HHX HIDKE):

Sasc = VPP —-a)(p—-b)(p—c) = /(i + 1+ R)ryrms.
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3aMeTHM TeIepb, YTC eCAH 0 — PAJUYC CKPYKHOCTH, BIMCAHHOIL B Tpe-
a
YTOIBHUK ABC, H ZA=«a, TO g5 = (310 CEeAyeT M3 paccMoT-

p —a
PEHHS IPAMOYTOARHOI'O TPEYTONEHHKA, 00pas0oBaHHOTO PAgNyCOM BIIH-
CAHHON OKPYHHOCTH, OHCCEKTPHCOH M OTPE3KOM CTOPOHEI TPEYTOABHH-
VPp—-D@-bE-o

D T8,

@ VPe-a-D0-9 _ [G-bE-0
82~ p{p—a) - plp-a) °

B uTore, yYNTHBAA H3BECTHEE TPHIOHOMETPHYECKHE HOPMYARI

Ka), a TaK KaK S 450 = 0P, TO P =

o tgx 2. 1
X = 1+4tg?x’ cosTx = 1+tg?x’
NOJIy4aem
sin? & = (p—b)p—c) _ s
2 be T {ntn)n +r3)°
cos2 $ — plp—a) (n+tn+trdn
27 be T (AR +R)

OTH paccyAeHUA MOXHO NMPHMEHHUTE K MIOBOMY H3 TPeyTOILHUKOB
SAB, SBC, SCA Ha puC.5, 9TO AaéT HaAM CAeAyIOIHe BHIPAMEHHA IS
CHHYCOB NOMOBUHHBIX YInoB ASB, BSC, CSA:

Gin? (MSB) _ nr
2 )+’
. o £BSC ) _ Tzl
sin ( 2 ] Ar)ntr)’
. ZC8A ) LETES
2 _
Sl ( 2 T )+’

H aHAJICrWYHO A1 KOCHHyCcoB, Hanpumep, HaM noHagoburca popmyna
2 (ZASB) o (r+r+rde
cos = .
2 n4+r)+r)
PaccMoTpUM Telept TeopeMY KOCHHYCOR, 3aTTHCAHHYIO B GopMe
a?—b%—c? +2bccosa = 0,

LASB ZBSC ZCSA
AJLL TPEYTONBHUKA € YIMIAMH ———, =, =& —: B CH/IY TEOPEMEL CHHY-

COB MBI MOXEM 3aMEeHHWTh CTOPOHEI 3TOI'Q TPEYIONbHHKA CHHYCAMH €ro
YIJIOB H TAKMM 00pa3oM IOIydIHTh YpaBHEHHE

il ol LK
(n+r)+r)  +rdlatr)  (+Hrdls+r)
ta \/ Tols nr, {n+n+rdr
rr)m+r) (n+r)4n) (mtrdm+n) —



186 Jexunus 15. Teopemu Te6o u Coaan

Jlend Tellepk Ha iy M YMHOXaA Ha (i + 1) (iy + 1) (3 + 1), TIOAyImIM

r3+r4_r1+r4_r2+r4+2 (r+r+rn —0
Ty n ry iy ’
r, I, T r, T. r2
A T Ty 4, Ta 4
—————— 1+2¢/ 2+ 2+ =0
I fh B fhh h nhh

1 1 1 1 1 1 1
r3_r1_r2_r4+2 ne T nn an

OTcioza yixe N€rKo IOAyIUTh TpebyeMmoe:

2
111y g1 11y
Ty 51 Ty Ty s Faly "nr

1 1+1)2 4(L 1,1 1 1. 1

3 + L&Y + 15 Ty Fry LS LF) LETpY iy iy Faly ?

1,1 1, 132
Gratnts)
9TQ HAM M TpeSOBANOCE. O
Ocranoct gokasatt Gopmyny lepona. [Ipolle Beero cgenaTk 9TO
¢ TIOMOIIBIO anTelphl: HafiIEM KOCHHYC YI/Ia TPEYTOABHIKA U3 TEOPEME
KOCUHYCOB:

2(l+l+l+%)2—2(%+%+%+%)’

h K I 3

aZ _ bz _ CZ
2bc
OTKYAA NIETKO HaliTH CHHYC TOTO JKe yIvia:

o farr—@—pr—c®? \/((b+c)2—a2)(a2—(b—c)2) B
sina = Lo Xe =0

_ flatbtoi—at+b+to)le—b+aat+b—0c)
- 4h2c2 )

cosa =

Haxowenu, mo dopmyae S= %bc sin a nomyyaem

S = \/11—6(a+b+c)(—a+b+c)(a—b+c)(a+b—c) =

= Vpp—-a)(p-b)(p—0).

KoHeuHO, CyNIeCTRYIOT U APYTHE COoCoOh A0Ka3kBaTh hopmyiy Coaau,
HO OHH TpeOYIOT OT YHTATEAA HEKOTOPRIX 3HAHMH, BEXOAANIMX 38 PAMKH
HACTOAILETO Kypca, H (MBI HaZeeMcd) 6¥AyT HaToKeHEl HAMU BO BTOPoit
YACTH HACTOALINX NEKIIHIA,
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3ajaqH AjA CAMOCTOATEARHOI( pPElIeHud

1. BelpasiTe AIHHY paAnyca OKPY:KHOCTH, BIIMCAHHOH B TPEYIO/IBHHK, Yepes
VIMHBI PagHycOB OKPY:KHOCTEN, BIIMCAHHBIX B KPHBOJIHEHHbIE TPeyrO/IBHHKH
ADB u ADC (cM. puc. 1), u yroa 6.

2. JloxaskmTe, YTC €CQIH YeTHPEXYToNEHIK ABCD BNMCAaH B OKPYIKHQCTE, TO
CyMMa paaiycoB OKPYKHOCTeH, BIIMCAHHBIX B TPEYTOIFHHKH ABC 1 CDA, paBHa
CyMMe pajHycOB OKPYKHOCTeH, BITHCAHHBIX B TPEYTONEHHKH BCD U DAB.

3. JlokxuTe CISAyIONHi aHamor deMMbl CaBasMBl: eCTH OKPYRHOCTE
Kacaetca ayda AD, nponomrenua croponsl BC (D —Touxa Ha BC) U ommican-
HOU OKPYXHOCTH TPeYTOIbHHAKA ABC (sHewHum ofpazom), To mpaMad, coemu-
HAIIAA TOVKH eé kacamna ¢ AD u BC, IpoxoguT 9epes IeHTP BHEBIHCAHHOH
OKPYKHOCTH TPEYTOJIBHIEKa ABC, COOTBETCTBYIOMEH cTopoHe BC.

4, CoopMynHpyitTe H JOKAKHTE AHANOr TeopeMH Tebo A OKPYKHO-
cTefl, KacaruMxesa OMHCAHHOH OKPYRHOCTH TPeYTOALHAKA BHEITHAM obpazoM,
H IEHTPA €rQ BHEBIHCAHHOH OKDYKHOCTH,

5. [IpoBepETe, IT0 PAcCy?KAeHHA, ¢ [IOMOLIEI0 KOTOPEX MBI AOKA3aJIH dop-
mymy Coanu, paboTaloT M OKPYKHOCTH, Kacawineiicd Tpex JaHHBX BHYTREHHHM
ofpaszoM (caMoil SOABNIOA CKPYXHOCTH Ha pHC. 5).

6. Ilycte ABC — OCTPOYVTOABHEIN TpeyronbHUK. [IpoBeaéM BEICOTHL AA,,
BB, CC,. lloxaxuTe, 4TO NpAMEIe Jiifepa TPEYTONBHHKOB AB,C,, BC1 A, CB1A,
TIPOXOAAT Y&pes CcepeiUHbl OTPE3KOB, COSAHHAIMIIMY BEPITHHBI HCXOAHOIO Tpe-
YTOABHHKA € OPTOLEHTPOM.

7. BricoTel TpeyrombHMEa ABC nepecexaiorea B Todke H. Joxaxarre, IT0
TpeyroTbHHKH ABC, HBC, AHC 1 ABH HMeloT 0Byl OKPY)XKHOCTE AEBATH
TOIEH.

8. B yoioBMAX npeawigyiieii 3azauu JOKAKHTE, YTO NPAMEE Jiepa Tpe-
YIOABHUAKOB ABC, HBC, AHC 1 ABH TiepeceKaloTca B OZHOH TOUKe.

9. B ycnoBuaxX npefbAyIeH 3ajadu JOKAKUTE, HYTO LEHTPH OIHCAHHBIX
ORpPYIKHOCTEHN TpeyronsHukos ABC, HBC, AHC u ABH ofpa3syioTr 4eThpex-
YIOJIBHHK, CHMMETPHIHEH 9eTHPEXyToAnsHAKY HABC,

10. [TycTh P — Takas TOYKA BHYTPU TpeyTonbHuKa ABC, yTo yTaul APB, BPC
u CPA pasam 120° (mpeanonaraeM, 9To YA TpeyrombHUEA ABG Menpme 120°).
Joxaxarre, 4To npamMele Jfnepa TpeyromsHukoB APB, BPC 1 CPA nepecekaoTes
B OAHOIT TOUKE,



Jurepartypa

Hrmke npUBOANTCA CIHUCOK KHUL, NPEXJe BCEro 3aJavyHHKOB, KO-
TOpbIE TOCAYKUIH UCTOYHMKAMH MPH HATTHCAHUW KHUTH W/HAU MO-
I'yT OBITH, Ha B3IVIAA aBTOPA, MOAESHBIMU ANA AaAbHeHINETO M3ydeHHs
npeameTa (Kak B paMKax NIKOABHOTO Kypca WIH Kypea «JeMeHTapHOH
MaTeMaTHKW» B IIEAWHCTHTYTE, TaK U CAMOCTOSTENRH), M3 HEKOTOphIX
KHIDKeK A SpaJl TOMBKO 3a4a9H I CAMOCTOATENRHOTO PeINeHHA, IIPHEO-
JUMEIe B KOHIE JeKIUHA, HeKOTOphIe APYTHE NOCAYKIUIH HCTOYHHKaMU
HAeH U MEeTOAOB JOKA3ATEAbCTBA PA3SINYHEIX YTBEPHASHWH. JTOT CIIH-
COK HU B KO€H Mepe He IpeTeHAyeT Ha nmoaHoty, Ero zagadya — o Boz-
MOXKHOCTH YKA3aThk 3aHHTEPECOBAHHOMY 9YHMTATENO HAIpaBACHAA AJA
JaJbHeHIIero UayueHHs MpeJMeTa H OTAATh AODKHOE aBTOpaM, 4BHM
TPYAOM MHE A0BeN0Ch BOCTIONE30BATECA. [Io Mepe cHA A NEfTatcd AaBaTk
CCBUIKHM HA MX KHWUTH B TEKCTE, HO 3TO MHE ZaJ€K0 He BCeraa YAaBaaoch.
To3TOeMY A PEINIA COCTABUTE 3TCT CNHCCK M BHIPAZUTH CBOIO Giaroaap-
HOCTB aBTOpaM, «OIITOM», YTO f M Aelalc ceduac. 3apaHee IPHHOITY
HM3BHHEHHA TeM, KoTo s 3a0bUT YIOMAHYTE. Hazo, oZHako, MOMHMTE,
YTO AeMeHTapHAaA TeOMEeTPUA — XKUBAsA HayKa, a MOTOMY OTPOMHOE 3Ha-
deHWe A YeA0BeKa, M3yJaollero e€, MMeeT HeIoCpeACTBEHHOe, TaK
CKA3aTh «OeCIMCbMEHHOe» 0bmeHne. MHe 09eHb IIOBE3J0, IIOTOMY ITO
Ha cBoeil pafoTe 1 0Ma MHE NPHUXOIUAOCE CTANKHBATECA ¢ TIPEBOCXO-
HEIMH CTIELHANTHCTAaMH, 3HATOKaMH NpeaMeTa. [Tone3yace caydacM, eme
Pa3 XO4y BLIPA3HTE BCEM UM CBOIO FOPAYYIO TPHIHATENEHOCTD!
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[Ipunoxenne A

BEeKTOPHI U KOOPAUHATHI

OTO OPHWICKEHHE MOCBAMEHO HEKOTOPHIM M3 pa3feNoB Kypca, He
BOIISAIINX B OCHOBHVIO YacTk KHHUrU. Hajo ckazaTe, uto B MIITY kype
AIEMEHTAPHOEH TEOMETPHM YuTajica (B TO BPEMH, KOA Tam paforan
aBTOp) ZIBa, 4 MHOTJA TPH CEMECTpa — OAMH pa3 Ha BTOPOM KypCe, OIHH
pas Ha 9eTBEPTOM Kypce (OCEHBHO), a A HEKOTOPHX I'pynmn 6bUI €Ié
MpeAYCMOTPEH KYPC CTEPEOMeTPHE (OOBMHO OH MPHXOAMICA HA BeceH-
HII ceMecTp 4-r0 Kypea) . OCHOBHOM YaCThI0 BCEro IpeamMeTa 6611 Kypc,
JHTAINMINCA OCEHBbIO Ha YeTBEpTOM kypce (Mo kpaiiHeil Mepe, A Tak
NpHBREIK CIHTATE), Kak pa3 3TH AeknMM U JeXaT B QCHOBE KHHUTH, Kak
A YKe YIOMHHAL B Hadaile, IMIABHOH IENpl0 AAA MeHA OBUIO Mpoje-
MOHCTPHPOBATE CTYAEHTAM, K YeTBEPTOMY KYpPCY YiKe VCIEeBIIMM HU3psA-
HO MO3HAKOMHWTEBCA ¢ TEMH PASAENaMH MATEMAaTHKH, KOTODEIE IIDHHATO
HASHIBATE «BBLICIIMMH», MOIIL METOAOB, NIPHCYINHX HIKWILHOMY KypCy.
ITiM H OGBACHAETCA TOT (AKT, 9TO OCHOBHOE MPEANIOITEHHE I OTAAI
ITHM TeMaM, TTPAKTHYIECKH [IOMHOCTHIC NPOUTHOPUPOBAB IIPH 3TOM KO-
OPAHHATHHE H BEKTOPHBIE MeTOAH (BKMIONas MeToj Macc), a Takke
MeTOAH, CBA3AHHEE ¢ UCTIONB3OBAHHEM reOMeTpHYeCKUX Mpeobpasona-
HME: ABMMKEHHE, TOMOTETHH, adhQuHHBX TpeolpasoBaHMM, HHEEPCHH
H IIPCYHM [IONYAAPHBIM B «O/AMIIHAaJHEX KPyTrax» TeMaM.

B IIpoTHBOBEC 3TOMY, €CTH MHE IIPHXOJHUIOCE (BIIpOdeM, HEYACTO)
BECTH 3AHATHA Ha BTOPOM Kypce, S THTANCA KOMIEHCHPOBATE 3TOT
HepocTaToK. [1o MOEMy MHEHHIO, MAAZNIME KYPCHI — CaMoe VAOOHOe
BpeMs, ITOGH YCBAMBATE HOBRIE H/EU, U ObUIC G HENPABUIBHO HE BOC-
NOME30BATECA IPEAOCTaRITIOIIEHCT BO3MOXHOCTEIO, Tak uTo Honpnras
JacTh M3 YIOMAHYTRIX MHOH BHIOIE TeM (YCIOBHO HX MOXKHO OBLIO GEHL
HA3BATh «TeMaMH aNeMeHTApHOH reoMeTpHM MATEMATHYECKOTO KPYK-
Ka») KaK pa3s v [Ienajana B 3Ty 4acTh Kypca.

Hacrosmiee mpunoskeHHe KaK pas COCTOUT W3 YaACTH JISKIMH, IpOtu-
TAHHEIX MHOI A5 CTY[EHTOB BTOPOrQ KypCa, JOIOIHEHHBIX MAaTepHa-
Jamp, maaarapmmmuca B CYHL MIV (B Kypce reoMeTPHH H Ha KpPYXK-
ke). BosMOKHO, cO BpeMeHeM 9TO TPUIGKEHNE PA3CBLETCA J0 MQMHO-
UeHHOH BTOPOH YacTH KHHUTH, HO TIOKA 5 OTPAHHYIICA TOABKO CaMEIMIM
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MPOCTHIMK H/WIHM BAXXKHEIMH, Ha MOH B3IA[, TEMaMH M3 YIOMAHYTEIX
(ncKOYas CTEPEOMETPHIC, KOTOpasd, KaK pas M3-3a CBOE€H Ba)KHOCTH,
3acAy:KHBACT OTASABHOM KHUCH).

§1. ApPuHHEIE KOOPAUHATHI

OnpeaeneHne BEKTOpa 3HAKOMO GQIIBINMHCTBY YHTATENCH N3 OIKOAb-
HOTO Kypca.

Onpeaenenne 1. Bexmopom ;@) HA3EIBACTCA OTPe30K AB, Ha KOTO-
POM VKa3aHO HampablcHHMe (Hampumep, oT A ¥ B). Taxum obBpasoM,

C KaKABIM OTPE3KOM CBA3AHO ABa BEKTOPE[—E H B_)A. HPH 9TOM ABA

BEKTOpPA ABu D_C), HE JIeKATI[HE HA OHOH IPAMOM, HASKHBAIOTCH PUBHML-
MU, eCITH YeTHPEXYTOALHUK ABCD — napaanenorpamm (ofpaTuTe BHH-
MaHHe Ha MOpSAAcK BepliMH). ECIM e OHM JekaT Ha ofHOH IpaMoH,
JZOCTaTOYHO paBeHCTBa ANVH W cOHaNMpapAeHHOCTH.

EaBa M He caMof BaXXKHOH 4YacTBE) 3TOTO ONpeAencHAA ABAACTCA
MOHATHE PABCHCTRA BEKTOPOB: TI0 CYLIECTRY, OHO O3HAYACT, YTO MO0k
JBa TApaJjefbHbIX, PABHBIX [I0 JIHHE W COHANPABICHHBIX BEKTODA —
JTO HA CAMOM /IeJIe JBA IPOABIEHNA OJAHOTC U TOTO K€ BeKTopa. Taxue
BEKTOPHI HA3LIBAIOTCA C80000HBIMLL,

Ha caMoM Jesie aTo He eJHHCTBEHHOE BOSMOKHOS ONpejeNieHUe pa-
BEHCTBA BeKTopOB, HanpnMep, B ¢HaHKe 9acTo TOBOPAT O PABEHCTBE
CKOABIAWLLX BEKTOPOB — TaKiie BEKTOPHI PABHEI €C/11 M TOABKO eClH OHH
JeNAT Ha OAHOM NpAMol, paBHBI [0 AJMMHE K COHaNpaBieHbl. CMEICH
TaKOTO ONIPeAEACHNUA B TOM, YTC B HEKOTOPHIX 3a7a9aX MEXaHHKH BAXHO
3HATh He TOMBKO BEJIMYNHY H HallpaBIeHUE CHIEL, HO M TOYKY NPHIOMKe-
HUA 5ToH cunel. TakKe BeKTOPHI TOMKE MOMKHO CKIaABIBATH, H OHH MOTYT
OKA3ATECA [IONE3HEIMK AJIA PEINeHHA 3a4a4, HO Halne BHUMAaHue GyaeT
ofpamnieHo mpexae BCETO Ha CBOOOAHEIE BEKTOPEL

ViTak, HAMOMHUM, ITO BKHOM 0COOEHHOCTRIO BEKTOPOB, B OTAMYHE
OT OTPE€3KOB, ABAAETCA BOSMOKHOCTh HMX CKIaABIBATL H YMHOXKATE Ha
BelllecTBeHHBIe YHciIa. [To onpeeneHuo Npou3bejeHHe MPOU3BOIBHOTO
BEKTOpPA ¥ Ha 9HCAO0 A — 3TO BEKTOP AV, JJIMHA KOTOPOrO PABHA [TMHE
HCXOAHOI'D BEKTODPA, YMHOKEHHOH Ha |A|, a HanpaeneHWe COBIAgaeT
C MCXOZHBIM, e/l A > 0, ¥ NpOTHBONOAMKHO HCXOZHOMY, eci A <
(eci A =0, To HanpapJeHHEe Pe3ybTATA — BEKTOPA HYAEBOH AMTHHE —
He MIpaeT HUKAKOTO 3Ha4eHWsA, BeAb TOBOPUTE O HAMPABICHUH TOYKHI
He OYeHBb OCMBIC/IEHHO).
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Puc. 1

Yto e KacaeTCd CAOKEHMA BEKTOPOB, TO OHO 3a4aéTCa 3HAMEHH-
TEIM APASUAOM NAPAAeAoZpaMMa (FIH, YTO SKBHBAJIEHTHO, — IPaBH-
JIOM TPEYTOABHUKA), CM. pHC. 1.

HecnokHO J0Ka3aTh, 9T0 3TH ONEPAINK YAOEAETBOPAIOT OOBMHBIM
anreSpardecKiM CBOMCTBAM: ACCOIMATHBHOCTH, PaclpeaeiHTENbHOMY
3aKOHY, KOMMYTATHBHOCTH. IMEE€TCA M HYACBOH aMeMeHT — eMEHT,
CYMMa € KOTOPEIM COBIIAZAET ¢ UCXOZHEIM BEKTOPOM. JTOQ BEKTOP HYJe-
BOH AMHHE (MBI 6yAeM 0603HAYaATE €T0 0 wu mpocto 0). TaknM obpa-
B0M, BEKTOPEI JAI0T HAM MOINHEIN CIIOCO0 MEPEBOANTE FeOMETPHIECKHE
3aAavM Ha A3K anreOpeL [Ipasaa, 9To0b B TOAHOM MEpEe MM BOCIOIE-
30BAThCA, HAZIQ 3HATE eOIé O/JHO BAXKHOE CBOHMCTRO: ecal gexmophl ¥V u w
He NAPGAREAbHBL UAU, KAK eWé 2080pAN, HeKOMNUHEADHLL, Mo Awboil
gexntop & moncem eduncmeerisim obpazom Guims npedcmasnen 8 sude
CYMMbL

d = AV+uw,
xoafhuyuenmat A U [ 8 KOMopoil HA3BBAMCA KOOPOUHEMAM 8EK-
moput @ 6 Gasuce (¥, W). JoKasaTekCTBO 3TOT0 $aKTa XOpOIIo U3BECT-
HQ, TaK YTQ MBI He Oy/IeM Ha HEM OCTAHABIHUBATECH 3ECh.
BMecTo 2TOr0 NpUBEAEM Iapy IpHMEPOB.

3aaaua 1. Jokaxure, 4To A1 mo00To TpeyroabHUKa ABC cnpapea-
nuBa hopMyna
OM = 3(0A+0B+00),
rae M — TouKa nepecedyeHHd MEeAWAH TPEYTOAbHHKE, 2 O — NPOH3BOIE-
HAA TOYKA ILTOCKQCTH.

Pemenne. PaccmMoTpuM BeKTOPEL AB 1 AC, Torga

$(0A+0B+0C) = 1 (OA+(0A+AB)+(0A+AC)) = OA+3 (AB+AC).
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Ho u3 mpaBuia napanjejiorpaMMa U U3 CBOHCTBA TOUKH NEPECeIeHHA
MeaHaH TPEYTOMBHHKA ASAHTE KOKAYIC H3 MeAHAH B OTHOIOEHHH 2:1,
CUHTAI OT BePIUHHEL IOTYYaeM PaBEHCTEO

AM = 3 (AB +AC).
Orcoaa norydaeM TpebyeMyr GopMyNy, TaK Kak OM=0A+AM. O
3aaa4a 2. B mapannenorpamme ABCD ua etoponax AB 1 BC otno-

sxeHBl 0Tpeskd AK =LC. JokaxuTe, 4TO TOYKA E mepeceyeHUA NIPAMBIX
AL u CK nexut Ha DuccerTpuce yra ADC mapamienorpamMmma.

Pewenue. PaccMOTpHM ABA eMHMYHEX BekTopa (T.e. BEKTOpa
SAVHUTHOMN [JIHAHBI) €] U €5, TapanienbHeie cTopoHaM DA u DC jga-
HOTO TTapaaienorpamMma (cM. puc. 2). OHH, OYeBHIHO, HEKO/THHEAPHEL,
a 3HAYMT, M0G0 BEKTOP HA IUIOCKOCTH MMeeT eANHCTBEHHEIE KOOPIH-
HATHI 0THOCPIT8.J]IBHO_§&3HC& (€, €5). Halfiaém Takme KOOPAHMHATHI A
HCKOMOTO BeKkTopa DE BexTop). EC/iH AIMHEL CTOPOH TapaieiorpaMma
AB=gq, BC=b, a anuna otpeskor AK u CL paBHa X, TO

4 - = - - - —t -
DC = ae,, DA = ae,, AK = xé,, CL = xe,,
OTKYAA TIOAYIaeM
— —_—  —3 — - -
KC =DC—-DA—-AK = (a— x)&; — bé,,
— —_— — —> - o
LA = DA —DC — CL = —ag; + (b —x)}&,.

Ecnm BEIOpaTk mapaMeTphl A B U4 Tak, 9TO KE= lﬁ, LE= uﬁ, TO
BEKTOD DE mosxeT 6brTh BHIpXKEH ABYMs PaSHEIMH CTIOCOOaMHU:

DE = DA+AK +KE = (Aa+ (1 — A}x)&, + (1 — A)b,
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HIH
DE=DC+CL+IE= (1 —wae; + (ub+ (1 — wix)es,.

Tak Kak, ¢ ,z[pyroﬁ CTOPOHEI, TAKOS PA3TOKCHHC CAHHCTBCHEHO, MEI TTOTY-
JaeM paBLcHCTBA

Aa+(1-Dx=0—-wa, (A-Ab=ub+(1—-u)x,
OTKYAA HAXOAUM
2= b—x _ a-—x
T a+b-x T a¥p—x

—
TloAcTaBAAA 3TH BHIpAKEHWA B HabijeHHbe Brime GopMmynel gna DE,
NOTY4HAM
ab

a+b—
Ho Tak Kak BeKTODHI &, &, eAWHUYHEH, UX CyMMa 6yAeT HanmpapieHa
BAONE OMCCEKTPUCH YA, HA CTOPOHAX KOTODOTO 3TH BEKTODHI JIEKAT
(mpuMeHHTe NPaBWIo IapansieforpaMMa K pAaBHEIM BEKTOpaM). g

ab
at+tb—x

ab
atb—x

DE = 7+ &= @1 +8).

OTH IPOCTHE WAEH [OAE3HO PASBHTE A0 [IOHATHA aPPuUHHOIL cucmemsi
xoopduram: ecnd O — TPOH3BOABHAA TOYKA HA TIOCKOCTH, a (&, 83) —
HEKOTOPHIE GasHc (Mapa HEKOHHeaPHEIX BEKTOPOR), To Ao6oit TOY:
Ke A MOYKHO CONOCTABUTE TAapy 9ucen (X, ¥) — KOOpAMHATH BeKTopa OA
OTHOCHTENRHO BHIOpaHHOrO Gazpca. BaHEIM 9acTHHIM caydaeMm ad-
$MHHON CcHCTeME ABAAETCA dekapmoad cucmema xoopduram — e MEI
HOIYYHM, €C/TH BO3EMEM ESKTODH € H &5 B3aNMHO N€pOeHINKYILAPHE-
MH H eJHHHYHOH AJHHEL

O4eBHAHO, 9TO TAKHM OOPA30M MBIl [IONYYAEM B3aWMMHO OfHO3HAY-
HOE COOTBETCTBHE MEX/Y TOUKAMMU K TapaMu Iucei. OTMETHM, UTO Te-
Nephk U ¢ KAAKABM BEKTOPOM MOXKHO B3aMHO OZHOSHAYHBIM 00pasoM
CBA3ATE TAPY YHCET — €0 KOOPAMHATH OTHOCUTEIBHO BasHca (€, &),
MpH 9TOM, KaK U B «IIKOABHOM» FeOMeTpUH; KOOPAWHATH BeKTopa AB
MOTYT OBITh BEMHCACHEI [10 CTAHAAPTHOH dopMyne:

X=Xp=X4, Y=XYp—Ya

rae (x4, ¥a) U (X5, ¥z} — COOTBETCTBEHHO KOOPAUHATEL To4YeK A U B. 13
9TOrO, B YACTHOCTH, CIEIVET, 9TO KOOPIUHATEL CYMMEI BEKTOPOR PaBHEI
MOWICHHOH cyMMe KOOPZHHAT claracMeIX, a IpoM3BegeHHe BEKTOpa Ha
HHUCIO a ¢ TOYKA 3pEHI/Iﬂ KOOp,H,HHaT paBHO HOB.IIEMEH‘I‘HOMY HpOI/I3BE,£[E-
HMIO KOOPAMHAT HCXOAHOTO BEKTOpA Ha d.
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BaKHEM YTBEDHKACHHEM, KACAIOTHUMCSA TAKHX KOQPAHHAT, ABIAETCA
TO, KaKoll BHZ NPHHAMAET YPaBHEHHE IPAMOI1 B TaKOH cHCcTeMe.
Yreepkaenue 1. Ypasuenue nwbotl npamoti ¢ addunnotl cucmeme
KOOpOuHam umeem gud
ax+by+c=0,

2de koadpuyuenmee a, b u ¢ onpedenernvt OTHOFHAUHO ¢ MOUHOCHTBIO 00
YMHOMCEHUA HO COLH U Om e HBF()IJIEBOI.‘E MHOHCUMEAL.

JoxazaTeanscTBO. IIycTh TouKa A ¢ koopAuHaTaMu (xg, ¥p) JIEKUT

Ha TIpAMOH [, B MycTh HEHYACBOH BEKTOP ¥ ¢ KoopAuHaTaMu (p, ¢} na-

paniesaeH aToH IpAMOH (AoCTATONMHO HAWTH e1ué ogHy TOUKY B Ha sToH

—
IpsAMOi, TOIa HYKHEI BEKTOp —3T0 AB). MoxHO 3 OrpaHWueHUs
OBIHOCTH CHHMTATh, ITO P 7 0, [IPpOM3BOIBHAL TOUKA M ¢ KOOPAHUHATAMH
—_—

(¢, ¥) TEHUT Ha IPAMOE | €c/M ¥ TOABKO eclIM BEKTOPHL ¥ 1 AM mponop-
—

HUOHAJIBHEL T, €, AM = A¥ 11 HeKoTOpOTo 1ucia A # (. 3anumeM 310
PABEHCTBO B KOOPAUHATAX:

x_x{):lp, b

Y=Yo=2q; _ ax—xo),
p L]

gx —py +{pyo —qxo} = 0.
y_

TaxumM 06pasoM, MH OOIYIMM HYKHOE YpaBHEHHE, NMONOKUB @ = ¢,
b= —p. YrBep¥aeHVe 0 €JUHCTBEHHOCTH KO2pQUIMEHTOR YPABHEHHA
ciaefyeT U3 STOTO JKE€ PacCMOTPEHMA: OOpamas BEIKAAAKH, IIONyIacM,
9T0 BEKTOP ¢ KCOPAMHATAME, IPOIIOpPUUOHATEHEME (—b; @), napanie-
JeH pAMOH ax + by + ¢ =0, a ¢ ApyroH CTOPOHEI, BCE TaKHE BEKTOPH
MPOTOPLUOHATEHEL a

O/IVH M3 BO3MOXHBIX CIOCOG0B NPUMEHEHUS TAKUX KOOPAUHAT IIPH
peIeHHH AMEMEHTAPHBIX 3389 COCTOMT B TOM, YTO, BRSAL TY HAH HHYH)
adOHUHHYIC CHCTEMY, MBI TIOMYIaeM BO3MOKHOCTE HAXOOUTE KOODIHMHA-
TBI TOYEK MepecedelHda MPAMBIX YHCTO anrebpardecky. IIpu aToM ¥ Hac
Goneine cBoGOAE B BEIDOPE CHCTEMBL KOODAMHAT, 9€M KOTAA MBI TIOJAB3Y-
eMca OORIIHBIMH, JEKAPTOREIME KOODAWHATAMH, A CIEJOBATEIBHO, MEI
MOKEM DOMYUUTh G0Aee MPOCTHE ypaBHeHMsI, C APyrol CTOPOHEL, TaK
He KaK U paHee, YTOOB OTHICKATE KoaddHLMeHTH a, b K ¢, ZocTaTodHo
MOACTABMTE KOOPAHHATHI ABYX TOYEK, JeXKAIMX Ha MpsaMoii B ofluece
YpaBHEHHME,
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§2. CkandpHOe NpoH3BefeHUE

Emé oaHa BaskHad KOHLEMIUA, CBA3AHHAA C BEKTOpPaMH, — 3TO He
TONBKO BOSMOKHOCTD MPOUSBOANTE ¢ BEKTOPAMHY BHILCTIEPHYNCAEHHEE
anrefpavyecKye OIEpAlMH, HO ¥ HAMNYHE AOTIONHUTENHHON ormepa-
I — CKAMIPHOIO TIPOU3BEEHUS BEKTOPOB, [Ipoiie BCero OIpeaeuTh
CKaJLIPHOE [IPOM3BEACHHE ABYX ECKTOPOB IPH NOMOIIA $GOPMYALL

7w = |[7||W|cos(V', W), n
———
e || — AnmuHa BekTopa ¥, a ¥, W — HANPABACHHbIL YTOI MeXAY BEX-
TOpAaMH, T. €. YTol, Ha KOTOPHIH HAZ0 IIOBEPHYTh BEKTOP ¥, ITOOH OH
CTaN COHANPARJIEH C BEKTOPOM W,
OTO IpOM3BeACHHE 06/1adaeT MHOTHIME BKHBIMA CBOMCTBaMH, KO-
TOPHE, KAK JIETKO TIOKa3aTh, OAHOSHAYHO €To ONpeAcidioT. Bor otu
cBOCTBA:

2} V-w =0, ecim ¥ TONbKO ecim ¥ | W (11 HEHYJIEBEX BEKTOPOR);

4} (A7) - w=A{-w);

5 (+)-w=V -w+¥%,-W.

IMouTH Bee 3TH CBOHCTEA BIIONHE QUEBWAHH (HATIpHMEp, CBOMCTEO 3
crefyeT U3 9ETHOCTH KOCHHYCA), KPOME IocHeAHero, YTofel ero AoKa-
3aTh, 3aMEeTHM, YTO GopMyny (1) MOXKHO HHTEepIIPeTHPOBATE TAK: pac-
CMOTPMM OCb, COHATIPABICHHYIO ¢ BeKTopoM W. Torga |w| — koopauna-

- A = —F —
Ta BEKTOpa W OTHOCUTENBHO 2TOH OcH, a [7] cos (v, W)} — KoopAnHAaTa
OPTOrOHANBHOH IPCEKIIUH BEKTOPA ¥ HA 3TY OCh (CM. PHC. 3, HA KOTO-

¥

&+t w

£l

Puc. 3
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POM IIPOEKIIAK BEKTOPOB ¥, ¥, 0603HAYAI0TCH COOTBETCTBEHHO Vi, ¥,
Ho, KaK USBECTHO, IPOEKIIMA CYMMBl BEKTOPOB PaBHA CyMME TTPOEKL
BeKTOPoB (CM. pHC. 3), A CeA0BATEILHO, BHIIONHACTCH TpebyeMoe pa-
BEHCTBO.

Tloe3HO 3HATH, KAK BHIPAKAETCA CKANAPHOE IPOMSBEACHHE Yepes
KOOPAMHATH BEKTOPOB B TOM HIH MHOM Gasuce (&), €,}. L Toroe arolst
9TO Y3HATh, SAULIEM BEKTOPHI 7, W 4epe3 UX KOOPAUHATHL:

V=ux,8 +y,8, W=x,81+¥8,
OTKYAA MOAYIHM
VW = (x, &1+ 5,85)  (x,81 +¥,8) =
= x,%, (81-81) 3,3, (B1-82) + 2, %, (B2-81) + 3, 3,0 (8282} =
= X, %%, %, |81 24+ 06, Y+, 35, ) 1 82) + 3, Y [ B2
KoaddrmenTter A=, [%, B= (&, - &), C =|&,|* aroit hbopmynnl HaswIBa-

10Tca koadpunuerTamMmu Mampuubt Ipama Gasuca (€], €,), 1 Bcxo GopMy-
Ty MOKHO NMEPENMCATE B TEPMUHAX MATPUYHOIO YMHOXEHHUS B BUAE

L A By fx,
v-w=(xwyv)(B C) (.yw).

B yacTHOCTH, ecid Ha3WC, KOTOPEI MEl HMCTIONB3YEM, OPMHOPMUPOSUH
(T. €. BEKTOPH €; H €, HMEKT ¢IHHIIHYK AJIHHY U [epIeHANKYAAPHEL
ADPYT APYTY), MOAyYacM U3BECTHYIO H3 INKOMBHEIX YIeOHHKOB GOPMYNY:

VoW =X, Xy + Yy Yo
IlpuBeAEM HECKOMBKO IPHMEPOB MCIIONb30BAHUA 3TOrO IIQHATHA IIPH
penIeHHH 3ajaq.
3aAa4A 3. JloKkaskuTe, 4TO B JE0O0M TpeyronbHIUKe ABC BHITONHEHO
PABEHCTBO L
OH = OA+0B+0C,
rfe O — [eHTp CIHHCaHHONH OKPYXHOCTH JAaHHOTO TpeyrolAbHuKa, a H —
€r0 TO9Ka [MePECEIEHNA BHICOT.
Pemreaue. IIycTh BEKTOP B IIpABOK YACTH PABEHCTBA PABEH OX , Tae
X —HeKOTOpas TOYKA IMIOCKOCTH. MBI AOKaXKEM, YTO BEKTOPH A_}f, XB
u CX NEePIeHANKYAAPHH IpAMeIM BC, CA 1 AB cOOTBeTCTBeHHO, [l
3TOr0 FOCTATOYHO MOKA3ATh, YTO CKALAPHOE MPOM3BEACHHNE BEKTOPOB
AX u BC paBuo Hyato. Ho

AX = 0X-0A, BC=0C-0B,
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MO3TOMY

XA-BC = (OB+0C)- (OC —0OB) = |0B|* - |0C|* = 0,
TaK KaK To4ka O — EHTP OMMUCAHHOL QKPYHKHOCTH, 4 3HA9HT, OHa pap-
HOVAANEHA OT BEPLIKMH TPEYTOALHHUKA. |

OTMeTHM, 9TO U3 IOIYYeHHOTO PesyabTaTa i U3 3a4a4n 1 cpazy cie-
IveT yTEepKICHUE H3BeCTHOH TeopeMEl Jitnepa.

Teopema 1. B mrofom mpeyzonsHuKe mMouka nepeceuenul meduan
ACHUNT HA OMPEIKE, coeﬁunmmqem apmouyermp u UeHmp OHHC(IHHOﬁ
OKPYHCHOCIIL 31020 MPEYZOAbHUKI, NPUYEM DeUM €20 8 OMHOUEHUY
1:2, cuumasn om yeumpa onucanroll okpyxucrocmu. (IIpamas, Ha komo-
potl nexcam amu mouky, Hazvieaemes npamoii Iiirepa.)

JoxazaTenpcTBo. B caMoM Aeje, B3AB B Ka9eCTEE TOUKH O B 3agaje
1 ueHTp ONMMCAHHON OKPY:KHOCTH, MH MOTYIHM

OM = %((ﬂHTB’HTC’) = %ﬁf’,
9T0 M JAET YTBEDHACHHE TEODEMEL,

3ada4a 4. Hatizure Touky X B IIOCKOCTH TPEYroAbHEKa ABC, pnq
KOTOpOii BEIpakeHHe XAZ + XB? + XC? npuHUMaeT HaWMeHbOIee 3HAYE-
HHE.

Peuterntie. OTMETHM, IpeXAE BCErO, 9TO BREIPKCHHE, KOTOPOC HAM HAJ0
MHIHHMH3IHPOBATE, MOXHO IICPETTHCATE B BHIAC

— AR 4 IBYI2 4 7|2

f(X) = |AX]* + |BX|* +|CX <.
To, 9TO TOYKA, MHHAMHSHDYIOINAA AAHHOE BBRIDAXKEHWE, CYIIECTBYET,
clefyeT U3 TeopeMbl Beliepmrpacca (Taxk Kak IIOHATHO, 9TO QYHKIHA,
MHHHMYM KOTOPOH MEI HIIEM, MOHOTOHHO BO3pAcTaeT BHE KOMIIAKTHO-

ro MHOKeCTBAa, cofiepKalllero AaHHEIH TpeyTonbHUK). [TyeTe X — Takaa
touka. Toraa ana moboil Zpyroit Touku X uMeeM

0 < f(X)—f(Xo) = |AX [P+ |BX|*+|CX|* — (|AX o+ |BX o[ *+]CX,[») =
= (AX o +XX ) (AX o+ XX ) + (BXy + XX ) - (BX y+ XX o)+
+(CX o+ XX} (CX o+ XX ) — AX - AX g — BX - BX y — CX - CX =
= 3|XX,|* — 2XX - (AX o+ BX o + CX ).

ITO HepaBEeHCTBO AO/LKHO BHIQIHATECA MPH JoboM BEIGOpe TOUKH X.
Ho ecau BekTop ¥ = AXO +BX0 +CX0 He paBeH HYMIO, TO, BEIOHpAas
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TOUKY X TAKUM 00pazoM, ITOGK BENOMHIIOCE PABEHCTBO XX o = (¥, MEI
NOTY4aEM, 4TO HEPABEHCTBO

[FP@RE-20) 20

BEITIOMHACTCS NPH moboM t €R, UTO, QIEBHHO, HEBOZMOXKHG, [103TOMY
AX, o+ BX +CX =0 (ME 0603Ha4AEM HYIEBOI BEKTOP IPOCTO HYAEM).

Tax Kaxk M3 3a7a4y 1 MH 3HaeM, YTO TaKas CyMMa BCerAa paBHa BEKTOPY
3MX o (M — To4uka lepeceyeHUA MeAHAH TPEYTOABHHKA), MBI IOAYIacM,
are X, =M. |

3aaadA b, Ilyete AjAs...A;, M ByB,...By,— aBa NpaBWIBHEIX
2n-yronpHHKA Ha IUIOCKOCTH (HyMepalusd BepliMH E o00HX Caydasx
BSAETCA MPOTHE Yacopoi cTpenki). JokakuTe, YTO BHMIOIHACTCA pa-
BEHCTRO

AB2+AsB2+ ...+ Ay 1BE | = AB3+ABI+ ... +AyBE

Pemenne. Ham moTpefyeTcd BCIIOMOTATENbHOE HaOmozeHue: Oas
106020 NPABUABHOZ0 MHOZ0Y2ZONBHUKA Ay As... A, ¢ yermpom O cnpased-
AUBO PABEHCIBO

OA,;+0A,+... +0A, = 0.

Ana pgokasaTeNbeTBa o6paTUMed K PHC. 41 KadKABIH KasKIBI BEKTOD (Tf-l:
MOJIy4aeTCA M3 BEKTOpa A;_,A; NPH IOMOINH IIOBOPOTA HA YTOM MEXK-
Ay CTOPOHOIT IPaBIILHOTO MHOTOYTOBEHMKA M PajuycoM OIHCAHHON
OKPYXHOCTH 3TOI0 MHOTCYT'OMBHHKA, IPOBEASHHBIM B OWH W3 KOHIIOB
3TOH CTOPOHHE (2TOT Yrod OAMH H TOT e AJIA BCEX map BEKTOPOB),
H YMHOXeHHeM Ha KooddHLeHT %, TZe R — anuna paguyca, a 4 — AAN-
HA CTOpOHIBI I\dI-IOI'OyI‘OJIbHI/IKa.

CreaoBaTebHO, CYMMAa BEKTOPOR (ﬁ: TIIOAYIAETCA TEM JKe IIpeodpa-
30BaHUEM (IOBOPOT U pacTsDKEHHE) U3 CYMMEI BEKTOPOB, HallpaBieH-
HEIX BAO/NE CTOPOH MHOTOYTOABHEKA, KOTOpAsa, ON€BHAHO, PaPHa HYIIIO.

Ag
. Ay
As
' Az
A A,

Puc. 4
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Teneps 00paTUMCA K MCXOAHON 3ajade. 3aMeHUM, KaK W paHbIIe,
KBaJparT JINHE KOKAOTO 0Tpe3ka A;B; Ha CKaIApHHE KBaJpaT EeKTopa
A;B;. [IycTe P — UeHTp NePBOro MHOMOYTOJIBHHKA, a ) — LEHTP BTOPOTo.
Torga BHIIQIHAETCA PABCHCTRO

AB; = AP+PQ+QB.
OTecloga nomydaeM
|A;B;|? = |AP)* + |PQ)* +|QBi)* + 2PG - (AP + QB) + 2AF - QB =
=R+ r2+12+2PQ - (A,P+QB)) +2AP-QB..

3neck R — pasuyc onMCaHHGH OKPYKHOCTH NEPBOrC MHOTOYTQJILHIKA,
' — pagMyc OMHCAHHOM OKPY;KHOCTH BTOPOrQ MHOTOYTOIBHHUKA, a [ =PQ.
Tak KaK 5TH TPH CAATAEMBIX OAHM M Te e ATA BeeX i, paBeHCTBO, KOTO-
poe HaM HaJ0 AOKA34Th, CBOAHUTCA K CAEAYIOIIEMY:

n
2 (2PQ - (Ayi_ P+ QBy_1) + 245 1P -QByy) =
=1

= 2.(2PQ (AP +QBy) + 245 P - QBy)

i=1

Ho, oveBHaHoO,

i it
2. PQ- Ay P =PQ- (ZA2i—1P) =0,
i=1 i=1
TaK KaK HeYETHHE BePITMHEL TIOHOr0 IPABMABHOIG 21-yTOABHUKA 00-
PasyioT IpaBWIBHHI 11-YTOABHHK C TEM JKE IEHTPOM M, CIeZ0BaTENRHO,
K HAM TIPHMEHUMO CAe/aHHOe paHee HabmrogeHue. To i&e caMoe BEPHO
AAs YETHEIX BEPIIVH MPaBUIBHOLO 211-YTONBHUKA, MOSTOMY HaM OCTa-
JOCH AOKA3ATE DABEHLTBO

n n
Z A 1P-QByi 1 = Z ApP - QBy;.
i=1 i=1
Ho xaxgoe cimaraeMoe B 060X YacTAX STOTO PaBeHCTBA MOXET OBITE
BAlHCaHo B BUAE rReosy, Tae @ = L(AP, QB,): BeKTOpH A;P 1 QB
NOy4alOTC M3 BeKTopoB A;P 1 (B, COOTBETCTBEHHO NpH IIOMOINH
NOBOPOTA Ha OAWH H TOT XKe yrod, nostomy L(A;P, QB;)}=Z2(A,P, QB,)
It moboro i. |
3axoHyuM Taparpad cAeAyIOMM 3aMedaHIeM: BMECTO TOTO, 9TO-
OBl paccMaTPUBaTh CKAMAPHOE NIPOH3BeACHHE BEKTOPOB Ha IUIOCKOCTH,
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MOXHO GEIAO OH paccMOTPETh CMEUIAHHoe npoussedeHue:

[¥, ®] = [7]|@]sin (V", W),
Kak Hecno:KHO MPOBEPHTD, OTC YMHOMEHHe OONAJAET TIOUTH TEMH Ke
CBOMCTBAMH, YTO U CKAJIAPHOE, 3a UCKIIOYEHWEM TOTQ, YTC OHO aHTH-
cummetpaaHo ([V, W] = —[W, ¥], B ciay HeIETHOCTH CHHYCa) U PABHO
HYAIO B CIy9ae KOUIMHEAPHEIX BEKTOPOR (YTOOHL IIPOBEPUTH JHHEH-
HOCTE DTOTO YMHOKEHMA MO OZHOMY M3 APTYMEHTOB, HAZO PaccMOT-
pPeTE IPOEKIHI0 Ha 0Ch, MOAYHAIONyIocsd [ICBOPOTCM BTOPOrs BEKTOpa
Ha yron 90° npoTHB dacoBoit cTpenxu). Tak e Kak U paHee, MOXKHO
BHIBECTH (GOPMYAY, BEIpAXAIIYO [¥, W] B TepMHHAX KOOPAHMHAT 3THX
BEKTOPOB B TOM HJH HHOM 0azHce. B 4acTHOCTH, ecnH §asHc OPTOHOP-
MMPOBAH, TO
¥, w]= X Y — Wy

OTMeTHM, YTO, B OTIHYHUE OT CKANAPHOTO IPOH3BeAeHHA, CMEIAH-
HOMY IPOH3Be/eHHIO BEKTOPOB MOMKHO IIPDHAATH BeChbMa YETKMI Teo-
MEeTPHUYECKHE CMBICA: MOZAYAB [V, W] Beerja paBeH MAOMAAM Mapasie-
JIOrpaMMa, «HATSHYTOTQ» HA 3TH BEKTOPH], NPUIEM 3HAK 3TOTO YHCAa —
«IVIFOC», €CIA BEKTOP W IIONYYAEeTCsd M3 V OBOPOTOM IIPOTHB YaCOBOH
cTpenki (6ea yaéTa pasHHUIE B AIMHAX), U «MHHYC» B TIPOTHEHOM CIOy-
yae, TakuM 0OpazoM, IOIYYUBIIeecH BHPaKeHHUE B TOYHOCTH PaBHO Hl-
npasneHHoll nouadu napanienorpaMMa.

Tak e KaK ¥ CKaIApHOe IPOU3Be/ieHHe, CMEITaHHOEe IPOU3Be/leHHe
MOKHO MCHOAB3OBATE AA PelleHAA PA3IHYHHX 3a4a4. MEI orpaHH4IM-
€A JIMIIB OAHHM [IPUMEPOM: AOIMYCTHM, Ha IVIOCKOCTH HAPHCOBAH MHO-
TOYTOMBHUK, BEPIUIMHE KOTOPOTO B JeKAPTOBOH cHCTeMe KOODAWHAT,
(T.e. B abduHHOI cucTeMe ¢ OPTOHOPMHPOBAHHHIM 0a3HCOM) MMEIOT
KOOpAMHATH A, (X1, ¥1), ..., A, (X,, ¥,). Toraa noacwdTaTE €ro WIOMALL
Jerde Beero o gopMyne

R — —
_Zi[OAi, OAg41]
i=

1

5=3

1
2

n
_Z::L(xiyﬁl = ¥i%i+1)|s
=

rae O(0; 0) —Hauamo KOOpAWHAT M A,,; = A;. B camoMm gene, Kax
HEeCHIOXKHO IPOBEPHTE, 00e YacTH 3Toil GopMyAL — alANTHEHEIE QyHK-
I OT MHOTOYTONBHHKA (T.e. B 000HX clydasx sHadeHHe (QyHKIHH
OT Heloro MHOTOYTOABHHKA PABHO CyMMe e€ 3HAYeHHA Ha 4acTax, Ha
KOTOpHE MHOTOYTOIBHUK PA30HT), a 3Ha9HT, AOCTATOYHO AOKA3ATH &é
A TPeyroMbHHKa. KpoMe TOro, KaK HecJOKHO MPOBEPHTb IPAMBIM
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BEMUCAEHUEM, 3HATEHHE TIPABO TACTH HE 3aBMCHT OT BEIGOpa Havajia
KOOpAWHAT. CIcAOBATENbHO, MOKHO CYHTATh, YTO HAYalIO KOOPAWHAT
COBIAZACT ¢ OZHOMH M3 BEPIINH TPEYTOIBHEKA. B 9TOM ClIydae paBeHCTBO
JenaeTcd OYEBHAHEM,

§3. Macce! ¥ HapuIleHTpEI

Einé oaHO BaXKHOE TIOHATHE, CBA3AHHOS C BECKTOPaMH N KOOpPAHHA-
TaMH, — 9TO [IOHATHE NCHTPa TAKECTH. HamoMueMuM eTo.

Onpeaenenne 2 (ompeaenacHue-TeopeMa). ITycTh ZaHa cHcTeMA TO-
YeK Aq, As, ..., Ay, K@KI0H M3 KOTOPEIX IPUIIHCAHO BEIICCTEEHHOE YHC-
7O 1Ly, My, ..., M, (MOKET GHITE, OTPHUATEIEHOE), TPHYEM Z m; # 0. To-
rAa CyllecTBYeT eAHHCTBEHHAA TaKad TOUKA £, YTo {

> mZA; = 0. )
i=1

OTa TOUKA HAZHIBAETCA LEHMpPoM macc (MM 6apUyeHIPOM) CLICTeMbL
MmamepuansHuix moyvex (A, m,), ..., (A,, m,;) (OTMeTHM, YTO MOIMKeE-
HHE [[eHTPpa Macc Ha 3aBHCHT OT NOPAAKA TOYEK H, KPOME TOro, TOUKH A;
H A; MOTYT COBNaJAaTh TIPH PA3HKIX { U j ).

AoxazaTeapcTBo. CHAYAAA AOKAXKEM €AMHCTBEHHOCTR: IYCTE () —
HEKOTOpasA HavaabHasA Todka. Torga

it n fl i
0= mZA, = Y, m(0A;—0Z) = >, m;0A; — (2 mi) 0Z,
=1 i=1 i=1 i=1
CAeg0BATENBHO,
2 m,OA;
07 =="—. (3
2m

Ecau ske P — ApyTras HAYATBHAA TOYKA Z' — TOYKA, KOTOPYIO MOMKHG I10-
ayauTh U3 P o ¢opmyne (3}, To
2 m,0A; 2 mPA; 2m (OA, —PA)
O_Z"_PZ; - 1=1n _ r.=1n - i=1 . - aﬁ'
E et Z m; 2 my

i=1 i=1 i=1

H, CAEIOBATENBHO,

ZZ=0Z-0Z =0Z-0P-PZ =0.
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TaxumM 06pazoM, ec/M ToUKa Z CyIMEeCTBYeT, TO OHA eAUHCTBEHHasd, Te-
nephk CYIIECTBORAHHE TOMKH Z caexyeT n3 ¢opMyas (3): ecaH onpege-
JHUTE Z KaK TOYKY, 3aJapaecMyio oToil dopMynoii, To, pasBopadyleas BEL-
KIaJKH B 00paTHYIO CTOPOHY, TIOAYIHM, YTO Z VAOBAETBOPAET YCIOBHIO
JAHHOTO OTIpeAeIe . a

OTMEeTHM, YTO eClM CyMMa YHCEN 17l; paBHa HYIH0, TO CYMMAa BEKTO-

pPoOB Z m;0A; He 3aBHCHT OT BEIOOpa TouKK O, U, CIeJOBATENbHO, IIEHTP
i
Mace TaKoi CHCTEMEL MM BOBCE He CYLIECTBYET, WK JKe B KaUecTBe Hero

MOKHO BRIGpATh MO0V TOUKY HA IJIOCKOCTH (3TO TaK, €C/H M TOIBKO
ecan m; =0 ana Beex i). [ToaToMy ecan Ipy pacCy:KAeHHH HaM YAACTCA
HalTH TOYKY, YAOBAETBOPSIOUVIO YPABHEHHIIO [IEHTPa Mace, TO MpoBe-
PATH, YTO CyMMa «BECOB» HEHyJIEBad, He HYXHO, H HIDKE MBI He OyaeM
3TOrO AeiaTh.

[MaBHEIM AOCTOMHCTBOM BBEAEHHOTO IOHATHA ABMAKIOTCA B O4Yepes-
HOH pa3 MHOPOYHCTeHHEE AOMOMHUTENBHELE CBOHCTRA, TO3BOLAIOMNE A0-
KA3SHIBAThL YTBEPKACHHSA, KACAIOMIMECA B3aMMHOTO PacIONOMeHHA LeH-
TPOB MACC PASIMYHLIX CHCTeM. [lepewiciiiM caMble BaSKHBIE M3 HHX.

1. UeHTp Macc CHCTEME M3 HECKOMBKHX COBNAJAIONNX TOUEK COBIIA-
JaeT ¢ Mmool U3 S3THX TOUeK,

2. pasuno peiaza. Uentp Mace Z CHCTEMEL, COCTOALLEH M3 ABYX
TOYeK A U B ¢ «<MaccaMH» X ¥ ¥ COOTBETCTBCHHO, JICXKMT Ha TpAMoit AB,
NpPHUYEM BHIIICIHAETCH PABEHCTBO

S

2
x,

rge OTHOIUCHME KOMUIMHCADHHIX BEKTODOB, CTOSLIEE B AeBOM YacTH,
OIIpEAENEHO NP IOMOIIH paBeHCTBA

Az — —

25 A, eciH U TONbKQ eciu AZ = AZB.

3. Hpaeu.no ZPynRuUpPoeKil. Ecou JaHHaA CHICTeMa TOUEK MOMCT GHTB
NpeICTABACHA B BHAC Oﬁﬁeﬂﬂﬂe]ﬂiﬁ ABYX TAKHX IIOACHCTEM (Al, xl),
res (Ams xm) H (Bls yl)s ey (Bm yn)s qTOo

Lx=X#0, 2 y,=Y#0,
i j
TO LOEHTP Macce Beefl CUCTEMH COBHAZAeT C OEHTPOM MacC CHCTCMEL,

cocToALe U3 ABYX MaTepuanbHex Todek (S, X), (T,Y), tae Su T —
OEeHTPH MAacc MEPBOH B BTOPOH MOICHCTEM COOTBETCTBEHHO.
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JokazaTenbCTBO 3THX YTBEPXAEHHH COBCEM He CIOXKHO: OpaBH-
JIO pHMara fABIAeTCA, IO CYLISCTBY, NEePelNHCEIBAHHEM OIpeAeneHNA
OEeHTPA THKECTH B CAV4A€ CHCTEMH M3 ABYX TOYEK, a NPaBUIO TPYI-
MHPOBKU MOAyYacTess HemocpeAcTBeHHo M3 dopmyner (3). 3ameTnm,
ITO, UTEPUPYA [IPABWAQ TPYIIIHUPOBKH, MBI MOXeM pas0uBaTh JaHHYIO
CHCTEMY Ha MI060€ KOHEYHOE YMCH) noacucTeM, KpoMe Toro, KoMOH-
HHUPYA OpPAaEWIO [PYNIHPOEKH C CAMEIM II€PBEIM CBOHCTBOM IEHTpA
Macc, MH IDOIYy4aeM BO3MOKHOCTE «A€JHTh» TOUKH, BXOJAMINE B CH-
CTeMy: COMMACHO (UTEPUPOBAHHOMY) MPAaBIIY CPYIMHUPOBKH LEHTPR
mace cueteM (Aq, my), ..., (A, my), ..., (Ag, my) 1 (A, i), ., (AL m),
(a7, m), ..., (A,,m,) coBmagaior, ecm m; = m; + m; u A;—TeHTp
Macc mapel Touek (A7, my), (A7, m{’); Ho, COIIACHO NePBOMY CACTAHHOMY
3aMedaHHI0 MH BCeTAA MOKEM B3ATH TOYKH A;f = A;f’ = A;, pa3bus Macey,
NPHIHCHEBAEMYIO A;, HA ABE HEHY/IEBLIE YACTH.

[lprmeHeHMe MEHTpPa MAacC MOXET OKAa3aThCAd BeChbMa IPOAYKTHB-
HEIM, KOTZA pedb HWAET O JOKAa3aTelbCTBE KOHKYPPEHTHOCTH IPAMBIX
HJIH 0 HAXOKAEHHH OTHONIEHHs, B KOTOPOM Ta WJIH MHAA TOMKA JE€JUT
oTpe3ok. BoT HeCKOMBKO MpHMepPOB.

Teopema 2 (Teopema Yerm). Ifycmas mouxu A,, By, € nexcam Ha
npamsix BC, AC, AB coomseemcmaenno. Toeda npaswte AA,, BB, CC;
nepecexarOnica 8 00RO moyke, ecAl U MOABKO eCAl bNOARALTESA COOM-
HOweHUE

AC, BA; CB;
=== '===1 4

OTtMeTHM, 9T0 OOBIYHO B IIKOMAX H3YYAIOT YIPOIIEHHEHI BapHaHT
ITOrQ YTBEPXKAEHM:A, IpeANoIarallnmi, 1To Touku A;, B;, C; xexar
HA CTOPOHAX TPEeYTOIbHIKAa ABC, IPH 3TOM OTHOIIEHUE KOTMHEeaPHBIX

AC
BEKTODOB ﬁl. U T.[l. 3aMEeHAIOT Ha OORIKHOBEHHOE OTHOMICHHE OTPE3-

1
KOB (KOTOpoe IpH cAeMaHHEX IpeANOAmKeHHIX, OCUeBUAHO, HUUEM HE

OTNMYAETCA OT OTHOIIEHHS BeKTOPOB), Eciiu GBI MBI 3aX0TENH MOCTY-
NHTH Tak e B Oosee oflnel cuTyauuy, HAapAMep B TOH, YTo H3oGpake-
Ha Ha pHC. 5, HaM Hajo BELIO OB AKKYPATHO YKA3aTh, [Ae HMEHHO MOTYT
JIEXKATE TOYKH, HHAYE MOMKHO HpI‘IﬁTPI K ]'IpOTPIBOpE‘-]]‘IIO: AEJI0 B TOM, 9YTD
TAaKUM e 00pazoM MOKHO 3alHCAThE KPUTEPHI KOMTMHEAPHOCTH TPEX
TOYEK A4, By, €}, AIeKallAX Ha TAKHX e NPAMBIX, SHAMCHUTYIO Imegpemy
Menenas (ME IOrOBOPHM O Helf TO3ie) — pasHHIA 6YAET TOABKO B TOM,
YTC AJIA TAKWX TOYEK TPOH3BeACHUE HampaBleHHEIX OTHOIIEHH ByaeT
paBHO —1, a He +1, kak B TeopeMe HepH.
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Puc. 5

JoxazaTenpcTBo. [IpeanomoKuM, YTO PaBeHCTBO (4) BHIMOJIHEHO.
PacemMoTpyAM TOTAA 4HCAA

=1

m1=1, My = ==, B0
1

C,B

L7}

Eenn moMecTHTD «Macchl» iy, g, My B TOUKaX A, B ¥ C COOTBETCTBEH-
HO, TO TEHTP MACC TIOAYIEHHON CHCTEMEL MOXHO OyZeT HAlTH COTNAacHO
NpapwIy TPYIIMPOBKH, KaK IIeHTP MacC CHCTEMEL M3 IBYX TOUEK: IIeHTpa
Macc X Touek (A, m,), (B, m;) n roaku (C, m,}. Ho leHTp Macc MepBHX
JABYA TOUCK JICIKUT Ha IpAMOH AB, IpHYEM BEINOIHEHO PaBeHCTBO

AX _my 4G 4G
XB m GB’ C,B’

oTKyAa caepyet, uto X = ;. TakuM 0Bpazom, IIEHTP Macc BCel CHCTEME
JiexxuT Ha npamoit CC,. TouHO Tak e MB JOKaXKeM, 9TO IeHTp Mace
BCEH CHCTEMH JIEKAT Ha NpAMEX BB, 1 AA, (B nociesHEeM paBeHCTBE
HaM Hajo 6yAeT HCIOAb30BATE YC/IOBHE TEOPEMEL), CIeAOBATSABHO, BCE

3TH TPH NPAMEIE NIEPECEKAIOTCA B OFJHOH TOYKe,
ObpaTtHo, ecl AaHHBIE TIPAMBIE MepeceKAOTCA B OAHOM To4Ke, TO,
A AB;

1
Harpysue ToUKH A, B u C «MaccaMB» mq, =1, my = =3 H Mz = e
1 1
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CQOTBEETCTBEHHO, IIOMIYIHUM, 9TO IIeHTp Mace IOAYIeHHOH CHCTEMEL Je-
HUT Ha NpAMHX CC, 1 BB, cIeA0BaTEeNbHO, OH COBIAAAET ¢ HX TOUKOHN
nepecevenns Z. Ho, ¢ Apyro CTOPOHH, €CAH MH pasobeéM cHeTeMy Ha
nmoacucTeMel (A, 1) u (B, ms), (C, m3), To MEI TOTYYHM, YTO STOT LEHTP
MAace AEHUT Ha NPAMOH, COeAMHAIOMEN TOUKY A ¢ Takol Toukoi Y Ha
npsamoii BC, 910

BY _ .. _AB AG _ BG 4B
:—m3. 7= == == —_—r —.
YC B.C CB CA BC

Ho MEI BHAEM, 9TO NpAMad AZ nepecexaeT BC B ToUKe A, CI8A0BATEIb-
BA, BC, AB,
% ZC GA BC
JokakeM emé oIHy NOE3HYH) TEOPEMY.
Teopema 3 (Teopema Bau Obens). Hpednosoxcum, ymo mouxu A, B,
C, Ay, By, €, pacnonoxenst max xee, Kak 8 ycrosuu meopemst Heawnl,
npuuém npamste AA;, BB, CC; nepecexaromes 8 odnoil mouxe Z. Tozda
GHINONHACMCA PABEHCNGO:
2 X

HJoxazaTeabcTBO. BHGEPEM, KaK H TIpH AOKA3aTCABCTES TCOPEMEL

9TO 3KBHBANEHTHO PABEHCTBY (4). |

Al
Yerkl, B TouKax A, B u C «Macchi» m, =1, my, = == U my= =—= €o-
C.B B.C

OTBeTCTBeHHO. TorAa, Kak MBI Y2Ke 3HAeM, LieHTp Macc Beeit CHCTeMBL
nonagéT B TouKy Z. C Apyroil CTOpPOHBL, Ml MOMEM HAWTH ero, paccMoT-
peB cHcTeMy U3 Touek (A, m;} u (A, my+m;) (Beap A; —IeHTp Macc
MOZACACTEMEL, cocTeamel ua B u C). Torga no npapwiy pedara

E_m2+m3_A_B; A__C;
ZA,  mi T BC GB

a

Kax Hec/lOKHO 3aMeTUTE, Ba3KHEIM 3TaloM A1060To JOKA3ATeNbCTBA
NpH TIOMOILH LieHTPa MACC ABAACTCHA BRG0P «MACC» TAKUM 06pa3oM, 4To-
OBl TIEHTP TAXKECTH IIOMAAAA B HCKOMYIO TOUKY. B IIprBeaéHHOM IIprMe-
pe HaM yAaAOCh IoA00paTh TAKHUe MACCH, 9TO Ha3hBACTCA <BPYIHYIO»,
Ha camoM zene cTipaBegTUBO c/leaylollee yTBepKAeHNe.

Yreepxpaerue 2, IIyemo A, B, C —mpu moukul, He nexcaujue Ha 00-
Hotl npamold. Toeda dna soboll mouku X Ha nmAoCkocmu Cyijecmayent
maxaa mpotika wlcen nty, My, Ma (¢ Henyresoti cymmoil), umo X agan-
emca yenmpom maxcecmu cucmembt (A, mq), (B, my), (C, my). ITpu amom
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YUCAA My, Mg, Mg ONpedenerbt eGUHCMEEHHBIM 00Pa3oM ¢ MOUHOCMbI0 00
YMHOMCEHUS HA 0OUH U MOm e HeHYAesol 0OWUll MHOXCUMeNb.

AoxazaTenscTBo. BeaéM adpduHHYIO CHCTEMY KOOPAUHAT C HAda-
JOM B TouKe O = A M GasHCHHIMHU BekTOpamu AB, AC. ITyeTs (x, y) —
KQODAMHATH TOUKH Z BO BBeA€HHOI cucTeme. Toraa

— X . x=1 S X
AZ = , BZ=AZ—-AB= , CZ=AZ—-AC=
¥ y y—1

(paau yroGcTEa MEI IPEACTABKHIN BEKTOPH E BRAE CTOAOLOR). 3alHOIeM
Tenepk ypapHeHHE (3) BO BBeAEHHEIX KOOPAMHATAX:

0=mx+mylx—1)+msx,
O0=my+myy+ms(y—1).
9Ta cucTeMa MOKET OBITh peleHa OTHOCHTENRHO My, My, My (HanpH-
1-x—y
¥
6paTk npoHsBoNBHO). TakuM obpasoM, MH JOKAa3and CyILeCTBOBAHME
my, My U My. EAMHCTBEHHOCTE € TOYHOCTRIC [0 NPOIOPIHOHAILHOCTH

MOHO ZI0Ka3aTh, HANPAMED, A0GABHE YCIOBHE Y m; = 1; KaK HECJIOKHO

X
Mep, e ¥ # 0, MOXHO B3ATh My = mg, My = M3, & My BEL-

1
MOKasaTh, NOMYYIaloLancsa cHeTeMa 6yaeT HMETh €JUHCTBEHHOE pelle-
HHE. a

Ynicna miy, My, My HASHBAIOTCA SaputeHmpuueckimu KoopouHama-
MU MOUKU Z OmHocumensHo modek A, B, C. Mx 9acTo 3anMcEBAIOT
B BHAe (mq:mgy:mg).

MHorHe KnaccH4eckHe TeopeMbl MeMeHTAPHOH reoMeTpHH Ya00HO
JZOKASHIBATD IIPH TIOMOIIM MMeHHO OapHLIEeHTPHYeCKUX, a He JeKAPTOo-
BEIX KOOp,[l,HHaT. 0(‘20681—]]{0 MOAe3HBIMHA OHH CTAHOBATCA, €CITH paccmaT-
PHBaeTCA BOIIPOC O KONMMHEeAPHOCTH TPEX WM Hofee Touek (T.e. O IMo-
NaJaHUH TOYEK Ha OFHY IPAMYI0). A HMEHHO, CIpaBeJANEO CleAyioliee
YTBEPKACHHE.

Yreepxaenne 3 (KpUTepUil KOMMHHeapHocTH ). [Tpednonoscum, unto
bapuyenmpuuieckie koopouHamyt (P, :q, 1), (py1qy:r,} u(p,:g,:1n,)
mouek X, ¥, Z OMHOCUMENbHO GepUIUH mpeyzonbHuka ABC mozym
boime evibpanst mak, 4mMo p,+py, =p;, 4+ +4,=0, 7 +r, =1, Toeda
XZ _pyta+n

= Obpamuoe
7= petarn O

mouxa Z nexcum Ha npamoil XY, npuuém =
ymaepxucdeHie modxce aepro.

HdoxazaTenbeTso. Kak HY cTpaHHoe, JOKasaTelbCTBO 3Toro ¢akra
COBCEM TIPOCTO: PACCMOTPHM cHcTeMy (A, p,), (B, q,), (C, r,}. CornacHo
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YCAOBHIC MBI MOXeM pa3buTth eé Ha ape moacucremer: (A, p.), (B, q,),
(C,n.) 1 (A, py), (B, qy), (C, ry) (3aeck MH «pasgBavBacM» TOYKH TaK,
KaK oTo GO 06BAcHeHo paHee). Temeph COIMIaCHO MPaBUIY CPYIINH-
POBKH LEHTP THMECTH Beell cHeTeMEl (Touka Z) MoxeT OHITE HabigeH
KaK OEHTP TAMECTH CUCTEMEl U3 IBYX TOUeK — TOUKHM X (1|eHTp TAKECTH
NepBoI IOACUCTEMEL) ¢ Macco#l p, + g, +r, K Touku Y (HeHTp Taxe-
CTH BTOPOH MOACHUCTEMH) C Maccoi py + g, + r,. Tenepr yTBepaeHne
clefyeT U3 NpaBria pevara. OfpaTHoe YTREpHACHHE TENEepPh TOXKE OUe-
BHIHO. a

IpuBeaéM NpUMephl HCNONB30BAHMS TOMBKO YTO AOKA3AHHOTO KPH-
Tepud. HanpumMep, gokakeM TeopeMy Menenad.

Teopema 4 (Teopema Menenan). ITycms mouxu A,, By, C; aexam
Ha npambix BC, AC, AB coomsemcmeento. Tozda A,, By u C) aexcam Ha
OOHOI NPAMOIL, eCAU U MOJBKO echll BbNOAHAEMCR COOMHOLeHUE
4 o ®)
C,B AC BA
Kak u B ciyyae TeopeMH YeEBH, IUKOABHAST BEpCHA 3TOH TeOpEMEL
paccMaTpHBAET HeHANpAaBAeHHEIE OTHOIIEHHA, U3-3a Yero IPHXOAHTCA
HJIH OTPAaHMYHBATE BO3SMOMKHOCTH JJIS PACOONONEHHA TOMEK (Halpu-
Mep, YKashIBad, 4TO ABe kAT Ha CTOPOHAX TPeyTOIbHUKA, a TPeThd —
Ha IPOAMKDKEHWH, YTO HE BHINOIHACTCH, HATIPHMED, Ha PUC. 6}, HAH XKe
MEPETNCAATE «BPYIHYIO» BCE BOSMOMKHEIE CY'TAH.

HJoxazaTenbcTBo. PaceMoTpuM Toukk A; U B. Kak HectoxHo no-
HATE (MCTIONBAYA MPABWIO PHYATA), B KAYeCTBE HX DapHLleHTPHYECKHX
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CB CA
KOOPAHUHAT MOYKHO B3ATh TPOMKY YHCET (:1. 10 1) u (0: —=—t: —1).

B,A AB’
PaccMoTprM TOYKY ¢ KOOPAMHATAMI, PABHEIMHM TIORICMEHTHOH CyMMe
CB, CA,
KCODAWHAT 3THX TOYEK, (ﬁ P 0). CornacHO KpUTEpHEO 3Ta TOUKA
1 1

AIENAT Ha NpaMoii A, B, . Kpoume Toro, Tak Kak TpeTha KOOPDAWHATA PaBHA
HyJAI0, DTa TOYKA JIeXKWT Ha IpaMoli AB. CnefoBaTelbHO, 3Ta TOUKA —
TOYKA [epeceveHNa STHX TPAMHEX. TakuM o6pa3oM, eciu 0b03HaYHTE
aTy Touxy Cy, TO II0 IPpaBUAY phIdara C; JeKUT Ha IpaAMoi A, B, ecnu
H TOMBKO €CJIH BHINOMHAETCA PABEHCTBO

CB BA'\ AB/ BA AC
SKBHBANEHTHOE paBeHCTEY (5). |

Kpome puBeAEHHOTO TIPHMEPA, KPHTEPHE KOMJIMHEAPHOCTH TOIEK
yA00HO HCTIONB30BATh, BEIPA3UE (apUIEHTPHYECKHE KOOPAMHATH TOMH
HIH HHOH TOYKH 49epes AAWHEL CTOPOH TpeyroleHHMKa ABC: AB =,
BC = a, CA =b. HanpumMep, Kak HeclOXKHO MMOKA3aTh, BapHLeHTpHYe-
CKMMH KOOPAWHATAMH TOUKH M mepeceueHus MeauaH AA,, BB,, CC
Oymer Tpoiika paBHEIX umcen, Hanpumep (1:1:1), a KoopgUHATAME
meHTpa ! BrmcaHHOH OKpPY:KHOCTH —Tpotika (a: b :¢) (a10 cneayer w3
CBOHCTBA OUCCEKTPHC JEJUTh TPOTHBOIGAMKHYI) CTOPOHY B OTHOIIE-
HHI, PaBHOM OTHOIIEHMKY CTOPOH, MEXAY KOTOPHIMH OHH IIPOXOAAT).

Ecma mosoxuTs p = %(a +b+c), To ME MO3KEM pACCMOTDETD £IIE TOY-
Ky N ¢ xoopausatamui (p—a:p—b:p—c).

TeoMeTpUYECKH 3TY TOYKY MOXHO ONHCATE KaK TOYKY, JCHALIYIO
Ha BCceX TpEX OTpeaKax, COSIUHAIOIINX BeplUMHEl TpeyToAbHHKa ABC
¢ TAKHMMH TOYKAMM A,, B;, C; Ha NPOTHBOMOIGKHEX CTOPOHAX, YTO
NEPUMETPEL IOAYIAIIIMXCA TPEYTOWIEHUKOB (Haupumep, AA,B u AA,C
M T.7,) OyayT paBHHME, CyINecTEOBAHUE TAKOH TCUKH HECIOKHQ AOKa-
3aThb, BOCMOAB30BABIIHCE TeOPeMOid YeBkl. 3Ta TOYKA HASEIBACTCA MoY-
koit Hazenst (cM. pHc. 7). 3aMeTHM, 4TO

(p—a)+a=(p—-b)+b=(p—c)+c=p,
T. €. TIOWIEMEHTHAA CyMMa OapUIEHTPHIECKHX KOOPAUHAT ToueK [ u N
JaéT GapHUIeHTpHYECKHE KOOPAUHATH TOUYKU M (BeAb 3TH KOOPAUHATHI
MOX¥HO QAHOBPEMEHHO YMHOXUWTE Ha wHcio p), [Ipu 3ToM oTHOIIEHME
% MOXHO HaWTH, BOCTIQIb30BaBOMMCE KPUTEPUEM KONAWHEAPHOCTH;
M _ (p-a+@E-h+p-d _3p-2p 1
MN a+b+c - 2p T2
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Puc. 7

Takum 06pazoM, MEL NOAYMIZIH meopemy o npamoii Hazenn: mouxa
nepeceueHus Medudn aexcum na npsamotl, coedunsiowet! mouky Hazena
Cc l;eHmpO.M BHHCGHHOﬁ OKDYMCHOCTIUY, DU IMOM BbINAAHACIIICA COOMHO-
iieHle
i
MN

bal—=

§4. MOMEHT HHEPILIH

Tak e Kak u o0rmEse (adGUHHBIE WK AEKAPTOBEL) KOODAMHATEHL
GapHLeHTpHAYECKHEe KOOPAUHATH MOTYT OBITh HCIIONB30BAHEI AJAA Ha-
XOKAeHHs AIMHE OTPE3KOB, HAMHCAHUA YPAaBHEHUE MIPAMEIY, OKPYKHO-
credt ¥ T.1L JlnA 3Toro HAM HAaZO NEePENHCcaTh ONpeeNeHHa BCeX 3THX
O6BEKTOB, MCIOAL3YA HAPUIEHTPHYIECKHEe KOOPAUHATEL BMECTO QOBI-
HuEIX. MH He §yzeM noapobHO pa3bHpaTh 34ech BCKO 3Ty Teopuwo, Orpa-
HUYIMCA JHIIE HauOosee BASKHEIMH npuMepaMu. HavHEM ¢ ypaBHeHH:A
npsaMoit.

Aasg 3TOro 3aMeTHM, YTO KDHUTEpPHIl KOIMHEAPHOCTH TOYEK M3
NpefEAYIOETo Taparpada MoxeT OBITh HCTOAKOBAH CIEAYIOIIAM 06-
pazom: mycTh (p, : Q1) U (py :q, :T,) —OapULEHTPUYECKHE KOOD-
JAAHATEL (OTHOCHTEARHO HEKOTOPHIX ToueK A, B, C) Touek X u Y coor-
BETCTBEHHO. TOTZA MHOKECTBO TOYEK ¢ GapHIEHTPUYECKUMH KOOPAH-
HataMu (Ap, + pupy @ Agy + uq, : Ar, + pry), A, g # 0, npeacrasiser
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cof0ii B TouHOCTH TpaMys XY, B caMoM gene, Bee TaKue TOIKH ¢ OfHOH
CTOPOHEL COIVIACHO KPHTEPHIO, Ie3KaT Ha XY (Beab (Ap, : Aq, : Ar,) TOME
KOOPAWHATH Toukn X). C apyroii cTOpoHH, AaA awoboil Toukn Z Ha
NpsIMOi HeCOKHO OAOBPATEL TaKHe YUCHA A, i, YTO

xz _ Mpytg,tn)

7y Apeta.+rnd’

TaxuM 00pazoM, TOUKA Z ¢ OapHIEHTPHYECKHMH KOOPAMHATAME

(p;:q,:r) nexnuT Ha mpaMoii XY, ecild B TOABKQ €CAHM CYIIeCTBYeT
penierre (A, u) cneayoLel CHCTEMEL

P = /lpx +Mpy,
q: = Ay + 44y,
T, = A+ fry.

He orpann4mBas o6LHOCTH pPaccy:XACHUI, MBI MOXKEM NPe/NOA0KHTS,
910 (A, {4) MOXKHO OTHICKATE M3 TIEPBEIX JBYX YPABHEHMIA:

DyQ, —qy P,
B Peldy — 9Py ’
_ Pyle —qePs
B Py — Py )

A=

Toraa YCIOBHE COBMCCTHOCTH CHCTCMEI MOXKHO 3allHCATE B BHIEC

pyqs B qypz D0z — QxPs
s — Tx _ ¥y
Dxdy — Py Dely —QxDy

JTO U eCTE YpaBHeHHe NpAMoil XY B 6apHIeHTpHYECKAX KOOPAHHATAX.
Ecan1 saMeHUTE NepeMeHHEe (p, : g, 1 1,) Ha Bofee NPUBLINHEE (X @y %)
M CJIerKa Ipeo0pasoBaTh IOIYIEHHOE PABEHCTBO, [IOAYIHNM YPABHEeHHe

Qy Ty

Ty

rx px
vy Py

Py G
Py Gqy

x+ y+ 2 =0,

9y

rje, kak obEMHO B MHHelHOH aare6pe, MH McIonAb3yeM ob6o3HaueHMe
k

!
A= kn — Im (3Ta BEAHYMHA HA3HIBAECTCA ONpedeunmenem Mampuust

k
m
MONYYAEM cAeAyIolllce VIBEPKICHUE,

!
n ). 3aMernaa 2T KooddHIMEHTH abCTPAKTHEIMH YHCIaMu a, b, ¢,
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YreepaxaeHHe 4, YpasHeHue npamoll 8 fapuyeHmpuueckuy xoopou-
Hamax umeeim eud
ax+by+cz=0, (6)

20e a, b, ¢ He pasHoL HYAW 00HOBPEMEHHO.

Hdoxkazatenberpo. To, uTo ypapHeHHe M060i1 MpAMOR MoXeT OBITE
samnucaHo B Buge (6), MEI Yike ZOKa3ANH; TO, 4TO &, b, ¢ He paBHEI HYTO
OAHOBPEMEHHO, CIAEAYET K3 TOTC, YTO TOUKH X H Y DasiIHMIHBEl — Beb,

mn
PaBEH HYJIO, eCTH 1 TOALKO eClH 8 CTPOYKY MPONOPLUOHAABHE APYT
ApyTYy.

Hao6opot, ecnu faHo ypagHeHHe (6), B KOTOPOM He Bee Ko3(Qhumm-
€HTH d, b, ¢ HyIEBEIE, TC HECJOKHO HalTH JBe HEelIpONOpIUCHANBHEIE
Tpoiiku uncen (p,:q,:n) ¥ (p,:q,:r,) (T.e. ABe Toukn X U Y Ha
IUTOCKOCTH}, YAOBIETBOPAICIINE 3TOMY YpaBHeHH0. Ho Torga 1 moban
TpolKa BHAA

k1
KaK M3BECTHO (M HECIOKHO JOKA3ATE), ONPEASTUTENb MaTPHITE ( )

(ADx +upy : Aq, + g, : Ary+pry)

TOXE YAOBAETBODAET YPABHEHHUIO CIE€J0BATEALHO, YPABHEHUIO YAOBIE-
TBOPHET Bcd NpamMad XY . Ecid e CyIIECTBYET TOUYKA, HE JEKalnasd Ha
3TOH NIpAMOH, HO YAOBAETBOPAIOINAA YPABHEHHID, TO HEC/AKHO MOKa-
3aTh, 4TO Bee Tpu KoaddunueHTa a, b, ¢ HyfeBEe (HaupUMep, MOXHO
PacCMaTpHBATE TPOHKM YHICE] KaK BEKTOPH B TPEXMEPHOM IIPOCTpaH-
CTEe, TOAa YpaBHeHHe (6) DOBOPHT, uTo BekTOp (a, b, ) mepneHAHKY-
JIApEH BEKTOPY (X, ¥, £); HO, KAK U3BECTHO, BCE BEKTOPEL, II€pIeHANKY-
JIApHEIE JaHHOMY, KOMILIAHAPHEL}. g

Kax ppgHo, ypapHeHHe IPAMO B GapHIeHTPUYeCKHX KOOPAHHATAX
HE OUEHb CWILHO OTAMYAETCH OT aHAJIOTHYHOTO YPABHEHNA B adirHHBX
KOOpAHHATAX. BEBECTH ypaBHEHME OKDPYKHOCTH HE HAMHOTO CAQMHEee:
paccmoTpuM dopmyny (3). IycTe Touka X ¢ SapHMIIEHTPUIECKAMA KO-
OpAWHATAMH (p : ¢ :r) — LEeHTp Hallell OKPYKHOCTH, a TOUKa M ¢ Koop-
JUHATAMU (X : ¥ ! 5) — IPOU3BOALHAT TOYKa Ha OKpyHOCTH. Toraa ecaun
() — HexoTOpadA HAYAIbHAA TOYKA, TO
pOA+qOB+rOC _ (q+rOA—qOB—rOC

p+q+r - p+ag+r
Takue 3xe OPMYIIBL HECTOXKHO IONYIHTE A1 XB 1 XC. Telleps yCAOBHE
|OM| = R MOXHO 3amMcaTh TaK:

XA=0A-0X =0A—

(xXA+yXB +2XC)*
(x+y+2)? ’

R? = |XM|* =



§ 4, MoMeHT HHEPLMH 213

OTKYAa TIOC/E HECHOKHEX Npeodpa3cBaHnii noxyIaem

Rx+y+22(p+q+1r)? = ((x(g+7) — (y +2)p)OA+
+(y(p+r) — (x+2DPOB+ (z(p+9) — (x+y)0Z)°.

Kak BraHO, y HacC IoNy4YaeTca KBaApaTHOE YpaBHeHHE, OAHOPOTHOE CTe-
NeHH 2 Mo X, ¥,% H aHAIOrM4YHO 0 p, q, . Ecin ZobaBHTL YCAOBHE
x+y+2=p+qg+r=1, BHIOTHEHHA KOTOPOTO BCETAA MOKHO JOOUTE-
¢A YMHO)KEHHEM Ha HeHYNIeBO oIl MHOXKUTENb, [TOIYIAM

R? = ((x—p)OA+(y —q)OB+ (z—1r)OC)". )

HHorga 3T0 ypaBHeHHe MOXHO HEMHOIO YIIpOCTUTE. Hamprmep, ecnm
0 = X — IeHTp OKPY}KHOCTH, OMHUCAHHON OKWIO TPpeyToALHUKA ABC (0T1-
HOCHTEABHO BEPIIFH KOTOPOro Mbl pacCMaTpHBaeM SapHIEHTpHYeCKHe
KOOPAUHATEHL), TO ycaoBHe (7) MOMHO 3aMHCaTk TaK:

= (xOA+ yOB+200)?

(mmbp0A+qOB+rOC (n'mnm|0AF |OB2=|0C? =R u
20A - OB = 2R? cos (2£C) = 2R? — ¢, 1€ ¢ = AB. AHaJIOTHYHHE Op-
MyALI O3BOJSIOT TIePeITHCATE YPABHEHNE B BHAE

xyc? + yza® + xzb* = 0.

OaHaKoe ecTk Honee NPOAYKTUBHEIM TIOAXOZ, CBA3LIBAIOLIMA Oapu-
LeHTPpHYeCKHe KOOPAWHATH M PaccTOAHMA MEXAY TOYKAMH Ha IUIoC-
KCCTH. A HMEHHO, PacCMOTPHAM CIEAYIOINee clpefeleHHe, [IPHIIeIee
B TEOMETPHIO, KaK HECJOXHO [IOHATE, U3 TEOPETHIECKON MEXAHHKH,

Onpeaexerne 3, Ilycte (Ay, my), ..., (A,, m,} —cucTeMa MaTepH-

AJBHEX TOYEK, ).m; # 0, a P —IpOMSBONBHAA TOYKA Ha IVIOCKOCTH.
i

Toraa momenmom uxepyi 0aHROU cucmembt OMHOCUMeAbHO P Hask-
BaeTcd BEITMYUHA

n
Ip = >, mPA%.
=1

MomeHT HHepIUH — BakHasad QU3MIecKas BeJWUHHA, XapaKTepH3y-
OMIAA JUHAMHKY JaHHOH CHCTEME Touek, B mpeaene, KOTAa MHUCIO TO-
9eK CTPEMHTCA K GeCKOHEYHOCTH, DOAYIacTCs BeINYHHA, Ha3EBakoILa-
¢ MOMEHTOM HHEPLIHH TBEPAOTO Tela (TOYHO TaK e, KAk IMpH mepe-
XoJe K aHANOTHYHOMY MpeAcny B onpeiefeHHy LHeHTpa Mace MoaydaeM
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onpefelceHHe IEHTPa TAKECTH TBEPAOTO Teaa). 3Ta BeJWIHHA IOIBAd-
€TCA B OITACAHNH JABMKCHIA TBEPIAOro Tejla U ARICTCA BAXKHEIM HHBA-
PUAHTOM 2Toro ABMeH1. Ho Hac 6yayT HHTepeCcOBaTh YHCTO [EOMET-
pUdeckye CBOMCTBA H NPUAMKEHNA 5ToM BeMHYHHEL. OHU BHTEKAIOT H3
CIEAYIOIUX ABYX NMPOCTEX YTBEPHKAESHUEH.

¥reepaxaenue 5, ITycrb Z — uenmp maxcecnit cuctems:

(Als ml),---s (Ans mn)’ M= Emi'
i

Tozda dna aoboil moury P estnonusemcs paseHcmao
I, = M|PZ[>+1;.

HJoxazaTeawcTso. [lo onpegencHuw Z m;ZA; =0, moaToMy
i

i i
I = 2 myPA* = Y m(PZ+ZA) =
i=1 i=1
n . . n . n . .
= > m(PZY* +2PZ- (Z miZAi) + > mi(ZA)? = M|PZ*+1,. O
Yreep:xaeHHe 6. Momenm unepyuu cucmemst (A, m1), ..., (A, m,)
OMHOCUMEABHO e€ Yyenmpa mace Z moncem boimb Haliden no dopmyne
1
IZ = 3 Z' miminA?.
1gi<j<n
JoxasaTenncTBo. PaccMOTPHM BEKTODHEE PABEHCTBA
AtAJ=ZAJ—ZA.t, i,j=1,..., n.
BosBoad WX B KBAJparT, OAYIAEM
AAT = ZAT+7A7 - 27A;-7A;, 1,j=1,..,n
YMHOXHM K&K/J0€ WX TAKUX PABEHCTB HA MM;it; U NPOCYMMHPYEM IO
BCEM MHAeKcaM i, j =1, ..., n. B Aepoli 9acTH paBeHCTBA MOMYIHM CYMMY
n
Z mlm_,A[Af =2 Z miminA?.
£,j=1 1gi<jgn

B mpapofi 4acTi 6VAET CTOATE BEIpAKEHHE CICAVIOMIEro BHAA:

i il
i,j=1 ij=1
i n — i L
= 2M D, m,ZA? —2(2 miZAi) . (2 ijAj) = 2MI,,
i=1 i=1 j=1

n
Tak Kak ), m;ZA; =0. ]

i=1
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3aMeTHM, 9TO, HAIpUMED, YPaBHEHHE OKPYXHOCTH, OIIHCAHHON OKO-
JI0 TpeyroAbHHKa ABC co CTOpOHAaMH a, b, ¢, IOAy4aeTcsa NprMeHeHHeM
9THX ABYX YTBeD:KAeHME Be3 BCAKHX BHYUCAEHHN: MycTh (x:y 1 2) —Oa-
PULEHTPHYSCKHE KOOPDAUHATH ToukH Z. HaliaéM MOMeHT HHEPLIMH CH-
cremsul (A; x), (B; ¥), (C; 2) orHOCUTENBHO [IeHTpa O OMUCAHHON OKDYH-
HOCTH TpeyroibHMKa. COIMacHO AOKazaHHBM GoOpMyIaM IoIydaeM pa-
BEHCTBO
xyc® + yza®+ xzh®

XxX+y+z

REx+y+2) =I, = (x+y +2)0Z>+

Ho Touka Z JCKMT Ha ONMMCAHHON OKPYMHOCTH TPeyTQAbHMKA, eCAH
M TOMBKO ewtn OZ = R, oTKyga noiydaem TpedyeMoe PAREHCTBO.
Boobmie, momyseHHbe (OPMY/IE BeChMa IIO/IE3HEL, KOTAA peub HAET
00 OTBICKAaHWH PacCTOAHMN MeXZy Touxkamu, Hanpumep, mycts Z=1—
LEHTP BINCAaHHOH OKPYXHOCTH TpeyroiawHuka ABC. Kak MH 3HaeM,
ero GapHLEHTPUYECKHE KOOPAWHATEL paBHH (¢ : b : ¢). Haiizém MoMenT
HMHEPI[MH COOTBETCTEYIOIEN CHCTEMEBI OTHOCHTENBHO IEHTPa OIHMCaH-

HOM OKPY)KHOCTH: C OZHOM CTOPOHEI, OH paBeH 2R%p, Tae p= %(a+b+c),
¢ ZPYTOH CTOPOHBI, MBI MOMKEM BOCIOAB3OBATBCA AOKA3AHHEIMH GHopMYy-
aaMu. TTonydnrM paBeHCTEO

abe? + ach® + bed®

2R%p = 20%p + 2 = 20I%p + abc.

Tak Kak ILT0MAaAb TPEYITOAPHHKA MOXeT OHTE HaligcHa mo ¢opMyaaMm

__abc _ "
8= 78 4 8 = pr (r—paauyc BIMCAHHOH OKPYXKHOCTH), TOIYYaeM

abc=4Rrp, u, cief0BaTeNBHO, ME NONY'UIH (opmyay Siinepa:

OI* = R — 2Rr.
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